IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Multiple solutions of steady-state Poisson—Nernst-Planck equations with steric effects

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2015 Nonlinearity 28 2053
(http://iopscience.iop.org/0951-7715/28/7/2053)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 140.112.51.114
This content was downloaded on 28/07/2015 at 06:31

Please note that terms and conditions apply.



iopscience.iop.org/page/terms
http://iopscience.iop.org/0951-7715/28/7
http://iopscience.iop.org/0951-7715
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

10P Publishing | London Mathematical Society Nonlinearity

Nonlinearity 28 (2015) 2053-2080 doi:10.1088/0951-7715/28/7/2053

Multiple solutions of steady-state
Poisson—Nernst—Planck equations with
steric effects

Tai-Chia Lin' and Bob Eisenberg’

! Institute of Applied Mathematical Sciences, Center for Advanced Study in Theoretical Sciences
(CASTS), National Taiwan University, No.1, section4, Roosevelt Road, Taipei 106, Taiwan

2 Department of Molecular Biophysics & Physiology Rush Medical Center, 1653 West Congress,
Parkway, Chicago, IL 60612, USA

E-mail: tclin@math.ntu.edu.tw and beisenbe @rush.edu

Received 13 April 2014, revised 9 January 2015
Accepted for publication 16 April 2015
Published 19 May 2015

CrossMark
Recommended by Dr C Le Bris

Abstract

Experiments measuring currents through single protein channels show unstable
currents. Channels switch between ‘open’ or ‘closed’ states in a spontaneous
stochastic process called gating. Currents are either (nearly) zero or at a definite
level, characteristic of each type of protein, independent of time, once the
channel is open. The steady state Poisson—Nernst—Planck equations with steric
effects (PNP-steric equations) describe steady current through the open channel
quite well, in a wide variety of conditions. Here we study the existence of
multiple solutions of steady state PNP-steric equations to see if they themselves,
without modification or augmentation, can describe two levels of current. We
prove that there are two steady state solutions of PNP-steric equations for
(a) three types of ion species (two types of cations and one type of anion)
with a positive constant permanent charge, and (b) four types of ion species
(two types of cations and their counter-ions) with a constant permanent charge
but no sign condition. The excess currents (due to steric effects) associated
with these two steady state solutions are derived and expressed as two distinct
formulas. Our results indicate that PNP-steric equations may become a useful
model to study spontaneous gating of ion channels. Spontaneous gating is
thought to involve small structural changes in the channel protein that perhaps
produce large changes in the profiles of free energy that determine ion flow.
Gating is known to be modulated by external structures. Both can be included
in future extensions of our present analysis.
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1. Introduction

The Poisson—Nernst—Planck (PNP) equations, a well-known model of ion transport, play a
crucial role in the study of many physical and biological phenomena (see [3,5,7,8,11,13,15,
16,25,33,34,35,38]). Such an important model can be represented by

a1 v. g™ =0, i=1,--,N,

PNP __ i €
_JP _ p, (VC,' + ,fB—TciWﬁ) : (1.1)

N
=V - (eVe) = po+ ) ziec;
i=1

where N is the number of ion species, ¢; is the distribution function, JiPNP is the flux density, D;
is the diffusion constant, and z; is the valence of the ith ion species, respectively. Besides, ¢
is the electrostatic potential, ¢ is the dielectric constant, pg is the permanent (fixed) charge
density of the system, kg is the Boltzmann constant, 7 is the absolute temperature and
e is the elementary charge. Due to ionic sizes, steric repulsion may appear in crowded
ions of several biological systems like DNAs, ribosomes and ion channels. When ions are
crowded in a narrow channel, the PNP equations become unreliable because the ion-size
effect becomes important, but the PNP equations represent ions as point particles without size
(see [1,6,18,19,22,26,30,36]).

To include ion size effects, Eisenberg and Liu modified PNP equations into a complicated
system of differential-integral equations with singular integrals that simulate successfully the
selectivity of important types of calcium and sodium ion channels (see [24]). The model is
denoted as follows:

acA—v-(&c-vaE””) for j=1,---,N (1.2)
A VN AN 7 = '
where the total energy E is given by

Ei = Epnp + Eps

N N
1
EPNP:/Rd kgT E_ lel’le-l-z ,O()+]E_]Zj€€j ¢,

j=1
N
Eps= ) // Wi (x — )¢ () ¢j () dxdy,
ij=1 R xR4

and ¥;;(x — y) = ¢;(a; + a_,-)12 |x — y|~'? for ith and jth ions located at x and y with the
radii g;, a;, respectively. Here ¢;; is an appropriately chosen energy constant, which comes
from the repulsive part of Lennard-Jones potential to describe the hard sphere repulsion of
ions (see [24]). However, because W;;’s are extremely singular, Eys becomes difficult to
analyze theoretically and compute numerically when forced to deal with such singularities
(see [17,24])).

To simplify model (1.2), we truncate the (spatial) frequency range of W;; and get the
approximate potential ¥;; , denoted as (see [31])

Wijo(2) = (Wijxo) * 9o (z) for zeRY, (1.3)
where the asterisk is the standard convolution, ¥, is the characteristic function of the exterior
ball {z € R? : |z] > o}, and ¢, is the spatially band-limited function defined by

Po (X) = (1 = X+ (£))", (1.4)
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for x, £ € R?, where v denotes the inverse Fourier transform. Note that the truncation may
lose the effect of high frequencies |£| > 077 (0 < y < 1), but still involve a large part of the
steric effects because it keeps the effect of frequencies like |§| ~ 07 for 0 < o < y tending
to infinity as o goes to zero. Then energy Eys can be approximated by Eys , as follows:

N
Eys ~ Z Wiio (x—y)ci(x)cj (y)dxdy = Enss ,
R4 x R4

i,j=1

N
~ Z e,-j(a,- +aj)leg / ¢ (x)c; (x)dx = EHS,U,
i j=1 R

as o > 0 approaches zero, where S, ~ o¢~!2. Note that one may use the mean-field
approximation to get the energy with the same form as EHS,J which describes hard sphere
repulsion of ions (see [10]), and the excess chemical potential 1{* in (1.8) (see [4]). Here we
give another argument to derive EHs,a which is the leading order term of the expansion of the
approximated energy Eys .. To derive a simplified model of (1.2), we may fix o0 > O as a
constant and replace Eyg by EHS,G in (1.2) to get the Poisson—Nernst—Planck equations with
steric effects called PNP-steric equations denoted as (see [31])

ac; .

L 4V.J=0i=1,---,N, (1.5)

Jat
N

—V (V) =po+ Y ziec;, (1.6)
i=1

where flux J; is
5= —DiVe — DiC gy Dici 3 v (1.7)
i = —LivVe — —=Ze - T ijVej, .
ke T © ks T jzlg, j

and g;; = gji ~ €j(a; + aj)12 is a nonnegative constant depending on ion radii a;, a; and the

energy coupling constant ¢;; of the i-th and j-th species ions, respectively. Note that equations
(1.5)—(1.7) can be regarded as a system of reaction-diffusion equations with nonlinear cross-
diffusion terms being similar to [9]. Amazingly, these equations are an effective model to
simulate the selectivity of ion channels (see [21]).

Comparing (1.7) with J™ in (1.1), the excess flux J** = J; — JPF due to steric effects
of ion species i is

N
1
— U = kB_TDiciwa and pt = ;gijcj (1.8)
N
where ui* = » g;;jc; is the excess chemical potential of ion species i due to steric effects.
j=1
N

Consequently, the excess current 1¢* = )" z;eJ ™ due to steric effects becomes

i=1

N
zie
=-3" k;—TD,» gij Ve, (1.9)
i,j=1
We shall use the formula (1.9) to calculate the excess currents for multiple solutions of the
1D steady-state PNP-steric equations. We are motivated by the hope—but cannot dare expect—
that one solution will correspond to a closed state and the other to an open state, as found in
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experiments [14] and in simulations [27]. Of course, the current measured through the open
state corresponds to the total current, not just the excess currents.

The existence of multiple steady (equilibrium) states is important to study transitions
between such states which may be related to the gating (switching between open and closed
states) and selectivity of ion channels. Multiple steady states can be investigated by finding
multiple solutions of the 1D steady-state PNP equations for two types of ion species with three
regions of piecewise constant permanent charge under the assumption that the Debye number
is large [15]. More general theorems related to multiple solutions of the 1D steady-state
PNP equations involving multiple types of ions with multiple regions of piecewise constant
permanent charge are discussed in [32]. With only a constant permanent charge, there is only
a unique solution of the 1D steady-state PNP equations for multiple types of ions [34,37].
Instead of the 1D steady-state PNP equations, here we study multiple solutions of the 1D
steady-state PNP-steric equations with spatially constant permanent charges. Our use here of
equilibrium states is for a particular issue showing how multiple solutions with the flavor of
gating phenomena might appear in the equilibrium case. No claims are made of generality
in our discussion, especially to describe permeation in ion channels which should use the full
PNP equations with Dirichlet boundary conditions.

