TRANSPORT OF CHARGED PARTICLES: ENTROPY
PRODUCTION AND MAXIMUM DISSIPATION PRINCIPLE
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Abstract. In order to describe the dynamics of crowded ions (charged particles), we use an ener-
getic variational approach to derive a modified Poisson-Nerest-Planck (PNP) system which includes
an extra dissipation due to the effective velocity differences between ion species. Such a system has
more complicated nonlinearities than the original PNP system but with the same equilibrium states.
Using Galerkin’s method and Schauder’s fixed-point theorem, we develop a local existence theorem
of classical solutions for the modified PNP system. Different dynamics (but same equilibrium states)
between the original and modified PNP systems can be represented by numerical simulations using
finite element method techniques.

1. Energetic Variational Approaches for Diffusion. The transport of
charged particles, by nature, is a multiscale problem. The competition of thermal fluc-
tuation, in terms of entropy, and molecular (Coulomb) interactions give all intriguing
and complicated behaviors of the systems. Choices of the variables, in terms of en-
ergetic functionals and entropy production functionals, demonstrate specific physical
situations or applications in consideration.

For an isothermal closed system, the combination of the First Law and the Second
Law of Thermodynamics yields the following energy dissipation law:
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where E'*' is the sum of kinetic energy and total Helmholtz free energy, and A
is the entropy production (energy dissipation rate in this case). The choice of total
energy functional and dissipation functional, together with the kinematic (transport)
relation of the variables employed in the system, determines all the physics and the
assumptions for problem.

The energetic variational approach is the precise framework to obtain the force
balance equations from the general dissipation law (1.1). In particular, the Least
Action Principle (LAP) will determine the Hamiltonian part of the system and the
Maximum Dissipation Principle (MDP) for the dissipative part. Formally, LAP states
the fact that force multiplies distance is equal to the work, i.e.,

0F = force x oz, (1.2)

where z is the position, ¢ is the variation (derivative) in general senses. This procedure
will give the Hamiltonian part of the system and the conservative forces [1, 2]. On
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the other hand, MDP, by Onsager and Rayleigh [17, 18, 22], yields dissipative forces
of the system:

1
6§A = force x 0. (1.3)

The factor 1/2 in (1.3) is consistent with the choice of quadratic form of the “rates”,
which in turn describes the linear response theory for long-time near equilibrium
dynamics [12, 13]. For instance, we consider the following inhomogeneous diffusion
equation

fr =V - (b(2)V(a(z)f)), (1.4)

where a(z) and b(z) are given positive functions depending only on space with certain
regularity properties (for the sake of demonstration in this paper, we assume them to
be smooth functions).

In fact, we can start with the following energy dissipation law with prescribed
(Helmholtz) free energy and entropy production functionals:

i ogla(x Tr = — 71 ul? dx
G | Destate) e =~ [ s lufda, (15)

where f is a probability distribution function. wu is the (effective) velocity of the
dynamics, that is, for the flow map (X, ¢), we have u(z(X,t),t) = z:(X,t) where X
is the reference coordinate. Both a(z) and b(z) are given functions. It is clear that a(x)
contributes to the final equilibrium of the system, while b(z), after renormalization,
states for the dissipation rate.

The transport kinematics of the distribution function f is just the conservation
of mass law:

fi+ V- (uf)=0. (1.6)

From the energetic variational approach point of view [5, 24], this energy dis-
sipation law includes all the physics of the system. Employing the LAP, one takes
the variation of the free energy functional (the integral on the left hand side) with
respect to the flow map z(X,t). At the same time, by MDP, one takes variation of
the dissipation functional (the integral on the right hand side) with respect to the
velocity. The total force balance, the summation of the two variations gives,

1 1

mV(a(x)f) = —mf% (L.7)
Combining these with the kinematic conservation of law equation of f, we obtain the
general inhomogeneous diffusion equation (1.4). From the above derivation, we can
see that there are two independent ingredients in inhomogeneous diffusion. While
a(x) enters through free energy, b(x), is more associated with dissipation.

We will employ the framework to the problem of transport of charged particles.
Based on the classical theory, we will derive a modified system that takes into account
of additional dissipation. We will also explore the analysis as well as numerics of such
systems.

This paper is organized as follows. We recall on Poisson-Nerest-Planck (PNP)
system in Section 2. A modified PNP system is to derived in Section 3. We prove
the local existence of the modified PNP system in Section 4. Finally, in Section 5, to
illustrate properties of the new system, we provide numerical results of the modified
PNP system and comparisons to those of classical PNP system.
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{kBT(cp Ine, +¢,lne,) + f|v¢|2} dzx
(2.1)
Vcn Znq
Cn, k T

ch zpq

V(b’ + D,cp,

2. Poisson-Nernst-Planck (PNP) System. In this section , we eecall PNP
system that has been widely used to describe the transport of ionic solutions [19,
20, 21]. Consider positive and negative ions with charge concentrations, ¢p, ¢y, re-
spectively. The dissipative energy law of ion dynamics including Brownian motion of
charged ions is given as
q
dt
- / ]{JBT <Dpcp )
where kp is the Boltzmann constant, T is the absolute temperature, ¢ is the dielectric
constant of the medium, ¢ is the electrostatic potential, D,, D,, are the diffusion
constants and z,, 2z, are the valences, for positive, negative ions, respectively. Then
the Nernst-Planck equations for ion dynamics from the dissipative energy law (2.1)
can be derived by the energetic variational approach with the following evolution
equations [23]:
Jcp D, ode, D,
— =V &V — =V cnV 2.2
ot (kT”“p) ot TpT O Vi (22)
where 11, ftr, are the chemical potentials obtained by the variational derivatives of the
total energy, which is the left hand side in (2.1) with respect to the charge densities.
Explicit forms of the chemical potentials are given as pu, = kgT'(Incp, + 1) + 2,q9¢ and
tn =kgT(lne, + 1) + z,q0.
The full system of equations for the dynamic of ion transport is then given by

oc

8—;’ = v-{ (v + o Tcpws)} (2.3)

dcn,

e V- {Dn <Vcn 3 Tchng)} (2.4)
V - (V@) = —zpqcp — 2ngcy. (2.5)

This system of equations is traditionally called Poisson-Nernst-Planck (PNP) equa-
tion.

These classical PNP system can also be viewed as a special form of general diffu-
sion, which takes into account of particle-particle interaction through Coulomb forces
[24]. To demonstrate this, we start with the following system of equations with some
vector fields iy, ).

Ocy,

E + V (C'n,un) = 0,

satisfying the following free energy:

dep

L+ V- (i) = 0 (2.6)

A= / {k;BT(cn Inente,Incy) + % / Gf(x—y)(cn—cp)(x)(cn—c,,)(y)dy} dz, (2.7)

which corresponds to the total energy in (2.1) in a special case, and has the entropy
production A, i.e., dissipation,

kgT kT
A= / ( D, Cnliin|* + D, cplt p2> dzx. (2.8)
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The entropy production explains that the system is in a linear response region origi-
nated by the free energy (2.7).