For simplicity, we consider domain as a 1D interval (—1, 1) for (1.5)—(1.7) and set J; = 0,
i=1,---, N to get the steady-state PNP-steric equations. Then by (1.7),

N
d 1 .
_x lnCi+—¢+kB—TjE:1gijCj =0 forxe(—l,l),lzl,-..,N,

which can be satisfied if
zi€e

Ine + ——
ke T

N
|
¢+1<B_TZ&;C;=0 fori=1,---,N, (1.10)
j=1

holds true. Let ¢ = kBLT¢> and g;; = kBLTgU fori, j =1,---, N. Then (1.6) and (1.10) can be
transformed into

N
Inci+zi¢p+ Y ;=0 fori=1-- N, (1.11)
j=1
and
N
— B =Po+ Y _zic; forx e (—1,1), (1.12)
i=1
where &€ = kg—zTa and py = é po. For notational convenience, we may remove tilde (~) and
denote (1.11) and (1.12) as
N
Inci+zi¢+» gjc;=0 fori=1,,N, (1.13)
j=1
and
N
— edx = po + Zzici forx € (—1, 1). (1.14)

i=1
Equations like (1.13) have been used to interpret bioelectric phenomena in many papers since
they were adopted by Hodgkin, Huxley, and Cole (see [12,23]). Here we consider the following
boundary condition given by

o) +1.0' (1) =¢o(1) and  ¢(—1) —1.¢'(—1) = go(—1), (1.15)
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where ¢o(1), ¢o(—1) are constants and 7, is a non-negative constant. Here ¢o(Z1) and
¢ (£1) are the extrachannel and intrachannel electrostatic potentials at the channel boundaries,
respectively. The coefficient n, ~ j—; is governed by the ratio of &) the dielectric constant of the
electrolyte solution and ¢, the dielectric constant of the membrane (see [39]). Note that (1.15)
is of the Robin boundary condition if , > 0; and of the Dirichlet boundary condition if n, = 0.
The Robin boundary condition includes polarization (e.g. dielectric) charges in the bath and/or
electrodes which the Dirichlet boundary condition does not. Such charges, induced by and
dependent on the electric field play a prominent role in the art of real experiments, because
they are important determinants of the background noise and stability of high speed recordings.
The theoretical reasons for these practical realities have not been investigated to the best of
our knowledge.

As N = 2, the existence, uniqueness and the solution’s asymptotic behavior of (1.13)—
(1.15) are investigated under non-symmetry breaking condition 0 < g1 = g21 < /811822
which implies that solution (¢, ¢;) of (1.13) is uniquely determined by ¢ (see [28]). Moreover,
(1.13) and (1.14) can be reduced to a single differential equation of ¢, which is of Poisson—
Boltzmann (PB) type equations (see [29]). However, as the symmetry breaking condition
812 = 821 > /811822 holds true and gi» is sufficiently large, solution (c1, ¢2) of (1.13)
may form two branch curves of ¢ so (1.13) and (1.14) can be decomposed into two different
equations (3.6) and (3.7) but not only one PB type equation. Hence we cannot regard steady
state PNP-steric equations (1.13) and (1.14) as a single PB type equation as g, is sufficiently
large. In section 2, we introduce new variables £, ¥ and transform (1.13) into a quadratic
polynomial which can be solved precisely to get explicit formulas and represent two branches
of solution curves. Using these explicit formulas, we can then define biological conductance
(for that condition) as the biologists do and perform the comparison using formulas like (1.16)—
(1.19). Note that the symbol g is used for conductance (units siemens) in biology and this is
not equivalent to our g;;. In this paper, we want to study multiple solutions of (1.13)—(1.15)
for the cases of N = 3,4, and g1 = g21, 34 = gu3 sufficiently large such that symmetry

breaking condition g2 = g21 > /211822, &34 = 843 > /&33844 holds true.

1.1. Main Results

System (1.13) can be regarded as a coupled system of algebraic equations. Because g;; = 0 for
i,j=1,---, N, asolution of system (1.13) can be expressed as ¢; = e %% fori =1, ---,N.
However, it seems impossible to solve system (1.13) explicitly for the general case of g;; > 0
fori,j = 1,---, N. To overcome such difficulty, we may set N = 2,7z, = —z1 =g > 1,
g11 = g» = g > 0, and introduce new variables £ = cjc; and ¥ = ¢; + ¢;. Then (1.13)
can be transformed into a quadratic polynomial that can be solved explicitly (see section 2).
For g1, = g»1 = z large (see theorem 2.4 in section 2), system (1.13) has two branches of
solutions (¢, ¢2) = (¢1(Za, (), c2(Sa, () and (¢, ©2) = (¢1(Zp, (). c2(Ep, (9))) such
that (c; —c2) 0 X4, : [—a.c. 00) = Rand (c; —c2) 0 Zp, : (—00, ¢pa,.] = R are monotone
increasing functions to ¢, where ¢4 . > 0 is a constant, X4, and Xp, are two functions
satisfying

(c1 —c2) 0 Xp, (=Pac) = (c1 —2)(Xc) > 0,
(c1 —c2) 0 B (Pa,c) = —(c1 —2)(Z) <0,

lim (c; —c2) 0 X4, (¢) =00 and lim (c; — ¢z) o T, (¢) = —o0.
$—>0o0 ¢$——00

Here o denotes the function (c¢; — ¢;) acting on the function X4, (¢), i.e. the function
composition and g, is the positive constant defined in proposition 2.2. Besides, ¢4 . satisfies
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Pa.c — +ooand (c; — ) (X,) = 0asz — +oo and g > 0Ois fixed. Hence (1.13) and (1.14)
can be decomposed into two differential equations like (3.6) and (3.7) but they can not have
uniformly bounded solutions to ¢ > 0 (see lemma 4.5). This fact motivates us to add one extra
species ¢z and assume that N = 3, g;p = g = z is sufficiently large, g1, = g»» = g > 0,
=-721=qg >1,23>0, g3 =gy =0,i = 1,2,3 (which implies c3 = e~%?). Then
(1.13) and (1.14) may be reduced to two differential equations (3.6) and (3.7) having uniformly
bounded solutions, respectively. This may provide multiple solutions of (1.13)—(1.15).

Natural biological solutions always contain at least three species (sodium, potassium, and
chloride, and usually calcium). Experiments are often done, however, with just two species (say
sodium chloride) along with traces of hydrogen ion, and perhaps other contaminants. Gating
occurs in simplified unnatural situations and so we hope to study mathematical solutions in
corresponding situations in a separate paper.

Now we state the main result of this paper as follows:

Theorem 1.1. Let N =3,20 = —z1 =q > 1,23 > 0 and py > 0 be a constant. Assume that
g1 =8n =g > 0isfixedand gis = g3, = 0fori = 1,2,3. Thenas g1 = g1 =2>0
is sufficiently large, the system of equations (1.13)—(1.15) has two uniformly bounded (to ¢)
solutions ¢8A and d)f such that d);f‘(x) — ¢a,.0and ¢>f(x) — ¢p,oforx € (—1,1)ase — 0.
Here ¢4, 0 and ¢p, o are two distinct constants satisfying fa(Pa,0) = fp(¢p,.0) = 0, where

fa(@) = qlc1 — 2) (Ba, (@) — 2367>? — po,

and
fa(@) = qc1 — ¢2) (25,($)) — 236 — py.

Remark 1.2. For the case of N = 2, solutions ¢! and ¢ may be unbounded as & approaches
zero (see lemma 4.5). To get the uniform boundedness of solutions ¢ and ¢Z, we need to
consider the case of N = 3. Without condition g;3 = g3; = 0 fori = 1, 2, 3 in theorem 1.1,
equation (1.13) becomes very complicated and it seems impossible to get the multiplicity

3
and monotonicity of Y z;¢; + po (to ¢) which is important to prove the multiple solutions of
i=1
3
(1.13)—(1.15). There is no general theorem for the multiplicity and monotonicity of Y _ z;¢; + 0o
i=1
(to ¢), especially for all g;;’s are nonzero. Here we use such a condition (g;3 = g3; = 0 for
i =1, 2, 3) toreduce the problem to the N = 2 case so we may apply results of section 2 to get
two branches of solutions (ci, c2) = (c1(Z4,($)), c2(Xa,(¢))) and (c1, c2) = (c1(Zp,(P)),
c2(Xp,(¢))), and the monotonicity of f4 and fg to ¢, provided that g = g = g > 01is
fixed and g1, = go1 = z > Ois sufficiently large. Moreover, g;3 = gs; = 0 implies ¢3 = e~
and the profile of f4 and fg may touch zero at ¢4, o and ¢p, o (see figure 4 in page 15), which
is important to prove the uniform boundedness of solutions ¢ and ¢Z using lemma 4.1.

In most of the ‘cation’ (e.g. sodium, potassium, and calcium) channels, p is a negative
number. There are regions (‘rings’) of negative charge and some channels (sodium channel
DEKA) have a ring of positive charge as well. Here we assume the positive sign of py which
may produce the values ¢4, o and ¢, o (see figure 4 in section 3.1), and the proof of theorem 1.1
is given in section 3.1.

To remove the sign condition on py, we may consider four ion species composed of two
cations and counterions (like the mixture of Na*, Ca*?, Cl~ and CO3_2) and study multiple
solutions of (1.13)—(1.15) with N =4, 20 = —z1 = q1 2 1, 24 = —23 = ¢» 2 1,
g = 8» =g > 0,and g33 = gu = g > 0. Using the assumption g;; = g;; = 0 for
i =1,2and j = 3,4, we may decompose system (1.13) with N = 4 into two independent
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systems having the same form as (1.13) with N = 2. Hence theorem 2.4 (in section 2) implies
that as g;o = g21 = z and g34 = g43 = Z > 0 sufficiently large, system (1.13) has four
branches of solutions

(c1.¢2) = (c1 (Za, @) . c2(Za, () . (c1,2) = (c1 (5, (@) . 2 (T, () .

(c3,¢4) = (3 (B, (), ca (Zm, (@))) » (e3,¢4) = (c3 (Zw, (@), ca (Ew, ())) >

such that (¢; — ) 0 24, ¢ [—@ac,00) = R, (cf —c2) 0o Zp, @ (=00, Pa.] — R,
(c3—cs) o Zn, : [—@u e, 00) = Rand (3 — c4) 0 Ty, 1 (—00, dur ] — R, are monotone
increasing functions of ¢, where ¢4 ., ¢y > 0 are constants, X4,, Xp,, Ly, and Xy, are
functions satisfying

(c1 — ) 0 Xp, (=Pac), (c3—cs) o Xy, (—dum,c) >0,
(c1 —c2) 0 Xp (Pa,c), (c3 —c4) o By, (Pu,c) <0,
¢1i_)ﬂolo(61 — ) 0 Xy, (@) = ¢1i_)Holo(C3 —cy4) 0 Xy, (@) =00,

Jim (e1 =)0 Bp, () = lim (e — 1) o Ty, (9) = —oo.

Here o denotes function composition. Moreover, ¢a.c, ¢y — +00 and (c; — ¢2) ©
X4, (=0a.c), (c1 —c2) 0 T, (@ac), (c3 — ca) o Ty, () and (c3 — c4) 0 Ty, (—¢m,c) tend
to zero as z, 7 — +oo and g, g > 0 are fixed.

Without loss of generality, we may assume ¢y . < ¢4 .. Then the graphs of functions
(c1 —c2) 0 X4, and (¢4 — c3) 0 Ty, may intersect at ¢ = ¢4, o as z and Z sufficiently large (see
figure 5 in section 3.2). Similarly, the graphs of functions (c¢; — ¢2) o X, and (c4 — ¢3) 0 Xy,
may intersect at ¢ = ¢p, o as z and Z sufficiently large. Hence (1.13) and (1.14) may be
reduced to two differential equations with the same forms as (3.6) and (3.7) having uniformly
bounded solutions, respectively. This may provide the following result for multiple solutions
of (1.13)—(1.15).

Theorem 1.3. Let N = 4,720 = —z1=¢q1 2 1,24 = —z3 = q» > 1 and py # 0 be a constant.
Assume that g1y = g»n =8 > 0, 833 = ga4 = & > O are fixedand g;j = gji =0 fori =1,2
and j = 3,4. Thenas g1, = g1 = z > 0 and g3, = g43 = z > 0 are sufficiently large, the
system of equations (1.13)—~(1.15) has two uniformly bounded (to ¢) solutions ¢2* and ¢p2 such
that ¢§‘(x) — a0 and d)f(x) — ¢poforx € (=1,1)ase — 0. Here ¢4, 0 and ¢p, o are
two distinct constants satisfying fa(¢a, 0) = fs(¢p,.0) =0, where

fa (@) =qi(ci — c2) (Za,(P)) + q2(c3 — 1) (Zar, (9)) — 0 »

and

f8 (@) = qi(c1 — 2) (Z5, (@) + q2(c3 — ca) (Zn, (@) — po.
The proof of theorem 1.3 is given in section 3.2.

Remark 1.4. As for remark 1.2, we use condition g;; = g;; =0fori =1,2and j =3,4to
reduce (1.13) with N = 4 into two independent systems of (¢, ¢;) and (c3, ¢4) with the same
form as (1.13) with N = 2 (studied in section 2) which give two branches of solutions

(oo c3c8) = (c1 (Za, @), 2 (Za, @), 63 (B, @) s (Za, ()))
and
(c1, 2, ¢3,¢4) = (c1 (T, @), 2 (T, @) . 3 (Zw, (@), cs (Zw, (9)))

and the monotonicity of f4 and fg to ¢, providedthat g;) = g =¢ > 0,833 =gaa =g >0
are fixed and g1» = g2 = 7 > 0, g34 = g43 = z > 0 are sufficiently large. As for theorem 1.1,
we may use lemma 4.1 to prove the uniform boundedness of solutions ¢! and ¢5.
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For solutions ¢ and ¢, the corresponding excess currents defined in (1.9) may be denoted
as I§" and I5", respectively. Under the same hypotheses of theorem 1.1 for three ion species,
we may use the new variable X to derive the following formulas (see section 5.1):

X =4 _
[Crac=qe [ 2T -0 —qlez (¢ - e as
X1 E]

Di+D
_qe/ 1+ D {I-9Z—ggX?+(g+2)[2—¢q (g —2) T]e ¥*}dx,
>

1 2437 — de&IT
(1.16)

and

X pot _
/zlé"dX=qe/ 2 %{(1—q)—q[gZ+(g2—Zz)e_(’“ﬂ]}clZ
X1 EIB

*  D+D
+qe/ 1+ D, {A-@)X —qg2*+(g+2)[2—q (g —2) T]e” ¥I¥}dx,
z

5 232 — 4e—(g+0X
(1.17)

for —1 < x; < x, < 1, where EJA = %4, (2 (x;)) and Zf = g, (2 (x))) for j = 1,2.
From (1.16) and (1.17), it is clear that the difference between /5 and Ig* which may give
various ion flows related to currents observed in channels as they switch (i.e. gate) from one
level of current to another.

The method of section 5.1 can be generalized to four ion species with the same hypotheses
of theorem 1.3. As for (1.16) and (1.17), we may derive (see section 5.2)

X2
ex
/ IA’de
X1

e L gexq. ¥ Dy=Dy 22 —(g0s
= | IF+ljdi=qe | o {U—q)—aqi[gZ+(g°—2)e [}ax
X P

e [T D s st (er ey (g—0) B1e 5 an
! A 222 — 4e—(g+2)X ! ! !

% D,—D .
oy f “ = - g+ (@ - @0¥]fax
)

M
1

) D3+ D . o o .
—Q2€/ i {(I—Qz)E—qz X+ @+ 22— 3-2) E]e’(g”’z}dE,
)

) /32 — 4e—@+DE
(1.18)

and

X2
ex
/ I ydx
X1

% Dy— D
. 2
=int? Ig" + Ij'dx = qlef

B 2 1 {(1 —q1) —qi [gE + (82 _ Zz) e—(g+z)):]}d2
EI

= D+ D
2 1 2 2 —(g+2)T
1—g)E—q1 82 2 — —-2) = dx
+cne/2f Wosiamwrrereap [1—gDE—q1 g+ (g+2)[2—q1 (§—2) Z]e }

% p,—D o
sane [ 202 - g0 - g2 4 (@ - 2) e B faz
EI
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ZN
+q2ef 2 D3 + Dy {(l—qz)E—Qz g+ @+ [2—q (-2 E]e*@ﬁm}dg,
£V 2V/E2 — 4e-GOT

(1.19)
where 4 = T4 (¢ (x)), TV = Ty, @) (x)), T} = Tp (@f(x))), and TV =
Ty, (92 (x))) for j = 1,2. The difference between I5*,, and I§', may also give various
ion flows related to currents observed in channels as they switch (i.e. gate) from one level
of current to another. Formulas (1.16)—(1.19) show how multiple solutions with the flavor of
gating phenomena might appear in the equilibrium case.

The rest of this paper is organized as follows: We may solve system (1.13) of algebraic
equations with N = 2, zp = —z; = ¢ > 1 and g1 = g > 0 in section 2. Theorem 1.1
and 1.3 are proven in section 3. The proofs of lemma 4.1 and 4.5 are given in section 4, and
formulas (1.16)—(1.19) are derived in section 5.

2. Solutions of (1.13) with N=2,2, = —z; = q > 1and g1 = g2

In this section, we study equation (1.13) with N =2,z = —z1 =g > land g1 =gn =g
which can be denoted as follows:

(Incy —qg@)+(gc1+zcy) =0, 2.1

(Incy+qgp)+(gca+zcy) =0, 2.2)
where z = gy» and g = g1 = g» are positive constants. Physically, g;; ~ €;;(a; + aj)u,
where q; is the ion radius of i-th ion species with concentration c¢;, and ¢;; > 0 is the energy
coupling constant between i-th and j-th ion species for i = 1,2. Note that (2.1) and (2.2)
are formulated as a system of algebraic equations. We want to solve these equations and get
solutions for (¢, ¢3) as a function of ¢. Adding (2.1) and (2.2), we get

In(cicr) + (g +2) (c1 +c2) =0. 2.3)
Now we introduce new variables as follows:
E=cic; and X =c|+cs.
Multiplying X by c; , we get a quadratic polynomial of c; as follows:
Yo =cl+é&

_ zx,/32-4

> ¥ and hence by cic; = &, (¢, ¢2) can be expressed as
[ D324 = /324
(C17 62) - 2 ’ 2 £

. 2.4)
(c1,¢) = (E_\/;zj’ >:+\/;;zf4g) ’

which gives ¢

for & > 2./€ > 0. Moreover, (2.3) can be transformed into Iné§ = —(g +2) = i.e.
£ =e 6T (2.5)

Hence the solution (cy, ¢;) of (2.1) and (2.2) may be described by two curves A and B
parameterized by the total concentration X and denoted as

T +VE2 —4e6HIE 3 — /F2 _4e(8+)X
A={(c1,c) = X >, >0¢,

2 ’ 2
(2.6)
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and
Y — V32 —4eGHIE N 4 /322 — 4e— Gt
B =1(c,c) = , X >, >0;.
2 2
2.7
Here X, > 0 a critical total concentration is the unique positive solution of X2 = 4e~(¢*+9%

such that concentrations c; and ¢, are equal to %Ez as the total concentration ¥ = X,. Then

X2 — 4e~€+)%  on B. 8)

Take (2.6) and (2.7) into (2.1), and let ¢4 = ¢ on curve A, and ¢p = ¢ on curve B,
respectively. Then

g éa(2) =In [% (z PV 46*(8“)2)] +EEY 4 25T 4o GRS

2 —4e~(8*)X  on A,
Cl — C) =

(2.9)
g és(2) =In [% (E SV 46*(8”)2)] R N amrr= ol
for ¥ > ¥,. Consequently,
ba+¢5 =0, (2.10)
dpa  (1+gX)e®*d® 4 g2 — 2

—_— = 2.11
4% e@+IZ /T2 _ de— (8t 21D
and
d 1+gX)e@tIT 4 g2 — 72
doe _ _(+8%) £ & (2.12)
dx e@t)T /32 _ fe— (g
when the total concentration X is larger than .. Note that curve A and B are joined only
at a single point (c1, ¢z) = (%ZZ, %EZ) which is located only at ¥ = X,. Moreover,

$a(X:) = ¢p(X:) = 0and (c; — e2)(X;) = 0.
Suppose 0 < z < g. Then ¢4 and ¢ can be regarded as one variable ¢ and c; — ¢, may
become a strictly monotone increasing function of ¢. The result is stated as follows:

Proposition 2.1. Suppose 0 < z < g. Then ¥ = X (¢) can be a single-valued function of ¢
with domain being the entire space R and range [Z,, 00) such that ¥(0) = X,

Pa(X(P) =¢ ifp >0,
(2.13)
#a(Z(9) =¢ ifp <O,
and c1 — ¢ = (¢ — ¢2)(X()) is a strictly monotone increasing function of ¢ from —oo to
0.