Then the force balance law between conservative and dissipative forces implies
that

0A kT 1 A

O = BB i = o 2.
Voo, D, P T T2%5a, 29)
0A kgT 1 dA
O BB = — e 2.1
Y e D, T T 5q, (2.10)
that is,
D, _6A . D, _6A
mcn E = —CplUp, k'BiTCpVE = —CplUyp. (211)

From these derivations and manipulations, it is clear that while the original PNP
system resembles to those diffusion-drift equations, in fact, the only ingredient is
diffusion, although being of nonlocal features. Such an observation can be important
in designing numerical algorithms as well as analysis.

3. Modified PNP system: Entropy Production. From the above discus-
sions on classical PNP systems, one easily see that the PNP system possesses a linear
response of entropy production, which describe the physical nature of near equilibrium
of the whole system. While the free energy includes all the information and properties
of equilibrium states, the dissipation functional, i.e., the entropy production governs
the dynamics of the system. Understanding statistical physics and nonlinear thermo-
dynamics properties of systems describing interactions between different ion species
are extremely important in order to obtain a realistic dynamic of ion transport, espe-
cially for those with crowded ion populations, which is very common in situations like
biological ion channels (cf. [6, 7, 8]). The earlier studies of such nonlinear interactions
had mostly focused on the total energy (cf. [5, 10, 11, 16]).

In what follows, we will consider modifying the entropy production rather than
the total free energy. It is clear such modification would only change the dynamics of
the system when approaching the equilibrium states, which are the same as those for
classical PNP systems.

To take into account of dissipations due to interaction between different species,

we will add a drag term as ’Bij; CnCpliy, — Up|* that is due to the relative velocity

differences to (2.8). The resulting modified entropy production becomes

* kT % kgT ok kpT ok e
&= [(SprentmP + B almP + P ey~ a3 ) de. (3)

The third term in the right hand side of (3.1) is a higher order correction in terms
of both densities and mobility constants. Note that we can also choose the mobility

coefficients D,, , for the higher order correction as one of (a) w: arithmetic
2D, D
D.+D,
The same derivation as those of (2.9), (2.10) will yield the force balance relations

as:

average (b) : harmonic average (c) y/DynD,: geometric average.

SA 1 SN keT . keT ..

Voo, = 23S { D, i+, cnelin = u”)} -6
SA 1 G keT . ksT . .

CPVE = —icp@ = — {Dpcpup + mcncp(’up — Un)} . (33)
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Noticing the coeflicient in front of #, in the first equation are exactly equal the

coefficient in front of #, in the second equation. This is the exact manifestation of

Omnsager’s reciprocal relations [17, 18] in transport of different charged species.
Solving for ion fluxes in these equations, then we have that

(Dn,p + Dpcy)eniin + Dpcnepiy
Dy, p+ Dpcp + Dyey,

(Dp,p + Drcp)epiiy + Dypepentin
Dy, + Dpcy + Dyey, '

—x
Cply, = —

, (34)

—x
cpup =

(3.5)

Again as for (2.6), we utilize the conservation of mass equations for both ¢, and ¢,:

Ocyp, ey

zn =0 =0,
5 TV (ently) =0, S+ V- (cpily) =
to get the resulting modified Nernst-Planck equations as follows:
Jdc .
aitp ==V (cpup)

- _v. {(Dn,p + Dncp)cplip + Dpcpcnﬁn] (3.6)

Dn,p + Dncp + Dpcn
v. [(Dn,ﬁpncp) p(Vep + 725y VP) + (Dpcp) Dn(Ven + 7 Zﬂqcnw)]

Dn’p + Dpcp + Dyey

dcy,
S = =V (cally)
- _v. |:(Dn,p + Dpcy)entn + Dncncpﬂp}

Dy.p 4+ Dpep + Dpey,
. [(Dn,erDpcn) n(Ven + 72256,V @) + (Dnen) Dy(Ve, + 1256,V 9)

(3.7)

Dn,p + Dycp + Dyey,

Without lost of generalities, we choose D = D,, = D,,. Then D,, , = D and have
the modified PNP system as:

dc, D(1+¢y) De,
E_v {1+cn+cp (Vc +k TC7LV¢) 14+c¢y,+¢p (VC k Tch(;S)} (38)

dc, D(1+¢p) Dc,
ot =V {1+cn+cp vp+k TCpV(b 1+cn+c Ven chnV¢ (3.9)
V - (V@) = —zpqcn — 2pqcy. (3.10)

An alternative forms of (3.8), (3.9) can be obtained as follows:

dc Znq De, Znq
2 =v-{D|(Ve,+ 2L,V ——* (v \V/
ot { ( T g T™ ¢) 1+cn+cp( en + kpT ™" ¢)

Dc,,
+71+cn+cp (V +k TchQS)}
Jcp Dec,,
at_v'{ (v r T TCPW)) 1+cn+cp (V +k T PW)

Dc, Znq
Jril Ry (Vcn 3 Tch(;S) }

5

3

(3.11)

(3.12)



The entropy production of the modified PNP system (3.8)—(3.10) is

N kgT | _, kgT | _, kT e
A* = / ( D, cn|un|2 + D—pcp up|2 + mcncp|un — up|2 dx

1+c, Vcn Znq Cp Ve,  2pq
= DkpT n P (I, Ply
B /{C 1+cn—|—cp( kBTV(b I1+en+cep\ +kBT ¢

2

1+c¢, (Vep  2pq Cn VCn Znq
3.13
o 1+cn+cp<cp —‘_kBTvqb +1+Cn+cp k:BTv¢ ( )
1 Ven  zZng 1 Ve Zpq
n Vo] - ————(—L+2=V
+ enCp 1+cn+cp( JrkBT ¢> 1+cn—|—cp( Jrk:BT ¢>‘ }

while the original entropy production of the classical PNP system takes the form as:
kT kgT
A= / (gncn | |* + Dipc,, |ap2> dx
2
= Dk’BT/ (Cn

The resulting modified PNP system (3.8)—(3.10), although still with relative mild
extra physics, involve much more complicated nonlinear coupling between unknown
variables. It brings extra difficulties in analysis. In the next section, as a first step in
our systematical studies, we present the proof of the local existence of solutions for
the modified PNP system (3.8)—(3.10).

4. Local Existence of Solutions for the Modified PNP. There had been
a vast literature for the wellposedness of traditional Poisson-Nerest-Planck (PNP)
system (2.3)—(2.5). The local existence and uniqueness of PNP system are proved in
[4].

The global existence of PNP system is shown in [4] for two-dimensional space
and in three-dimensional domain with small initial data or initial data close to the
steady state. In [19], the existence of classical solutions provided smooth initial data
is obtained. More complicated cases that PNP system coupled with Navier-Stokes
equation are also considered in [19, 20, 21].

The modified PNP system (3.8)—(3.10) posses rather complicated saturable non-
linear terms in the forms as:

Ven | 2Znq
Cp, kBT

ch 2pq
kBT

V(/)‘ )dm (3.14)

1+Cn Cn 1+CP Cp
l+cp+cy 14en+e 1+en+e, 1+ce,+0

as coefficients, which are found in coupling Ve, + ;;%CHV(;S and Ve, + kz;’chpVQS
The coefficients are different from the standard PNP system of equations (2.3)—(2.5).
Formally, if 1 < ¢, < ¢, then 0 < 5 Jrl;tf‘_ﬁcp . +CC: = < 1 and equation (3.8) becomes
degenerate parabolic.