Proof. Suppose 0 < z < g. Then by (2.11) and (2.12), we have
d d
EcﬁA (¥) >0 and E% () <0 forX > X,. (2.14)

Here we have used 0 < z < g. Thus ¢4(¥) > 0 and ¢p(X) < O for ¥ > X,. Besides, the
range of ¢4 is [0, co) and the range of ¢ is (—oo, 0]. Note that 4 (X,) = ¢p(X;) = 0. We
may combine ¢4 and ¢y as one variable ¢ (see figure 1) defined as follows:

¢ =¢a(X) >0 onA,

¢ =¢p(¥) <0 onB.
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Ag
#=¢,
r » X
#=¢,
Figure 1. 6 = (¥,, 0) in (X, ¢) coordinates.
Yy
foc| == i ¢=¢,
]
H » 3
0 12
_¢A,C ...... ! ¢'=¢B

Figure 2. 6 = (X,,0) in (¥, ¢) coordinates.

Hence by (2.14) and inverse function theorem, X can be denoted as ¥ = X (¢) and become
a single-valued function of ¢ with domain being the entire space R and range [EZ, o0) such
that ¥(0) = ¥, and (2.13) hold true. The derivative of ¥ with respect to ¢ is

& IT /3T 4o GHT i ¢ >0

(1+gX)e6+)T +g2 72

dx 1

@ TR (2.15)
= @t /52 _4e—G+IT .
" 4 st i ¢ <0,

Moreover, ¢; — ¢; = (c1 — ¢2)(Z(¢)) is also a function of ¢p. Note that £(0) = X,, '(0) =0
and (c; — ¢2) (X (0)) = (¢ — ¢2) (£;) = 0. Then (2.8) and (2.15) imply

d dx %el*IE 42 (g +72)
—(1—c)=—=( —c)—= 0 for¢ eR.
g T T O ) G T s g — 2 ¢
Therefore, c; — c; is strictly monotone increasing to ¢ and we complete the proof. |

When z = g5 is increased, for example when the ion is divalent like calcium, the profiles
of ¢4 and ¢ may lose monotonicity and become oscillatory. It is well known in experiments
that calcium has profound and complex effects on the current voltage relations of channels
(see [2,20]). Suppose z > /1 + g2 > 0. Then z> — g > 1 and there exists a unique X, > 0
(because (1 + gX)e®*)¥ is strictly monotone increasing to ¥ > 0) depending on X such
that

(1+g%)e@ % 4 g2 _ 22 = 0.

Note that % (Z) = %‘3 (X)) =0if . > X, > 0. We shall prove that X, may be located in
the domain of ¢4 and ¢p i.e. L. > X, > 0if z is sufficiently large (see proposition 2.2). By
(2.11) and (2.12), % < 0 on (2., ,), 4 > 0 on (T, 0), $2 > 0on (X, %), & < 0
on (X., 00). Then X, is a unique (global) minimal point of ¢4 and a unique (global) maximal
point of ¢, respectively (see figure 2).
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'e)

Figure 3. 0’ = (0, X,).

Moreover, by (2.10),
Pac = —¢a () = — min ¢4 () = max ¢ () = ¢ (Z) > 0. (2.16)

By figure 2, the inverse image of function ¢4 consists of two functions X 4, : (—qu,C, oo) —
dXy, dX,

(S, 00) and 4, : [—a.c, 0] > [Z., ] such that - >0on (—¢a.c, 00) and - <0
on (—¢A,C, 0) (see figure 3).
Moreover, by (2.11),
Tl 0 for ¢>—¢ 2.17)
= > or > — co .
do q (14 g%4,)e8dTa 4 g2 _ 22 A,
and
a5, (804, \/Efxz _ 4o~ (8%,
=q = <0 for —¢s.<¢p<O.
d¢ (14 gXy,)e’ %0 4 g2 _ 72

Similarly, the inverse image of function ¢p consists of another two functions Xp,

(=00, pa.c) > (¢, 00) and T, : [0, Pac] = [, E¢] such that df—;‘ < 0on (—00, Pa.c)
and di;z > 0 on (O, ¢A,c)- Moreover, by (2.12),
a5y e(8+0)Tp \/Eé] — 4e—(8+)%p
o = —q a +g231)e(g+2)231 T2 <0 for ¢ < s, (2.18)
and
a5, e(8+0) 5, \/21232 _ 4e—(+)%,
i~ 4 (72555 1 g7 22 >0 for 0<¢ <oy
Thus by (2.8), we may consider two functions of (c; —¢z) 0 X4, and (¢; — ¢2) o X, as follows:
(e1 = (4, @) = /B3 —4e D% for ¢ > —ga.. 2.19)
and
(c1 = €)(Zp, (9) = —\/TF, — 4 EIT0 for ¢ < p. (2.20)

Note that (¢; — ¢2)(X4,(+)) and (¢; — ¢2)(Zp, (+)) are continuous functions on [—¢a ¢, P4 c]-
Moreover, by (2.17)—(2.20), we have

d eEHIZA [T, +2(g +z)e” €]
(o1 — D) — !

d¢ (Cl CZ)( A1(¢)) q (1 +gEAl)e(g+Z)E"l +g2 —Z2

>0 for ¢ > —dac,

(221
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and

d e@*IT8 [Ty +2(g +7)e €D a ]
—(e1 =) (E5,$) = ¢ b

d¢ (1+gXp)e®Tn 4 g2 _ 72 >0 for ¢ <daec.

(2.22)

Here we have used (2.38) and (2.39). Consequently, (c; — ¢2)(24,(-)) and (¢ — ¢2)(Zp, (+))
are smooth functions on (=4 ., Pa.c). Since (c; — c2)(X4,(-)) and (c; — ¢2)(Zp,(+)) are
strictly monotone increasing to ¢ (see (2.21) and (2.22)), then we may use (2.8) to get

(c1 =) (Za, (@) = (c1 — 2)(a, (—@a0)) = |/ T — de~ &)= > 0, (2.23)
(c1 = 2)(Zp,(9) < (1 — ) (Bp, (Pac)) = —\/ BZ — e~ (&+)% <0, (2.24)

for g € (=a.c, Pao)-
Now we claim that if z is sufficiently large, then ¥, > ¥, > 0 ie. X, is located in the
domain of ¢, and ¢p as follows:

Proposition 2.2. Let
gc = inf {z > /1 + g2 : there exists £.. > . > 0 such that (1 + g%, .)es) %
+g2 — 2 = 0}, (2.25)

where X, > 0 is the unique solution of ¥ = 26’%(3+Z)Ef0rz > 0. Thenforz > g., there exists
aunique ¥, = X, > ¥, depending on z such that (1+gX.)e¥ 9% + g2 —72 = 0. Conversely,
for0 < z < g, no such X, exists and (1 + g£)e®9* + g2 _ 22 > 0for ¥ > %, > 0.

Proof. Firstly, we claim that g. is well-defined. For any z > 0, we may define a function
Jfo = f:(2) by

() =1+gX)e®?E 1272 for T >0. (2.26)
Then it is obvious that f,(+00) = oo,

fi(E) =[g+(1+g%)(g+2)]e®?* >0 for X,z>0, (2.27)

and £,(0) = 1+ g> — z? < 0if z > /1 + g2. Hence there exists a unique ¥, > 0 such that
f:(2..) =0. Let ¥///, > 0 be the unique solution of

¥, =2e289% for 7> 0. (2.28)
Now we prove X., > X, as z sufficiently large. By (2.28), X, is decreasing to z
(differentiate (2.28) to z) and z = — (g + M) Thus ¥, — 0 as z — oo and
fi(B) = (1+ g8 )% 4 g2 — 22
=[4(1+g%.) + (&> —HT/T2 by (2.28)
=[4(1+g%,) —2¢X,2InE, —In4) — 2In X, —In4)?]/B2 - —oc0 asz — oo,

and then f,(X;) < Oaszsufficiently large. Since f; (2. .) = Oand f;(X;) < Oas z sufficiently
large, then by (2.27), we have 2., > ¥, as z sufficiently large. Consequently, the set

Z={z>+1+g?:3%.; > X, > Osuch that f,(2.,;) = 0} (2.29)
={z> V1+g2 D (3 < 0}
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is nonempty and the value g. = in£ z (defined in (2.25)) is well-defined. Note that the existence
zZe

of X, with f,(Z..) = 0 is guaranteed due to z > /1 + g2, so (2.27) implies =, > X, if
f2(2.) < 0holds true.
To complete the proof of proposition 2.2, we need the following result:

Claim 1.  Suppose f;,(£;,) = 0 and X, > 0 for some zo > /1 + g2. Then there exist
21,2, > /1 +g?and z; < zo < z, such that f,(Z,) > 0 for z € (z;, z0) and f,(X,) < O for
z € (20, Zr)-

Proof. By (2.26) and (2.28),

Foy=dU¥EE) 2 2 (2.30)

32
Z
Then f,,(2;,) = 0 gives
1+g%,, 2 2

4——752:—— =Z0— &
and X satisfies (z(z)—gz)Ezz0 —4g%, —4 = Ohavingsolutionsas X, = ﬁ and ¥, = —ﬁ.
Hence due to X, > 0,