Similarly, if 1 < ¢, < ¢, then 0 < 1;:;3’% , Hccn"Jrcp < 1 and equation (3.9)
becomes degenerate parabolic. Both 1 < ¢, < ¢, and 1 < ¢, < ¢, can be excluded
if ¢,, and ¢, are nonnegative and bounded for € Q and t € (0,T). However, the
maximum principle of (3.8)—(3.10) has not yet been proved. Thus it is nontrivial to
assure that c,,c, > 0 for z € Q,t € (0,T) if the initial data ¢y, cp,0 > 0 for x € Q.
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The fact motivates us to find nonnegative and bounded solution of (3.8)—(3.10) in a
finite time interval.

We now develop a local existence theorem for the modified PNP system of equa-
tions (3.8)—(3.10) using Galerkin’s method and Schauder’s fixed-point theorem. For
simplicity of derivation, we may set D =kp =T =c=q=1,2,=—1,and 2, =1
for equations (3.8)(3.10). Let © be a smooth and bounded domain in R?, d < 3.
Then the modified PNP system can be written as

86% =V- |:]-—~_Cn—’_cp ((1 + Cn)(vcn - CnV(ZS) + cn(vcp + CPV¢)):| ’ (41)
9cp =V. [((1—&—0 Y(Vep +¢pVo) + ¢p(Ve, — ¢ V¢))] (4.2)
ot 1+co+ep PRSI e ’

Ap=c,—cp, for ze€Q,t>0, (4.3)

with no-flux boundary conditions of ¢, and c,, and Robin boundary condition of ¢
as follows:

(Ven, —enVo) - v =0, (4.4)
(Vep +¢,Vo) - v =0, (4.5)
¢+a%:¢o, for x€0dQ,t>0, (4.6)

where « is a nonnegative constant, v is the unit outer normal vector to 92, and
G0 = ¢1 + a% on 9N for some ¢y € H?(Q). For the initial data, we assume that

0<en(-,0)=cno € L*(Q), (4.7)
0 <¢p(-,0) =cpo € L™(Q), (4.8)

and ¢(+,0) is uniquely determined by (4.3) at ¢ = 0 with (4.6).
In order to find a local solution of (4.1)—(4.8) in a finite time interval (0,t;), we
consider the fixed point problem of the following map:

F((Ena Ep)) = (Cnv CP) for (Env Ep) € Xv (49)
where
X ={(f,9): f,9 € LY((0,t2); L*(Q))}, t1>0
with the following specific norm
1 9llx = Il o,0)sL2() + Nlgllzago.)iz2 @)
and (cy, ¢p) is the solution of
Ocp, 1 _x n % Iy
AR teres ((1 +E)(Ven — caV) + (Ve + cpw))) ,(4.10)
ey

2 = v.{l((1+c;)(wp+cpv¢) + (Ve —ch¢))} L (411

1+¢, +¢c,
with the initial data (4.7)—(4.8) and boundary conditions

(Ven —enVe) v =0, (4.12)
(Vep, +¢,Ve)-v=0. (4.13)

7



The system of equations (4.10) and (4.11) is a linear system of parabolic equations of

cn and cp.
Let here
¢, = min{max{é,,0},5Mp}, (4.14)
¢, = min{max{¢,,0},5Mo}, (4.15)
Mo = max{||cn,ollL=(0), [Icp0llL=(0), 1}, (4.16)

and let ¢ be the solution of A¢ = ¢, — ¢, in Q with the boundary condition (4.6).
Let

U=Ccp+Cp, V=2Cp— Cp,
U= Cp+Cp, U =2Cnh— Cp,
—k =% —sk —% __ =k —k
U =C,+Cp, UV =2¢C, —Cp-

Then by adding and subtracting equations (4.10) and (4.11), the system of equations
for u, v is given by

u =V - (Vu—oVe), (4.17)

fut:V~( (Vo —uVe) + v

(Vuva@>. (4.18)

14 u* 1+ u*

with the boundary and initial conditions

(Vu —oVe) v =0, (4.19)
(Vo —uVo) - v=0, (4.20)
u(z,0) = up = ¢no + 0, (4.21)
v(x,0) =v9 = Cno — Cpo - (4.22)

Since u and v are linear combinations of ¢,, and c,, one can easily recover the solution
(cn,cp) of (4.10)—(4.13) with the initial data (4.7)—(4.8) from (u,v) of (4.17)—(4.22).
By (4.14)-(4.16), we also obtain

0

1 1 o
‘ Y l<n, (4.23)

< < <1, —
1+10M()_1+'[L*_ 1+u*

which are crucial for the study of equation (4.18). Note that 0 < @* < 10M, and
|o*| < @* because of 0 < Gy, Gy < 5 M.
The apriori estimate of the solution of (4.17)-(4.22) is given as follows:

LEMMA 1. Let (u,v) be the solution of (4.17)-(4.22). Then there exist positive
constants K1, Ko and v depending only on o, My, d, and 2 such that

d
pn (Kyu? +v?)dx + 7/(|Vu|2 + |Vv|*)dz
Q Q

< & ([ (R 42 ) (14 (ol + ol ). (020

Note that ¢; € H*(Q) satisfies ¢1 + a% = ¢ on 0f), where ¢y and a come from

the Robin boundary condition (4.6). Moreover, v = ¢, — ¢, = A¢ in (.



Proof. Multiply (4.17) by v and integrate it over 2. Then using integration by
parts and (4.19), we get

1d

—— [ vldr = — / (|Vul? — vV - Vu)dz, (4.25)

In order to estimate the last term on the right hand side of (4.25), we need the
interpolation inequality

1/2 1/2
o]l o0y < Clloll oy IVl 0 (4.26)

and Sobolev embedding theorem with the estimate for Poisson’s equation [9]

19812s(0) < Clldlragay < € (I132(0) + 191 13r2(a) ) - (4.27)

For convenience, we use the same notation C' for a constant, which only depends on
. Then using (4.26), (4.27), Holder’s and Young’s inequalities, we have

| [ 096 Fupda] < [V ulzzo ol s Voo

1/2 1/2 n
< ClIVull 2o 01550y 10 i) 1V @l o (0

< Bl Vullfziq) + CB) 0l 2@ llvlla @) IVl 2o
< Bl VullFzi) + Billvllin gy + CBDI0I172@ IVl 26
= A1Vl + Bl Vel Fagay + [0l (B2 + CB)IVEIn(e))
< BillVullZz o) + A1Vl 2@
+ o120y (B + CBOUIZ 20 + 161 13r2()?)
for B1 > 0, where C (f1) > 0 is a constant depending on f; and €. Consequently,
Ld
2dt Jq

(4.28)

u?de < (1= B)[VulZzq) + BillVoliz ()

+ [olze) (B1+ COBIUoIR ey + I01ll32@)?) - (4:29)

As for (4.25), we multiply (4.18) by v and integrate it over Q. Then we may use
integration by parts and (4.19)-(4.20) to get

1d

ila 2
5 7 Qv dx (4.30)

1 9 - v* _
——/Q{l_'_u*(|Vv| —uVe - Vu) + 1+u*(Vu-Vv—vV¢-Vv)}dx.