2
¥, = . (2.31)
20— 8

Note that zo > /1 + g2 > +g. Differentiating (2.28) and (2.30) to z, we have

d £(5) = 42+gEz dx, )

dz <7 3 dz @

dx, _ -2

dz (g4 )X +2]
Thus by (2.31), we obtain

d

d—ZfZ(EZ)Iz:zU =-z0—g¢ <0 (2.32)
Therefore, by (2.32), we may complete the proof of claim 1. (|

It is obvious that

f(Z)>0 for ¥>0 and 0<z<V1+g% (2.33)
Now we want to prove that

Z = (&, 00), (2.34)

where g, = ing z. Due to the continuity of f;, (2.29) implies that the set Z is open. Suppose
ze

the set Z has two components. Then without loss of generality, we may assume that there
exists z, > g, such that Z = (g, z,) U (24, 00). Hence f; (X;,) = 0 and f,(¥;) < O for
Z € (g¢) Z2a) U (24, 00). However, claim 1 implies that f,(X;) > 0 for z € (z;, z,) which
contradicts to f,(X;) < 0 for z € (g¢, z»). Thus the proof of (2.34) is done. On the other
hand, claim 1 also implies that

f(Z)>0 for 0<z<g. (2.35)

Otherwise, by (2.33), there exists z, € (/1+ g2, g) such that f;,(X;) = 0. Then as
for (2.32), we have ;—Zfz(Ez)|Z:Zb = —z;, — g < 0 and hence there exists z. € (25, g) such
that f; (X, ) < 0 which contradicts to (2.34). Therefore, by (2.27) and (2.35), we complete
the proof of proposition 2.2. g
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Remark 2.3.

(i) The proof of proposition 2.2 shows that f,(X;) > 0 for 0 < z < g. and f,(X%;) < 0 for
Z > g (see (2.34) and (2.35)). Hence by the continuity of f;, f, (X,) = 0.

(i) By (2.27) and (2.35), we have
f(E)=(1+g2)e® 42 _722>0 for >3, and 0<z<g. (2.36)

(iii) By (2.26), f. (X;) > Oasz = /1 + g2 but f, (X,) = 0. Hence remark 2.3 (i) implies

g >/ 1+g2

Suppose 0 < z < g.. Then (2.36) gives f,(¥) > O for ¥ > ¥,. Hence by (2.11) and

(2.12), % > 0and 4% < 0 for £ > 3, which gives ¢4(Z) > ¢4 (X;) = 0 = ¢p(T,) >

¢s(X) for ¥ > X,. Thusas for proposition 2.1, ¥ = ¥ (¢) can be a single-valued function of ¢
with domain as the entire space R and range [ZZ, oo) suchthat £ (0) = X, and ¢; —c; is strictly
monotone increasing to ¢. Moreover, ¥ — 0o as ¢ — £oo and (¢; — ¢2)(X(¢)) — o0 as
¢ — *oo.

Suppose z > g, > 0. Then proposition 2.2 gives that there exists a unique . € (X,, 00)
such that

(1+g%)e®% 4 g2 — 22 =0, (2.37)
which implies

(1+g2)e®@F 4?2 2250, for ¥ >3, (2.38)
and

(1+gX)e® DT 42 2220, for £.<X <3, (2.39)

By (2.9) and (2.11), we have % > O for ¥ > % % < Ofor =, < T < X,

and ¢4 tends to +oo as X goes to +00. Hence X, is the unique minimum point of ¢4.
Since ©2 = 4e~®*9%: then ¢,(;) = 0 which implies —¢s . = Pa(E,) < 0. Since

. . In(z2—g2
>, satisfies (1 + g=.)e®™D% = 72 — o2 je. X, + 1“(1;’;2") = n(;zg ), then X, must

tend to zero as z goes to infinity. Note that g > 0 is a fixed constant. Consequently,

—In [% (ZC +/22 - 4e—(8+1)2f)] — +00 as 7 — +00, and then

qPac=9qPa(Xe)

N L Sy by puprrermer | I A3 N Sty SRR
2 ¢ 2 2 ¢
=—In B (Ec +,/ 22— 4e—(8+1)2<>>:| + % <EC +,/22— 4e—(8+2)2v>
+£ (Ec — /¥ _ 4e(g+z)2c>
2 c
1
>—1In > Yo,/ X2 —4e~ 6% ) | > 400

as z — +oo. Thus ¢pp. — 400 as z — +oo and ¢ > O is fixed. Besides, since
e~ @% = (1 +¢¥.)/(z> — g% and ¥, — 0 as z — oo, then by (2.8), we have
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(c1 —c)(X) — 0asz — +oo and g > O is fixed. Therefore, we may summarize the
above results as follows:

Theorem 2.4.

(i) Suppose 0 < z < g.. Then (¢; — ¢3) o X is a monotone increasing function to ¢ € R
satisfying (c¢; — ¢2)(X(¢)) — oo as ¢ — £o0, respectively.

(i) Suppose z > g.. Then there are two functions X 4, and X, such that (c; — c3) 0 Xy, :
[—pac, 00) = Rand (c; —c2) o Ep, : (—00, pa ] — R are monotone increasing
Sfunctions of ¢, where ¢4 . satisfies s, — +00 and (¢; — c2)(2;) = 0as z — +00 and
g > 0 is fixed. Moreover,

(c1 =)o Xy (=Pac) = (c1 —c2)(Z) >0,
(c1 = €2) 0 Ty, (Ba.e) = —(e1 — 2)(Be) <0,

lim (c; —c2) 0 X4,(¢) =00 and lim (c; — ¢z) o X, (@) = —o0.
¢$p—00 ¢$p——00

Here o denotes function composition and g is the positive constant defined in proposition 2.2.

3. Proof of theorem 1.1 and 1.3

3.1. Proof of theorem 1.1

In this section, we study multiple solutions of the system of equations (1.13)—(1.15) with
N = 3 and the following assumptions:

po>0, gn=g=0 for i=1,23. 3.1
Then we may get solutions of (1.13) by solving
2
Inci+zi¢+» gy =0 for i=12, (3.2)
j=1
and let
3 =e97. (3.3)

Note that (3.2) is same as (1.13) with N = 2. Assume
=—z21=qg=21, gu1=g82>0 and gpp>g. >0, (3.4)

where g. > 01is a sufficiently large constant defined in proposition 2.2. We shall use (3.4) and

set pp > 0 in order to apply theorem 2.4 (ii) (in section 2) and lemma 4.1 (in section 4) for the

proof of theorem 1.1 which gives multiple solutions of (1.13)—(1.15) with N = 3 and py > 0.
By theorem 2.4 (ii), equation (3.2) has multiple solutions

(c1.2) = (c1 (Za, (@) . c2(Za, (9)) and  (c1. ¢2) = (1 (Tp, () . 2 (T, (8)))
(3.5)
such that fa,(¢) = g(c1 — ¢2) (Ta,(9)) and f3,($) = q(c1 — ¢2) (Tp,(¢)) are monotone
increasing to ¢ but the values of f4, and fp, are away from zero (see figure 4). By lemma 4.5,
it is impossible to get uniformly bounded solution by solving either e¢”(x) = f4,(¢(x)) or

ed"(x) = fp,(¢(x)) for x € (—1, 1). This motivates us to develop lemma 4.1 (in section 4),
and use (3.3) to transform (1.14) into the following equations:

e¢"(x) = falp(x)) for xe(=1,1), (3.6)
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f:ics k’/‘———-—‘;—‘f—‘_
“ar
i E o *ac

Bi

Figure 4. Figures of f4,, fp, and f,.

and
£¢"(x) = fa(¢p(x)) for xe(=1,1), (3.7)
where
fa(@) =qlci —c2) (Za, (@) — 235 + py,
and

(@) =q(c1 = ) (T, (@) — 237 + po.

We may denote f4 and fp as follows: fa(¢) = fa, () — fo,(¢) and fe(¢p) =
f5 @) = for (@), Where fa,($) = qlc1 — &) (Ea,@®). f5,@®) = qlci — c2) (Ep, (),
and f.,(¢) = z3¢”9% — po.

Let pp > 0. Then theorem 2.4 (ii) (in section 2) implies that as g1o =z = g4, > & > 0
(g, 1s a large constant depending on py), both functions f4, and f3, intersect with the function
fes at @4, 0 and ¢p, o, respectively (see figure 4). Note that the assumption py > 0 is necessary
for the existence of ¢4, 0 and ¢p, 0. Moreover, fua = fa, — fc, and fg = fp, — f., satisfy

(1)  fa : [—¢ac,00) — R is smooth and strictly monotone increasing, —¢4 . < O,
Sa(=da.c) <0, fa(00) > 0and fa(pa,,0) = O for some ¢4, 0 > —Pa.c.

2) fs : (=00,¢a.] — R is smooth and strictly monotone increasing, ¢4 . > O,
S(@a.) >0, fp(—00) < 0and fz(Pp,,0) = 0 for some ¢p, 0 < Pa.c.

Hence by lemma 4.1, we may get uniformly bounded solutions ¢ and ¢Z of (3.6) and (3.7),
respectively. Moreover, ¢ (x) — ¢4, 0 and ¢Z (x) — ¢p,o for x € (—1,1) as e — 0.
Therefore, we complete the proof of theorem 1.1.

3.2. Proof of theorem 1.3

LetN =4, =—-z1=q =2 landzg = —z3 = q» > 1. Assume g;; = g» = g > 0,
g3 = gu =g >0and g;;j = gj; = 0fori = 1,2 and j = 3,4. Then (1.13) may be
represented as

2
Inc +zip+ Y gijc; =0 fori=12, (3.8)
j=1
and
4
1nc,-+z,»¢+Zg,-jcj=O for i = 3,4. 3.9)
j=3
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T >§,~,
e || __/_'::D ¢
T‘&< o

Figure 5. Figures of f4,, f5,, fu, and fy,.

Note that both (3.8) and (3.9) have the same form as (3.2) with (3.4) which can be solved
explicitly. As for theorem 2.4 in section 2, both (3.8) and (3.9) have two branches of solutions,
respectively. We may denote these solutions as follows:

(c1,¢2) = (c1 (Za, @), 2 (Za, () .

(c1,¢2) = (c1 (T, @), 2 (T, @))) &

(c3,¢4) = (3 (Zar, @) . ca (Zm, (9))) &

(c3.c4) = (c3(Zw, @) . ca (Ew, (@))
such that (c; — ¢2) 0 Xy, @ [—¢ac,00) = R, (c1 = ¢2) 0 Zp, 1 (=00, ¢a] = R,
(c3—cs) o Zn, : [—@me, 00) = Rand (3 — c4) 0 Ty, 1 (—00, ¢y ] — R, are monotone
increasing functions of ¢, where ¢4 ., ¢y > 0 are constants, X4,, Xp,, Ly, and Xy, are
functions satisfying

(c1 =)0 Xy (=@a.), (c3—cs) 0o By (=Pu,) >0,
(c1 —c2) 0 X (Pac), (c3 —ca) o iy, (Pu,e) <O,
q}ggo(cl — ) 0 Xy, (@) = JLHOIO(Q —c4) 0 Ly, (¢p) =0,

¢EIPOO(C' — )0 Xp (@) = ¢EI£100(03 —cy) 0 Xy, (@) = —o0.

Here o denotes function composition. Moreover, theorem 2.4 gives ¢4 ., Py — +00 and
(c1—c2)oX4,(=Pa.), (c1—c2)0Xp, (¢a,c), (c3—ca)o Xy, (Pu,c) and (¢3 —c4) o By, (—dum.c)
tend to zero as z, 7 — +oo and g, g > 0 are fixed.

Without loss of generality, we may assume ¢y . < ¢a.. Fix po € R arbitrarily. Then

as for (3.2), we may solve (3.8) and get functions f4,(#) = qi(c1 — ¢2) (E4,(#)) — po and
I, (@) = qi(c1—c2) (23, (¢)) — po which are sketched in figure 5 (up to a shift by py), provided
that g1 = g21 = z > 0 is sufficiently large. Similarly, we may solve (3.9) and get functions
i (@) = qalcs — c3) (Zp, (@) and fiy, (@) = g2(cs — ¢3) (Sy, (@) as g3s = g43 =2 > 0
sufficiently large (see figure 5).
Because function g, (c3 — c4) o Xy, is negative and increasing to ¢, function gz (c4 — ¢3) 0 Xy,
becomes positive and decreasing to ¢. On the other hand, function g;(c; — ¢2) o X4, — po
is positive and increasing to ¢. This implies that as z and 7 sufficiently large, functions
qi(c1 —c2) 0 g, — po and ga(c3 — c4) © Ly, may intersect at ¢ = Py, 0. Similarly, functions
qi(c1 —c2) 0 X, — po and g2 (c4 — ¢3) 0 Xy, may intersect at ¢ = ¢p, o as z and Z sufficiently
large. Generically, values ¢4, o and ¢p, o can be different by choosing z and Z suitably e.g. z
and z sufficiently large.

Let fA = fAl — fMl and fB = fBl — le. Then

fa @) =qi(ci — 2) (Za, (@) +q2(c3 — ca) (Zar, (9)) — po

and
f8 (@) = qi1(c1 — ¢2) (Z5,(@)) +q2(c3 — ca) (Zn, (@) — po
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satisfy

(1) fa : [—¢ac, duc] — R is smooth and strictly monotone increasing, —¢a . <

0, fa(=ba.c) <0, fa(du.c) > 0and fa(¢a,0) = 0 for some ¢pa, 0 > —Pa.c.
2 fp : [—Pmc, Pacl — R is smooth and strictly monotone increasing, ¢4, >

0, fa(da.c) >0, fp(—dum,) < 0and fp(¢p, 0) = 0 for some ¢pp o < P4 c.

Moreover, equation (1.14) can be expressed as e¢,, = fa(¢) and e¢y, = fp(¢) for
x € (—1, 1) which have the same forms as equations (3.6) and (3.7), respectively. Therefore
by lemma 4.1, we may complete the proof of theorem 1.3.

4. Uniformly bounded solutions

In this section, we consider the equation

" (x) = f(p(x)) for x e (—1,1), 4.1
with the Robin boundary condition
oD +n.4"(1) =¢o(1) and ¢(=1) —n.¢"(—1) = go(—1), 4.2)

where ¢ (1), ¢o(—1) are constants and 7, is a non-negative constant. Note that the solution ¢,
of (4.1)—(4.2) may depend on the parameter £. For notational convenience, we omit ¢ and
denote ¢ as the solution of (4.1)—(4.2). To get uniform boundedness of ¢, we assume the
function f satisfies one of the following conditions:

(F1) f : [A, M] — R is smooth and strictly monotone increasing, A < 0, f(A) < 0,0 <
M < oo, f(M) >0and f(ps) =0 for some A < ¢ps < M.

(F2) f :[—M, B] — Risis smooth and strictly monotone increasing, B > 0, f(B) > 0,0 <
M < oo, f(—M) < 0 and f(¢p) = 0 for some —M < ¢pp < B.

Then we have

Lemma 4.1. Assume the function f satisfies either (F1) or (F2), and the constants A <
do(—1), po(1) < M as (F1) holds, and —M < ¢o(—1), po(1) < B as (F2) holds. Let c = ¢,
if (F1) holds, and ¢ = ¢p if (F2) holds. Let ¢ be a nonconstant solution of (4.1) with the Robin
boundary condition (4.2). Then

(i) If (1), po(—1) > c, then there exists x| € (—1, 1) such that ¢'(x;) = 0, ¢p(x1) > ¢,
and ¢ is strictly monotone decreasing in (—1, x1) and increasing in (x1, 1).

(ii) If ¢po(1), po(—1) < c, then there exists x, € (—1, 1) such that ¢'(x;) = 0, ¢(x2) < ¢,
and ¢ is strictly monotone increasing in (—1, x,) and decreasing in (x;, 1).

(iii) If po(1) = ¢ = ¢o(—1), then ¢ is monotone increasing in (—1, 1).

(iv) Ifpo(1) < ¢ < ¢po(—1), then ¢ is monotone decreasing in (—1, 1).

(v) min{go(—1), ¢o(1), 0} < ¢(x) < max{go(—1), ¢o(1), 0} for x € (—1, 1).

(vi) ¢(x) = case — 0+ where c = ¢4 if (F1) holds, and ¢ = ¢p if (F2) holds.

Proof. Without loss of generality, we may assume the function f satisfying (F1). Replacing ¢
by ¢ + ¢, we may assume ¢ = 0 and f(0) = 0 in the whole proof for notational convenience.
Since the domain of the function f is only [A, M], then we firstly extend it smoothly to the
entire real line R in order to use the standard direct method to get the existence of solution ¢.
Hence we may temporarily assume the function f as a smooth and strictly monotone increasing
function on R. Actually, such an assumption can be ignored because of (4.5).
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To prove lemma 4.1, we need the following proposition:

Proposition 4.2.

(a) If x, € (—1, 1) is a local minimum point of ¢, then ¢ (x,) > 0, ¢ is monotone decreasing
in (—1, x,) and increasing in (x4, 1).

(b) If xp, € (—1, 1) is a local maximum point of ¢, then ¢ (x) < 0, ¢ is monotone increasing
in (—1, xp) and decreasing in (xp, 1).

The proof of proposition 4.2 (b) is quite similar to that of proposition 4.2 (a) so we only
state the proof of proposition 4.2 (a) as follows: Suppose x, € (—1, 1) is a local minimum
point of ¢. Then ¢’(x,) = 0 and ¢"(x,) > 0. If ¢”(x,) = 0, then the equation e¢p” = f(¢)
gives f(P(x,)) = €¢”(x,) = 0 which implies ¢(x,) = 0 and then by the uniqueness of
ordinary differential equations and ¢ (x,) = ¢'(x,) = 0, we have ¢ = 0 which contradicts
to ¢ is nonconstant. Hence ¢”(x,) > 0 and f(¢(x,)) = e¢”(x,) > Oie. ¢(x,) > O.
Now we prove that ¢ is decreasing in (—1, x,) and increasing in (x,, 1). Suppose not. Then
there exists x, € (—1,1) and x, # x, such that x, is a local maximum point of ¢ i.e.
¢'(x) = 0,¢"(x)) < 0and ¢(x;) > ¢(x1) > 0but e¢”(x.) = f(#(xc)) > 0 which
contradicts to ¢” (x.) < 0. Therefore, we may complete the proof of proposition 4.2.

For the proof lemma 4.1 (i), we need

Claim 1. Assume ¢(1), ¢po(—1) > 0. Then ¢p(—1), ¢(1) > 0, ¢'(—1) < 0 and ¢'(1) > 0.
We may prove claim 1 by contradiction. Suppose one of the following cases holds:

Casel. ¢(—1) > 0and ¢'(—1) > 0.

CaselIl. ¢(—1) <0.