Notice that from (4.23),

1 1

0 < <
STxi10M, S 11w =

which implies

1 1
Vol2de > | ———|Vol2dz.
/Q1+a*| v x*/ﬂ1+10Mo| v|"de
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Besides, we may use Young’s inequality to get

‘/ v Vu-Vvdx‘ S/ [Vu - Vo|dz
ol+ur )

< Bl V|22 0y + C(B2) [Vl 20

for B > 0, where C'(82) > 0 is a constant depending on 3 and €. On the other
hand, as for (4.28), we have

1 _ _
‘/ _ quﬁ-Vvdx‘ g/ WV - Voldz
ol+ur Q
< 53||VU||i2(Q) + 53||VUH2L2(Q)

+ ul22a (Bs + C3) 1711320y + 01 132()?)

and

‘/ v vVgﬁ?-Vvdx‘ §/ [vV¢ - Vo|dx
ol+ur Q
<284 Voll72 (g
oy (B + OB 0y + 9112(0))?)
for B8; > 0,7 = 3,4, where C'(8;) > 0 is a constant depending on 5, and Q. Hence

ld 2 1 2 2
sdr )" dr < — <1+10M0 — B2 — B3 — 254) IVllZ2iq) + (C(B2) + Bs) [Vul 12 (q)
ul gy (B85 + OB U800 + 161 Bre))?) (431)
olZagey (B4 + OBl + 911320 -
for B; > 0,5 =2,3,4.
Combine (4.29) and (4.31) and then we get
1
Ki (5= 0) = (€O +60) 20

for sufficiently large K and sufficiently small ;’s, furthermore, by letting 51 = K 2
Bo = m and choosing 33, 84 small enough and K; large enough, we have that

1

A0 2Tz Kb

Then we obtain that

1d 1 1
ol 2) 4 / L Vol ) d
2dt/Q( w07 do 2 Jo 1Vl 1+10M0| of” ) o

< lul22(ay (85 + CB)NoN32() + 161 13r2(0)?) (4.32)
0l (KB + 1) + (K1C(B) + CEO) 5133y + 161 )?) -
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Note that choices of K7 and f;’s depend on My and €.
Therefore, by (4.32), we may get (4.24) and complete the proof of Lemma 1 by
setting

1
= 1 K
y = min { &, o b

K, — 2max{fé, C;:ig),mm B K2 C(By) + c<ﬂ4>} |

Now, we consider the weak solution of (4.17)—(4.22), which satisfies

/ upwdx + / (Vu —vVe) - Vwdz = 0, (4.33)
Q Q

1 - U _ -
/Qvtwda? + /Q (1 T (Vv —uVe) + o (Vu — UVQS)) -Vwdz =0, (4.34)

for w € H' (). There is no boundary integral terms in the weak forms (4.33) and
(4.34) because of the natural boundary conditions (4.19) and (4.20) for (4.17)—(4.22).
We now apply Galerkin’s method (cf. Section 4-5 of Chapter III of [14]) to find the
approximate solution of (4.33)-(4.34) in the form of

k=1
V(@) = b (Hwi(e),
k=1
satisfying
/ utwpdr + / (Vu™ — o™V @) - Vwdr = 0, (4.35)
Q Q

1 - Ve -
m d m __,m m __,m . dr =
/Qvt W, x+/9(1+a*(Vv u V¢>)+1+a*(VU v V¢)) Vuwidz =0
(4.36)

for k=1,2,...,m and m € N, where {wy}32, is an orthogonal basis of H'(£2) and an
orthonormal basis of L?(2). Hence the coefficients aj(t) = [, u™widx and b (t) =
fQ v"widx can be determined by

%a?(t) + / (Vu™ — 0"V ¢) - Vwydr = 0, (4.37)
Q
dm 1 m __ M7 A Vs m __ ,mx7 i _
@bk (t)—i—/Q <1+a* (Vo™ —u™V¢) + o (Vu™ — v V(b)) Vwgdz =0
(4.38)
for t > 0 and
ap'(0) = / upwgde,
Q
2(0) = / vowgdx,
Q
11



for k = 1,2,...,m. (4.37) and (4.38) may form a system of ordinary differential
equations so we may get the existence and uniqueness of a;* and b;* by the standard
theorems of ordinary differential equations.

Multiply (4.35), (4.36) by a}*, b}, respectively, and add them together for k =
1,2,...,m. Then we get

1d ) / , B
st J,) Ve )
and
1d )
—_— m d
2 dt Q( ) dz
- _/Q {1 _&a*(WU’"F —u"V- Vo) + 1111* (Vu™ - Vo™ —vmVQS.va)}dx,

which have the same forms as (4.25) and (4.30), respectively. Then by the same
argument of Lemma 1, we have

d
pr (Kl(um)2+(vm)2)dx+7/(|Vum|2+|va\2)dx
Q Q

< Ko { [ (0 @™o b {1+ (ol + By}

where K7, Ky and ~y are positive constants independent of m. This implies that by
Gronwall’s inequality, {u™},°_, and {v™} ~_, are uniformly bounded in L>((0,¢;); L*(£2))N
L2((0,t1); HY(Q)). Therefore, we may find the solution of (4.33)-(4.34) by setting
m — oo (up to a subsequence).

For the uniqueness of (4.17)—(4.22), we may assume that (u;,v1) and (ug,vs) are
solutions of (4.17)—(4.22). Then (u; — ug,v; — v2) is a solution of (4.17)—(4.20) with
zero initial data. By Lemma 1 and Gronwall’s inequality, we have

/(Kl(ul — ug)2 + (v1 — v2)2)dx <0,
Q

which implies u; = ug, v1 = ve. Hence (4.17)—(4.22) have a unique solution. Equiva-
lently, (4.10)—(4.13) with initial data (4.7)—(4.8) is uniquely solvable.

Therefore, F' is well-defined.

Now we claim the continuity of F' as follows:

LEMMA 2. The map F : X — X defined at (4.9) is continuous.

Proof. Let {(Cnk,Cpk)} pey € X and (én,6,) € X such that (¢n .k, Cpk) = (Cn, Cp)
in X as k — oo. Let (cp i, cp k) = F((Cn ks Gp k) for k € N and (cp, ¢p) = F((n, Ep))-

Claim that (¢ k, ¢pk) = (cn,cp) as k — 0o. As for (4.17) and (4.18), we may set

Uk = Cn,k + Cp.k » Uk = Cn,k — Cpk »
Up = Cnk + Cpk » Ug = Cnk — Cpk
—k ok —x —x ok —x%

U = Cp o + Cpi > Uk = Cnk — Cpok >

12



and

U=Cp+Cp, V=Cp— Cp,
U=2Cp+¢p, U =3Cp—Cp,
u* =¢, +¢,, vt =2¢, —Cp-
Then as for (4.17)—(4.22), (ux, vy) satisfies
b _
% =V - (Vug, — v Vén), (4.39)
vy, 1 'DZ B
k. — - 4.4
=V (= T (Vo= Vo) + (Ve Vo)) (4.40)
with boundary conditions
(Vuy, — Vo) -v =0, (4.41)
(Vur —up V) - v =0, (4.42)
and (u,v) do
?;: =V (Vu—0Ve), (4.43)
ov 1 - ¥ _
5=V (1 (Vo —uV) + e (Vu uw)) (4.44)
with boundary conditions
(Vu — Vo) v =0, (4.45)
(Vo —uVe)-v =0, (4.46)

and the initial data (4.21)-(4.22), where ¢}, and ¢ satisfy A¢y, = Cn,k — Cp,k = Uy, and
A¢ = ¢, — ¢, = ¥ in , respectively, with the Robin boundary condition (4.6).
Let @y, = up — w and ¥, = vg — v. Then by (4.39)-(4.44), we get the system of
equations for u; and vy as follows:
ou . I - -
aTk =V - (Vi + 6, Vr + 0V (¢ — 9)) (4.47)

Ok 1 1 1
Pk V| Vit [ —— — v
ot {1+a; U’“+(1+az 1+a*> v

- U’“_*VﬂkJr( 2 )Vu (4.48)

and

1+ ay 1+auy 1+u*
_ b — uVa) — Vo
1+ aj, (wxVor —uVe) <1 +a )u ¢
% 5 — 0V — 3
I ﬂz (kaqSk UV¢) <1 T4 1+a ) 'UVQZ5 :|
Since (4.47) and (4.48) are similar to equations (4.17) d (4.18), we can apply

Lemma 1, and then as for (4.29) in Lemma 1, we have that
1d - ~ _ 5 i~
Sd Qukdx < —(1 = 28)IVarll72 () + BillOk I Frq)
+ CBO)kl[72(0) 10kl 2(2) + 1611 20))* (4.49)
+C(B)|v]| 2 @ vl zr @) llvk *UHLZ(Q)

13



for 31 > 0, where C’(Bl) > 0 is a constant depending on 3; and Q. Moreover, (4.48)
gives

1d / 9
—— [ dgde =1 +1 (4.50)
2dt Jo " e
where
~ 12 Vg ~ O
/Q[ | +1+ﬂszg V’Uk}
Jr/ [ ungbk — UV¢) Vo, + ka* (kagi_)k — ’Uqu_)) . Vf}k} ,
Q L+ ag
and

=%

12:7/9 Kl-ﬁ-luk 1+1u )V” V”k+<1j’tuz - 1iu*>V’u~V@k}

1 1 O v* -
- Vo Vi + ( Jové- Vi | .
+/Q{<1+u; 1+a*>u ¢V + 1+a, 1+a/’ ¢ vk}
Since we may use the same method in Lemma 1 to estimate I; like (4.49), one

can easily estimate for I;. We omit the detail here. For I, we may decompose the
domain 2 into two parts as follows:

1 1 1 1
an — — —| <0 and QN — - —
1+a; 1+a* I1+a; 1+u*
Fix ¢ > 0 arbitrarily. Then by Young’s inequality, we have that
1 1
‘ / (== = 7= ) Vv Vinde

- - 1 1 2
< Vig|?dr + C / —— ———) |Vv]*d
<y [ IVide+ C) [ (1 — o) IVolde

§B5/ V| 2de + C(Bs) /|W| dx+/ V)2 da
Q Qn{|—~=

1
l+u T Itar [>o}

a} for o>0.

Similarly, we have that

—k

(15 = == ) Vu- Vinde
Q 1—|—uk 1+U*
géﬁ/ (Vi |2dz + C(Bs) /|vu| dx+/ |Vul*dz | |
Q on {\Hu - >0}
1 1 - ~
[ (5~ 1) w6- Vs
< Br | |ViR)?de + C(B7) 0—2/u2\v$\2dx+/ uw?|\Vo|*dz |,
Q Q Qﬂ{|1+u — x>0}
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’17* - ~
‘ / 1 + Uk T )UV(;S - Vordx
g@;/ IVii|2dz + C(Bs) 02/ v2|w3|2dx+/ ?|V2dx
Q Q Qm{|1Jr *—1+u*\>a}

for B; > 0, where C(BZ) > 0 is a constant depending on §; and €, i = 5,6, 7,8. Hence
(4.50) becomes

1d [,
5&Avkdm

1 S i
< - <1+10Mo — B2 —2B3 — 3P4 — B5 — Bs — Br — 58) IVoRll72 ()

+ (C(B) + Ba) Vel 320 + Bl
+ (e
( (

€

+/

QN{| —==

L
on{| k-

Combine (4.49)—(4.51) and choose suitable K large enough and $;’s small enough such
that K (1 —2531) — (C(B2) + B3) > 0 and

1
1+ 10M,

Qz

_ 4
k132 () + C(B)8klIE2 (o) ) (k22 () + lIdollz2(o0))

Er

)l 2o lull i) + CBD vl L2 10l (0 ) 19 = 9lZ2)  (4.51)

5)
)
2 | (C(Bo)IVul? + CE)ITol? + CBry? Vol + C(Bs)o? V) do

o~

(CBIVLE + C(Br)u? IVl da

1
[E= 1+u* |>o}

(CBOIVul* + C(Fs)? IVl da

1+u 1+u* |>o}

— Bo—2B3 —3B4 — Bs — s — Br — Bs — KB > 0.

Set here Bl =K2 and choose sufficiently large K and sufficiently small B/S for
i=2,3,...,8 to get such K and f;’s. Then we have

d Fr~2 | ~2
%A (K'Uk + Uk) dl:
_ 4 T~ ~
< C[(l + (19l z20) + llolz2o09) ) /Q (K + ) da

+ ([l 2@ lull @) + [0l 2@lloll @) 1ok = 211720 (4.52)

+ 02/ (IVul* + |Vv]* + w?|Vo[* + v*|V¢|?) d
o

+/ (IVo]* + u?|Ve|?) dz

QN {| 1+1u 1+u* >0}

+/ (IVul® + v*|Vo|?) dx
Qﬂ{|1+71 1i2* [>o}
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for some positive constant C' depending only on My and ). By Gronwall’s inequality,
(4.52) implies

/ (Kt +7) da
Q
t
< Cexp {C/ (1 + (H@kHLz(Q) + ||¢0|L2(652))4)d$}
0

t
' [/O (lull 2@ lull @) + vl 2@ ol g @) 108 — 1720y ds (4.53)
+ 02/ (IVul? + Vol +2|V? +v*|V[2) dads
+/ (IVo]* +u?|Vo|?) dads
@il s — e >0}
+/ " (IVul]® + v*|Vo|?) dads|,
Qtﬂ{|ﬁ—%\>ﬂ}

where Q¢ := Q x (0,t). Notice that

ty
/0 (lall 2oy llls ) + 1ol ey 1ol ) 15 — B2y s

< (Ilell zoe (0,60 )522 ) 1l L2 0,80 )s 17 ()
vl 0,01): 2 ol L2 0,011 () - 178 — 17”%,4((0,151);L2(Q))
—0
as k — oco. Using the following inequalities
1 1 1
T+u, 1+arl (1+a;;)(1+a*)|“’“_u |

< |uy, — a”|

<lehix —Cul +1Cy1 — Gl
< |En’k — Cnl + ‘Ep,k - Ep|
and
vk v 1
L+a; 1+a | (L+ap)(+ar)