For the Case I, we may use ¢(—1) > 0 and the continuity of ¢ to obtain that as
x € (—1, 1) sufficiently close to —1, ¢(x) > 0 and e¢”(x) = f(¢(x)) > 0 which implies
xEr_nH e¢"(x) = f(¢p(=1)) > 0. Since ¢'(—1) > OandeTH ¢"(x) > 0, then ¢ is monotone
increasing in (—1, —1 + §p), where §p > 0 is a constant. Now we may show that ¢ is
monotone increasing in (—1, 1) by contradiction. Suppose ¢ has a local maximum point at
xo € (—1, 1) such that ¢'(xg) = 0, ¢"(x9) < 0 and ¢ is monotone increasing in (—1, xg).
However, ¢¢”(xg) = f(p(x0)) = f(p(—1)) > 0 contradicts to ¢”(xg) < 0. Hence ¢
is monotone increasing in (—1, 1) which provides ¢”(x) = éf(qb(x)) > %f(qb(—l)) ie.
o' (x) = %f(d)(—l)) for x € (—1,1). Integrating the inequality from —1 to x, we have
P )= (=) = Lf(p(=1)(x+1)ie. ¢'(x) = ¢'(=D+1 f(p(—D)(x+1)forx € (—1, 1)

which implies

! 1
1 [¢’(—1) + gf(qﬁ(—l))(x + 1)} dx

1
¢(1>—¢(—1):/1¢’<x)dx>/

1
=2 [t//(—l) + Ef(fb(—l))} )

ie. p(1) = ¢(=1) +2[¢'(=D+1f(p(=1))] = 2f(¢(=1)). On the other hand,
the Robin boundary condition (4.2) gives ¢o(1) = ¢(1) + n.¢'(1) > ¢(1) and ¢p(—1) =
do(—1) + ne¢’'(—1) = ¢po(—1) > 0 since ¢ is monotone increasing in (—1, 1). Thus

2 2
$o(1) =2 ¢(1) > gf(fb(—l)) Z gf(¢o(—1)),
which contradicts to the hypothesis that ¢y(1), ¢o(—1) are independent to ¢.
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For the Case II, we first use the Robin boundary condition (4.2) to get n.¢'(—1) =
d(—1) —po(—1) < —¢p(—1) < 0 which implies n, > 0 and ¢'(—1) < 0. Then ¢(x) < 0 for
x € (—1, —1+46;) and ¢ is monotone decreasing in (—1, —1+§;), where §; > 0 is a constant.
Hence ¢ is negative and monotone decreasing in (—1, 1). Otherwise, there exists x3 € (—1, 1)
alocal minimum point of ¢ such that ¢ (x3) < 0 and ¢”(x3) > Obut ¢"(x3) = % fl@(x3)) <0
which contradicts to ¢ (x3) > 0. Such a contradiction shows that ¢ is negative and monotone
decreasing in (—1, 1). However, 0 > ¢(1) = ¢o(1) — n.¢’(1) > ¢o(1) contradicts to
¢o(1) > 0. Notice that both Case I and II produce contradiction. Similarly, the condition
¢(1) > 0 and ¢'(1) < 0 and the other condition ¢ (1) < 0 also result in contradiction,
respectively. Therefore, we may complete the proof of claim I.

By claim I, there exists x; € (—1,1) a local minimum point of ¢, and then by
proposition 4.2 (a), we may complete the proof of lemma 4.1 (i). On the other hand,
we may also use the similar argument of claim I to prove that there exists x, € (—1,1)
a local maximum point of ¢. Hence by proposition 4.2 (b), we complete the proof of
lemma 4.1 (ii).

Now we prove lemma 4.1 (iii) by contradiction. Suppose ¢ is not monotone increasing.
By proposition 4.2, it is sufficient to consider two cases as follows: ¢(—1) < Oand¢(—1) > 0.
If (—1) < 0, then proposition 4.2 implies that there exists x, € (—1, 1) a maximum point
of ¢ such that ¢ (x,) < 0, ¢ is monotone increasing in (—1, x,) and decreasing in (x;, 1) so
¢’(1) < 0. However, the boundary condition ¢ (1) + n.¢’(1) = ¢o(1) and ¢’'(1) < 0 give
Po(1) < ¢o(1) — ¢’ (1) = ¢(1) < ¢p(x2) < 0 which contradicts to ¢g(1) > ¢ = 0. On
the other hand, if ¢(—1) > 0, then proposition 4.2 implies that there exists x; € (—1, 1) a
minimum point of ¢ such that ¢ (x;) > 0, ¢ is monotone decreasing in (—1, x) and increasing
in (x1, 1) so ¢'(—1) < 0. However, the boundary condition ¢(—1) — n.¢'(—1) = ¢o(—1)
and ¢'(—1) < 0 give ¢o(—1) = ¢ (—1) — n.¢'(—1) > ¢(—1) > 0 which contradicts to
¢o(—1) < ¢ = 0. Therefore, we complete the proof of lemma 4.1 (iii). Similar argument of
lemma 4.1 (iii) can be applied to prove lemma 4.1 (iv) and we omit the detail here.

Using lemma 4.1 (i)-(iv), we may prove min{g¢o(—1), ¢o(1),0} < o) <
max{¢o(—1), ¢o(1), 0} for x € (—1,1). The proof is stated as follows: By lemma 4.1 (i)
and the boundary condition (4.2), we have ¢(—1) = ¢o(—1) + n.d'(—1) < ¢o(—1),
¢(1) = ¢o(1) — n:¢'(1) < Po(1) and ¢ = 0 < ¢(x1) < P(x) < max{p(1), p(—D} <
max{go(1), po(—1)} for x € (—1,1). Similarly, lemma 4.1 (ii) and the boundary
condition (4.2) imply ¢(—1) = ¢o(—=1) + 7@’ (—1) = do(=1), ¢ (1) = ¢o(1) — n:¢'(1) >
¢o(1) and ¢ = 0 > ¢(x2) =2 ¢(x) = min{p(1),p(—=1)} = min{go(1), po(—1)} for
x € (—1, 1). On the other hand, we may apply lemma 4.1 (iii) and the boundary condition (4.2)
togetd(—1) = go(=D)+n:¢'(—1) = ¢o(—1), ¢ (1) = $o(1)—n:¢"(1) < ¢o(1) and p(—1) <
d(—1D) < dp(x) < (1) < Po(1) for x € (—1, 1). Similarly, lemma 4.1 (iv) and the boundary
condition (4.2) give ¢ (—1) = @o(—D+n:¢"(—1) < ¢o(—1), ¢ (1) = ¢o(1) —n:0'(1) = Po(1)
and ¢o(—1) = ¢(—1) = ¢(x) = ¢(1) = ¢o(1) for x € (—1,1). Hence we complete the
proof of lemma 4.1 (v) i.e.

min{¢o(—1), ¢o(1), 0} < ¢(x) < max{go(—1), po(1),0} for x e (=1,1). (4.3)
Let Ag = min{go(—1), ¢o(1), 0} and A; = max{¢po(—1), ¢o(1), 0}. Then (4.3) implies
[@llL~ < Az = max{—Ao, Ar}. (4.4)
Since A < ¢o(—1), o(1) < M and A < 0, then (4.3) gives
¢(x) € [Ap, A1 C[A, M] for xe(—1,1), (4.5)
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i.e. each value of ¢ (x) must be contained in the original domain of the function f. Thus
we may neglect the extension of the function f and regard ¢ as a well-defined solution of
equation (4.1) with boundary condition (4.2).

Now we claim that ¢(x) — 0 as & — 0+ for x € (—1,1). To prove this, we remark
that

%(052)”()6) =e(@9" + (PN (x) > ed9” (x) = p(x) f(P(x))

¢(x)
=¢(x) i f/(s)ds > app? (x),

for x € (—1,1), where ap = min ea,,4,1 f'(z) > 0 is a constant coming from the strictly
monotone increasing of f. Note that if ¢ (x) < 0, then
0 0

d(x)
¢(x) / f(s)ds = (=¢(x)) fl(s)ds > (=p(x)) apds = apep® (x).
0 ¢ (x) ¢ (x)

Since %((])2)”()() > app’(x) for x € (—1,1), then by (4.4) and the standard comparison
theorem, we have ¢*(x) < A3 (e‘“”)vz"‘o/s + e_('_x)”“”/s) for x € (—1,1). Therefore,

¢(x) > 0ase — 0+ forx € (—1, 1), and we may complete the proof of lemma 4.1 (vi) and
completed the proof of lemma 4.1. |

Remark 4.3. The equation (4.1) with the boundary condition (4.2) has a unique solution.

The uniqueness comes from the strictly monotone increasing of the function f. The
proof is sketched as follows: Suppose ¢; and ¢, are solutions of (4.1) and (4.2). We
may subtract the equation of ¢; by that of ¢,, and multiply the resulting equation by
u = ¢ — ¢, and integrate it over (—1, 1). Then using integration by part, we have
W' (1) — ' (=Du(=1) — 1, @' @)?dx = ['| e(x)u®dx, where ¢(x) = LOe) - [0
is positive since the function f is strictly monotone increasing. On the other hand,
the Robin boundary condition (4.2) gives u(—1) = n.u'(—1), u(l) = —n.u'(1) and
W' (Du(l) —u' (=Du(=1) = —n, [(@'(=1))* + (' (1))*]. Hence

1 1
0< [ contar = —n[w 02+ @] - [ wrax <o
—1 —1
which implies u = 0 i.e. ¢; = ¢, and the uniqueness proof of ¢ is complete.

Remark 4.4. The solution ¢ of the equation (4.1) with the boundary condition (4.2) has linear
stability.

To get the linear stability of the solution ¢ of the equation (4.1) with the boundary
condition (4.2), we study the eigenvalue problem Lv = Av of the corresponding linearized
operator Lv = —&v” + f'(¢)v with the boundary condition v(%1) + n,v(£1) = 0. Using
integration by part, it is obvious that

1 1 1 1
k[ v2dx=/ vadx:f sv”vdx+f (@) v*dx
-1 -1 -1 -1
1 1
=7, [(V' (=) + (' (D)*] + f [¢(W)? + f/(9)v*] dx > uo / v?dx, (4.6)
1

-1

and hence A > o > 0, where (Lo = MiNse[ming,max¢] f~ (8) is a positive constant arising from
the strictly monotone increasing of the function f.
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Inlemma 4.1, the existence of zero point ¢4 (or ¢pp) of f is essential. If the function f has
not any zero point like ¢4 (or ¢p) i.e. the value of f is away from zero, then the equation (4.1)
may not have uniformly bounded solutions {¢}.-(. Such a result is stated as follows:

Lemma 4.5. Assume f is a function satisfying one of the following conditions:

(a) f:[A, 0c0) = R ismonotone increasing, A < 0 and f(A) > 0.
(b) f :(—o0, B] = Ris monotone increasing, B > 0 and f(B) < 0.