IANIN A

N DN
ja—
ol
S ¥
ES
\
o
S %
+
N
£
\
MY,
-

we have
1 1
T+a, 1+a*

et

oun

>0}‘—>O,
v
l+a; 1+a

e

>0H—>0
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as k — oo.
Therefore, (4.53) implies that

limsup sup /(f(ﬂi+f)ﬁ) dx
k—oo t€(0,t1) /0

t1
< Co?exp {o [0 il + ||¢1||Hz<m>4)dx}
0

/ (1Yl + Vo2 + 2|V +v*|VEP2) dads.
t1
In the derivation, we have used the assumption that v, — v in L*((0,¢); L*(Q2)) as
k — o0, and we complete the proof by letting ¢ — 0. O

In order to use Schauder’s fixed point theorem, we want to find a ball Bg(0) =
{(f,9) € X : ||(f,9)llx < R} such that Br(0) is invariant under F ie., G :=
F(BRr(0)) C Bg(0) and the closure of G is compact in X. The existence of such
a ball can be proved as follows:
By Lemma 1 and Gronwall’s inequality, we have

sup /(K1u2+v2)d:§
Q

0<t<t,
ty
< /Q <K1u3+v§>dx-exp{f<2 / (14 (5] + ||¢1|%Iz(m>2>ds},

/ (|Vul? + |Vo|?)dzdt

Qtll . (4.55)

<2 [ (K + ey (1 T Koty exp{m | ol + ||¢1||%p(m>2>ds}) ,
Q 0

(4.54)

where Q¢, := Q x (0,¢1). By (4.54)—(4.55), we may estimate the norms of v and v in
spaces L>((0,t1); L2(Q)) and L2((0,t1); H'(£2)). Moreover, (4.54) implies

fewenlix <€ ([ [ +27as)°)

1/4 _
< &ty (luollay + vollzy) exp { Calllol o, )ezzyy + B9tz + 1))}

< Cutt* (Juoll 2oy + leoll ey exv { Calll@ns &)k + 1111y + 1) }

1/4

which implies that || F (¢n,¢p)|l x = [[(cn, )|l < Rif

Oty (luoll 2y + llvoll 2 (ay) exp {02(34 +t1(lp1ll Fr2 ) + 1))} <R, (4.56)

which can be fulfilled by fixing R > 0 as a constant and letting t; > 0 sufficiently
small such that

1 (lluollzz @y + llvollz2)) b/ exp {Cz(||¢1||‘}{2(sz) + 1))t1} < Rexp {~C2R'}.

Therefore, we get the ball Bg (0) as an invariant set of the map F.
Claim now that the image of the ball Bg (0), G := F(Br(0)) is precompact in X
i.e., the closure of G is compact in X as follows:

17



LEMMA 3. The closure of the image G :== F(Bgr(0)) C Br(0) of the ball BR(0) =
{(f,9): lI(f,9)llx < R)} is compact in X, where F is defined at (4.9) and R is defined
in (4.56) such that Br(0) is invariant under F.

Proof. We may follow the proof of the standard PNP system (cf. [3] and [4]).
Equation (4.10) implies

gen N |_
atan -

< / (IVen] + [en V3| + [Vep| + ¢,V]) [Vinlda

1 7 —
T e\t n — Cn c, .
o [1 Yo ta (( +¢)(Ven, —en Vo) + ¢, (Vep + c,,VqS))} Vndx

< (IVenllizz@) + len Vol 2y + IV epll2) + 6oV ollL2)) 1VnllL2 @)

for any test function ne Hl(Q) By (4.55), ||VC7LHL2((O,t1);L2(Q)) and ||VCp||L2((07t1);L2(Q))
are uniformly bounded for (c,, c,) € G. Moreover, by (4.27) and Holder’s inequality,
we may get [|c, Vo r2((0,41):22(0)) and [|e, Vol 12((0,4,):12(0)) are uniformly bounded for
(¢n,cp) € G. Consequently, H%||L2((O’tl);H—l(Q)) is uniformly bounded for (¢,,c,) €
G.

Similarly, we have the uniform boundedness of ||%HL2((O¢1);H71(Q)). Moreover,
(4.54) and (4.55) give ¢y, c, € L2((0,t1); H'(Q)). Therefore, by Aubin-Lions lemma,
G is precompact in L2((0,¢1); L?(R2)) and also in X = (L*((0,t1); L?(2)))? because
of the boundedness of ¢,,, ¢, in L>((0,¢1); L?(2)). O

By Lemma 2, Lemma 3, and Schauder’s fixed-point theorem, there exists a fixed
point (cp, ¢p) € Br(0) of F, which is a solution of

5cn_v'[ 1

- = m ((1 + ) (Ve —en Vo) + ¢ (Ve + chqﬁ))] , (4.57)

d 1 \ .
% -Vv. {H%Hp ((1 +¢)(Vep + ¢, Vo) + ¢ (Vey — cnw))] (4.58)

with (4.3)—-(4.8), where

¢y = min{¢,+,5Mp} = min{max{c,,0}, 5My},

¢, = min{cp4, 5Mo} = min{max{cy, 0}, 5Mo}.

We will now show c;, = ¢, and c;, = ¢, in a short time interval (0,%o) by the following
lemma:

LEMMA 4. The solution of (4.57)-(4.58), (4.3)-(4.8) satisfies cn,c, > 0 and
cn +cp <5My for 0 <t <ty for some ty > 0.
Proof. Let ¢,,— = min{c,,0}. Then

1d 1
2% Qci_dx:—/ 1+C*(|Vcn_|2—cn_ng-Vcn_)dx

<- 1+5M [ Ven-da + w130 985l Ven- 5
1/2 1/2
< g L [Ven Pda+ Cllen ko len- 130y IV s [ Ve 1200
1
< —TSMOHVCwHLZ(Q) + ﬂHCH*”Hl(Q) + C(ﬁ)HCnfH%%sz)”Vd’H%S(sz)
< HCVL—H%Z(Q)(l +C’HV¢H‘EG(Q)),
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where 5 = 1+5M Since [lcp—|r2(0) =0 at t =0 and 1+ C||Vol|] o) € LY((0,t1)),
_=0ie ¢, >0.
Similarly, we may let ¢, = min{cp,0} and get

1d )
2 Jo 7/9 o Ve 4 6-Vo- Ve, )de

< H%—H%%Q)(l + C||V¢||i6(9))7

which implies ¢,— = 0 i.e., ¢, > 0. Now, we consider u := ¢, + ¢, and v := ¢, — ¢,
which satisfy

u =V - (Vu—uvVe), (4.59)

with boundary condition
(Vu—oVe)-v=0. (4.60)
To estimate the maximum of u, for M > 2Mj, we set u™) := max{u — M, 0} and

Ap(t) == {x € Q : u(z,t) > M}. Multiply (4.59) by u™) and take integration by
parts. Then

1d
/( <M>)2dx=—/ \Vu(M)|2dx+/ (V6 - Vu™)dz
2dt Q An(t)

1 1
<=5 [ IVuOPa 5 [ vopa,
2 Jan
< —7/ |Vu™) 2z + = / u?| V| da. (4.61)
2 2 S

For the last inequality in (4.61), we have used the fact that u?> > v? because of
Cn,Ccp > 0. Hence

[ N13 e (0,my22 ) F IV 20,0922 / / u?|V¢|*dudt
A[u(t)

2/ / (™) 4 M|V |2dwdt
0 A]\/[(t)

< 4/ / (u™)2 4 M?)|Vo|>dudt
0 AIW(t)

(4.62)
for 7 € (0,t1). For simplicity, we employ some notations used in [14] that
Qs :=Q x(0,s),
Va(Qs) := L>((0,5); L*(€2)) N L2((0, 5); H' (),
and
lwlle, = llwllLe(0.s)L2@) + 1wl L2 (0,981 ()
for w € V2(Qs). In addition, we have the embedding
| @) < Csllwllq. (4.63)
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for all w € Vo(Qy), where 1/r + d/2q = d/4, and
Cy = Bo+ (sV2Q V)23

with By depends only on ¢,r,d, and Q. Notice that the constant C; for (4.63) is
increasing in s, then for 0 < s <t;, we can use the same constant C, such that

Qs> (4.64)

lwllzr(0,5);29(02)) < Cty W]

where CY, is the constant in (4.63) with domain Q;,. Now, from (4.62), we have

[, < C/o /A (t)((U(M))2 + M2)|Vo|2dudt (4.65)
M

for 0 < 7 < t1, where C is a positive constant independent of ¢y, ¢y, u,v, ¢, M, and
7. We will use C to denote constants that may vary from line to line, but they are
independent of ¢, ¢y, u,v, ¢, M, and 7. Then, by Hoélder’s inequality,

[0, < CIVSLI @y (1) 12,5 )
2
= C|IVéllZs(q. (ary) (||U(M)H2L3(Q,(M)) + M2|QT(M)|3) (4.66)

where Q, (M) := Q-N{(x,t) € Q- : u(z,t) > M}. Here, by using the same inequality
as (4.27) and (4.54), we have

Vel sy < CUllvl2@) + 191172 (0))

ty
< C(lluolZagay + o0l2a) - exp {K / 1+ (o]2ay + ||¢1|%m>>2>ds}

2
122 . any

t1
< (ol + leolZa(ey) - exp {K / (14 2ol + 2||¢1||%12(Q>>ds}

< Clluoll3z ey + lvoll3z(@)) - exp { Kz |11+ 2061420y + 2R? ]}

where R is the radius of the ball in X where we obtain the solution (c,, ¢,) as a fixed
point of F. That is, V¢ € L>((0,t1); L5(2)) C L5(Q,). Moreover,

IVll7s(0. ) < IVl 760,)
< O75 ([[uo32(q) + lvol72(c))
cexp { Ko [t1 (14 2)61 [ f2(0)) + 2] }
Hence, (4.66) implies
[u®01, < CTh (lluol32(ay + lvolF2a) - exp { Ko 11+ 2611142 @) + 2R }
(I g, ary + M2Q-BDIF) (4.67)

We now estimate the norm of 4™ in the right-hand side of (4.67) by Hoélder’s in-
equality and (4.63),

M) ToF6a
HLH% (Q-(M)) |QT (M)| 2+6d

4—d
< Co ™ @, 1Qr (M) 12752,

20
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Notice that
Q- (M)| < Q| = 7[9].
Thus, for (4.67), if 7 < 79, where

‘ 1 . _ _4a—d
S mm{tl,(2c 1O (luolZagqy + Ivol3a )01 77

2+d

- exp {_Kz |:t1<1 +2(|61 32 () + 2R4} } ) N },

ie.,

4

1 —d
CCE 3 (luollF @y + lvol32ay) - exp { Ka [t1(1 + 2061 llir2 ) + 2] } 1Qn 557 <

bl

DN | =

then we have
2

1
lu@0)13, < 20M>75 (Juol|72(q) + l[vol|72()|Qr (M) 3

. exp {K2 [tl(l +2ll61ll22() + 2R4} }

<200 (32 o) + ol 0@ (AD)]E
exp { Ko [t (1t 20 n a0y + 28]}
By Theorem 6.1 of Chapter IT in [14], we have
llull oo g,y < 4Mo (1 + C‘ﬁ)

for 0 < 7 < 19, where

241 1 1+L 1
O =2ttt (wtf (luollZeqen + lolzce)

3043)
- exp {K2 |:t1(1 +2[|¢1 | 72 0)) + 2R4} } >

with k = 43;dd. Therefore, u(z,t) < 5My for 0 < t < to, where to = min{r, 1/(4C)}.
O

By Lemma 4, ¢}, = ¢, and ¢, = ¢, for 0 <t <t in (4.57)—(4.58). Moreover, we
have ¢, ¢y € L®(Qy,)-

Therefore, we may conclude the following theorem:

THEOREM 5. Suppose that the initial data ¢, 0 and cp o satisfy (4.7) and (4.8), re-
spectively. Then there exists tg > 0 (depending on ||cn ol L (), |cp.0llL ), |01 H2(0)
d, o, and Q) such that the system (4.1)-(4.8) has a solution (cy,cp, ) with 0 <

s cp € L2((0,0); L(92)) N L2((0, t0); H' () and %, %2 € L2((0,t0); H~1(Q).

REMARK 6. By using the Moser iteration method, we have another approach to
estimate the upper bound of ¢, + ¢,. We can rewrite (4.59) to be

up =V - (Vu—uV), (4.68)
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where

V:{ qus if u#0,
0 ifu=0.

Note that we have proved that c,,c, > 0 in Lemma 4, then |v/u] < 1 for u # 0.

Moreover, by (4.27) and Lemma 1, V € L>((0,t1); L5()). Set w = u’ for 6 > 1.
From (4.68), we deduce that

1d

- wide = —/ ([Vw|*+6(0 — Duf2w|Vu?| — (20 — DwV - Vw) dz

1 1
g—f/ﬁvm%m+7@97n2/uﬂvﬁm
2 Ja 2 Q

1 1
<=3 | 1Vulda+ 520~ DRIV I ol e (469
Then for 0 < T < t1, we have

/ w?dx
Q =

+/ |VlU|2d(Edt S (29 — 1)2||V||%6(QT)||’U}H%3(QT) +/ w2dx
t=r1 Q

t=to

T

< pP0*|wl|7a g, + (2M0)*[02,
where = 2||VH%6(QT)' If A > 0 satisfies ﬁ(l +9) =4, then by (4.64)

wll sa+r g,y < O llwllg,,
where Ct, is the constant in (4.64) with ¢ =1 = 3(1+ X). Thus, (4.69) implies

ol o .y < 2Cu, {pbllwlaq,) + (2Mo)10)/2}

=200, {2 g, + 2MO)IQM2 ) (40)
Set
— [N ETINTICE SV
(I)k - ||’LL( ) HL3(1+>‘)(QT) - ||u||L3(1+A)k(QT)a
then by letting 0 = (1 + \)¥, (4.70) becomes
D) < 20, {1+ N BEH) + (20Mp) TV )1 /2 ] (4.71)

From the recursion inequalities (4.71), one can use induction to deduce that

(a+nk—1 a0k -1
T2 TN

D < (ACH A+ X)) > (14X X

k_ k_
- max {M(IMA) ' <I>(()l+>‘)k,max {u%, 1}(2 max{m\%, 1}M0)(1+)‘)k} .