For each ¢ > 0, let ¢ be a solution of the equation (4.1). Then sup ||@| L~ = oo.

e>0

Proof. Without loss of generality, we may assume the function f satisfies the condition (a).
Now we prove lemma 4.5 by contradiction. Suppose {¢}.~o is uniformly bounded i.e.

sup ||@]lL~ < co. We divide three cases to complete the proof as follows:
e>0

Case I. The solution ¢ = ¢ (x) is monotone decreasing to x i.e. ¢'(x) < 0 forx € (—1, 1).
Using the equation e¢” = f(¢) and the condition (a), we have

1
) () — ¢ x) = / ¢ (1) de
1
=s‘1/ f(p(r)dt

1
>t [ pdr=e faa-n, vee L,

and hence
1 1
=2l < ¢(1) — (1) = /l¢'(X)dx < —Sflf(A)f1 (1 —x)dx = —2¢7" f(A),

ie. ||@llLe = e f(A) = ooase — 0+ which contradicts to the hypothesis sup ||¢|[L~ < co.

>0

Case II. The solution ¢ = ¢ (x) is monotone increasing to x i.e. ¢'(x) > 0 forx € (—1, 1).
As for the argument of Case I, we obtain

X)) = ¢ (x) =@ (=1) = f 1 ¢"(v)dt
=s"/1 () dr

>e /X fAydr=e"' f(A)(1+x), Vxe(=L1),
—1

and hence
1 1
2plli~ > (1) — d(=1) =/ /() dx > 8"f(A)/ (1+x)dx = 267 F(A),
—1 —1

ie. ||¢llL~ = &' f(A) — ooase — 0+ which contradicts to the hypothesis sup ||¢|| .~ < oc.

>0

Case III. The solution ¢ = ¢(x) has a local minimum point at xo, € (—1, 1) such
that ¢’ (xg) = 0 and ¢” (xg) > 0.
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Note that since e¢” = f(¢) > f(A) > 0, it is impossible to have any local maximum
point in (—1, 1). By the equation e¢” = f(¢) and the condition (a), we have

—¢'(x) = ¢/ (x0) — ¢'(x) = / ¢"(v)dt
:8‘1/ f(p(r)dr

X0
> 8_1/ fA)ydr =e7" f(A)xo —x),  Vx € (=1,x),
and hence

2l < Dlxo) — d(=1) =/ ¢/ (r) dx < —8‘1f(A)/ (0 — x) dx
—1 —1

= —le’lf(A)(x +1)?
- ) 0 B

1.€.

Ixo + 11 < 26'2/llpll=/f (A). 4.7

On the other hand,

¢'(x) = ¢ (x) — ¢ (x0) = / ¢"(v)dr
:e“/ flp(r)dr

> ¢! / fAdr =" f(A)(x —x0), Vx € (xo, 1),
and hence
1 1 1
20l = (1) — p(x0) = f ¢'(x)dx > e"f(A)/ (x —xp) dx = §€_lf(A)(xo - 17

ie.

o — 1] < 262/ 1pll~/f (A). 4.8)

Therefore, as ¢ > 0 sufficiently small, (4.7) and (4.8) provide a contradiction and we may
complete the proof of lemma 4.5. (|

5. Excess currents due to steric effects

Here we want to use solutions ¢f and ¢£B of (1.13)—(1.15) (see theorem 1.1 and 1.3) to calculate
excess currents (due to steric effects) represented by formula (1.9). By (1.10),

N
Zgijcj = —kgT In¢; —zied,
j=1

and then formula (1.9) becomes
N

¢ = ZzieD,- (Vc,- +z,~c,~V¢~5) , 5.1

i=1
where ¢ = kBLTcﬁ.
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5.1. Under the same hypotheses of theorem 1.1

Hereweset N =3, 20 =—z1=¢q > 1,23 > 0, pp > 0, and assume that g;; = g»n =g >0
is fixed, g1, = 81 =2z> 0 is sufficiently large, and g;3 = g3; = O fori = 1, 2, 3. By (3.3),
we have ¢3 = e~%? which implies V3 + z3¢3 V(fb = 0. Hence (5.1) becomes

2 ~

de; do

IEX — E i D: | — +7z: P —
iZIZe l(dx ‘i dx)

I
|
BN
o
S
P
m|g~
|
ES)
ANy
&
S—"
+
AN
o
S
S
N
CL.|<.>
N
+
ES)
o
N
QlQ-
hASS
S—

d d¢o
=gqe| — (=Dici + Drcz) +q (Dicy + Dacy) —
dx dx

ie.

d d
I =qe —(—D]C1 +D2C2)+q (D]C] +D2C2) —¢ (52)
dx dx

Using ¢; = 952 + 92 and ¢; = 932 — 932 formula (5.2) can be expressed as

1 d [D,—D Dy +D:
1= S [B52 (1) — 2522 (1 — )]

(5.3)
+q [—DIZDZ (c1+c2) — —D2ED’ (c1 — )] ﬁ—f

VX2 —4e~€*)X  on A,
VX2 _ 4e—(+)X
section 2). As for (3.5)—(3.7), we may set (E, (5) = (EA] (q;) , ¢>? (x)) and (E, q§>
(EBI ((]3) ,¢f (x)) , respectively. Then along ¢; + ¢, = £ = X4, and ¢y — ¢ =

Note that ¢y + ¢ = XY and ¢ — ¢ = (see (2.8) in

\/Eil — 4e~(€*9%4 we may use (2.17), (2.21) and Chain Rule to get

Ler+e) =43, (¢ W)
dzy,

= 20 (92 (0) ¥ ()

e A
_ \/2/241 (2 (x))—4e @z (4 00) dg @)
1+82A1(¢?(x))+(82*zz)e’(g”)2/‘l(“"/"(“) dx ’

and
Lr—a) =g —c) (S (¢2 ™))
= & (1= ) (Ta, (68 ) %= )
4, (620 +2(grae ¢ %A (A w) dgp

= ) dx ).

—(e+z A
L, (90 (0)+(g2—ye 0 (¥

For simplicity, we may set £4, = 4, (¢ (x)) and denote L (c; £ ¢,) as follows:

d \/22 — e~ (gr0En doA
— (@ +a)= Yo - dfe
dx 1+g34 + (gz _ Z2) e—(gt0%s, dx

(),
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and
d Sa, +2(g+2)e EEn (oA
dx €1 —e) = 3 —(eg+9%4, d
. L+g2y, + (g2 —zH)e ™% 4X
Consequently, by setting /5" = I°* along A, and Ig* = I°* along By, (5.3) becomes
A
5 =gein($4) 2 (5.4)
and
ex : $- d¢gB
Ig" =qeip (231> o x), (5.5)
where
DZ 2 — 4e—(&+0T _ % [2 +2(g+2) e—(g+z)>:]
is (2 ,
4 (%) = 1+g% + (g2 — 22) e &+
D+ D D, — D
tq | T2y - 2 TL/3 deGron (5.6)
2 2
and
. D12D2 /32 — 4e—(g+DT _ % [2 +2(g+2) e—(g+z)}3]
ig(%) = :

1+g% + (g2 — 22) e+

D +D D, —D
q|: T2y 2 2\/22—4e—<g+3)2:| (5.7)

2 2

Without loss of generality, ¢2 can be assumed as a monotone increasing function. Such an
assumption can be fulfilled by setting ¢o(—1) < ¢o(1) and using lemma 4.1 (iii). Integrating
1" from x; to x, we have

X2 X2 A ¢7;
f ijdx:e/ 4 (Za, (2 x ))) ¢ dx—e/w ia (Za, (9))do, (5.8)

X1 X1 1
for —1 < x; < x, < 1, where ¢; < ¢, and (;5;.‘ = ¢ (xj),j =1, 2. Setting ¥ = X4, and
using change of variables, Inverse Function Theorem and (2.17), we have

dp gy Ly 1rEE (@)
dz d¢ V32 — 4e— @tz

Therefore, by (5.4)—(5.8), we may complete the proof of (1.16) and (1.17).

dz.

5.2. Under the same hypotheses of theorem 1.3

Hereweset N =4, 20 = —z21=q1 2 1,24 = —z23 = q2 2 1, po # 0, and assume that
g =82=8>0,g53 =g =g >0arefixed, gn=¢81=2>0,g4=g3=2>0
are sufficiently large, and g;; = g;; = Ofori = 1,2 and j = 3,4. As for section 3.2,
these hypotheses imply that (1.13) can be decomposed into two independent equations (3.8)
and (3.9) which have the same form as (3.2) with (3.4). Solving equations (3.8) and (3.9),
we may get (cy, ¢;) (with branches A, B;) and (c3, c4) (with branches M|, N;) as functions
of ¢, respectively. By (5.1), the excess currents of (cy, ¢z) and (c3, c4) can be represented

2
as Y zieD; (d“ +2zic; dx) and Z zieD; (dc’ +zic dx) which can be calculated by the same

i=1
method as section 5.1. We may denote the total excess current as I3"), = I3 + I}, where I3
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and I} are the excess currents along branches A for (¢, ¢2) and M| for (c3, c4), respectively.
Similarly, another total excess current can be denoted as 13"y = I3 + I§y", where /" and
I are the excess currents along branches B; for (cy, ¢2) and N for (c3, c4), respectively.
Therefore, as for (5.4)—(5.8), we may complete the proof of (1.18) and (1.19).
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