Therefore,
=g,y = lim &Y
)X+ N2
- max {,u%(I)o, 2 max {u%, 1} . max{|Q\%, l}MO} )

A
=
2
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This provides an estimate of upper bound of u = ¢, + c;.
In the next section, we do compare the modified PNP to the classical PNP in
numerical results.

5. Numerical Experiments. In this section, we discuss on numerical results
of modified PNP (3.8)—(3.10) comparing with those of PNP (2.3)—(2.5). The compu-
tational domain is [—1, 1] for numerical experiments. Mesh size is fixed with h = 277
and time step size with dt = 10~3 throughout [deletion] numerical experiments.

In time discretization, the backward Euler is used as follows:

k

ekl ck <. { (14 ck+1)

n Anq asivaias!
dt L+eptt + gt ¢ )

k T “n
Dck+1
1+Ck+1 +Ck+1

k1 ok k+1
701,* — % =V { 1+C+ (Vck

kT P

b6

“pq k+1v¢k+1

kTp

+1
vck+1 Zpd k+1v¢k+1
+1
dt 1 +ck+1 +ck+1
+1

e ——

Dck+1 P
k nd kg gt
+1 + Ck+1 k+1 ( kBT Cn Vo (52)
V- (€V¢k+1) = —zuqchtt — zpqcllerl, (5.3)
for k = 0,1,--- with initial data ¢, and ). We set [deletion] no-flux boundary

conditions for charge densities and Dirichlet boundary condition for the electrostatic
potential,

(1) = ¢"(=1), T (1) =¢"(1) fork=0,1,2,---. (5.4)

The edge averaged finite element (EAFE) method and the finite element method
with piecewise linear basis functions are used to solve Nernst-Planck equations (5.1),

(5.2) and Poisson equation (5.3), respectively [25]. The variational formulation of the
modified PNP (3.8)—(3.10) is given by

D(1 + cit1) . q
k+1 dt k+1 Zn k,‘-‘,—l k+1
(enthi6) + <1+ EFT L AT Ve, + — kpT <" Vo , V&

Dck—i—l
+dt (1 + CkJrl k+1

= (n:€) s
(cittm) + dt (

Zpq
V k-‘rl ka ];-‘rlv(bk-i-l ’V£> (55)

1_|_Ck+1+ck+1 kpT P

(¢
D(1 + ckt1) (
(v

VckJrl Zpq k+1v¢k+1) .V

k+1
“nq v Lo
dt vk Vv \V4 5.6
+ (1 +Ck+1 +Ck+l Cn kBT Cn d) y V1) ( )
= (Cp’n)
£ (AGFH,0) = — (2uack™ + 2paek*,0) . (5.7

However, the numerical computation of (5.1)—(5.3) is not an easy task, especially
solving [deletion| the charge concentration and the electrostatic potential both at
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the same time. To over come the drawback, we apply a sub-updating iterative step
because Poisson equation is not in time scale, that is, the electrostatic potential should
be simultaneously updated with the charge density in time.

Let D, . — _DPQket™ —p o Degttm 5 DOge, )
n,n Ipcetim kFtm s np TpcErimy ertm 2pp Tk T kit
Dck+1,7n
and D, , Then the sub-updating numerical scheme with the

- 1+lel+1,m+cg+1,m .
index m is given by

(cﬁ+1,m+1 5) +dt ( . (Vc +hmtl kzn; f{H m+1v¢k+1,m> ,Vf)

= (cn.€) - (D Veptim 4 20 ’“*”"W’“*l’m)w) (58)

(varm s e
(

Vck'H mtl Zpd Ck+l,m+1v¢k+1,m) »V77>

k+l,m+1
(cp )+ dt (Dpyp kBT »

= (chym) — dt (D <Vc7’i“’m+ - ’““”’W’”l’m)’vn), (5.9)

kT “n
c (A¢k+1’m+l, C) (anck—‘rl ,m+1 Ny qck+1 7rL+17 C) (510)
for m = 0,1,2--- letting cF+1.0 = ¢k, c’;“’o = c’;. The boundary condition of the

electrostatic potentlal is
PP (1) = ¢°(—1), ML) = ¢%(1) for kym =10,1,2,--- . (5.11)

REMARK 7. Developing numerical scheme satisfying energy law is another work
in numerical computations. The numerical discretization scheme for (5.8)-(5.10) has
a certain limitation for preserving energy law in finite dimensional space. However,
the comparison of dissipations AN*, /\ of the modified and original PNP systems may
provide the difference between two systems.

In Figure 5.1, we present numerical results of initial data (top row), equilibrium
states cp,c, (middle row) and ¢ (bottom row) for the modified and original PNP
systems with boundary conditions ¢(—1) = 0.05, ¢(1) = 0.0 (left panel) and ¢(—1) =
0.0, (1) = 0.05 (right panel), respectively. These results show that the modified
and original PNP systems have the same equilibrium states even though they are
totally different systems of equations. However, different dynamics of the modified
and original PNP systems can be expressed by numerical results of A* and A in time
(see Figure 5.2) due to the extra term ]lgBT CnCplily, — 13 |? in the dissipation functional

of the modified PNP system.

6. Conclusion. By employing an energetic variational approach, we derive a
modified PNP system to describe the dynamics of non-ideal ions, such as those with
relatively high concentrations. In this work, we maintain the energy functional as the
original PNP system but modify dissipation functional with an additional dissipation
term, which accounts for the relative velocity fields of different ion species. The mod-
ified PNP system is highly coupled and may even involve degenerate parabolicity in
the system. The analysis and simulation of such system become much more involved
than the original PNP system. As one preliminary step, we develop (with rigorous
proof) the local existence theorem of this modified PNP system. By comparing the
numerical results of the modified PNP system and the original PNP system, we verify
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(a) Initial Negative & Positive Charge Densities

Fic. 5.1. The comparison of numerical results cn, cp, ¢ of the modified PNP system to
those of original PNP system. Initial data (top row), charge densities (middle row), and
the electrostatic potential (bottom row). The left panel is for the numerical results with the
electrostatic potential boundary condition, ¢(—1) = 0.05, ¢(1) = 0.0, and the right one for
the numerical results with ¢(—1) = 0.0, ¢(1) = 0.05.

that these two systems have the same equilibrium states but with different dynamics
because of different dissipations. In the following up work, we are including modifi-
cations to both free energy functional and the dissipation functional, and study the
resulting PNP-type system theoretically and numerically.
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(b) Dissipations A & A* (b) Dissipations A & A*

Dissipation A* Dissipation A*
== Dissipation A i 08y == Dissipation A

20 40 60 80 100 0 20 40 60 80 100

Fic. 5.2. The comparison of the dissipation of the modified PNP system to those of
the original PNP system. The left panel is for the numerical results with the electrostatic
potential boundary condition, ¢(—1) = 0.05, ¢(1) = 0.0, and the right one for the numerical

results

with ¢(—1) = 0.0, ¢(1) = 0.05.
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