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1. Introduction

The dynamics of ion transport is important for the study of biophysics as it is involved in almost all

biological activities. The transport of charged particles (ions), by nature, is a multiscale problem. The

competition of thermal fluctuation, in terms of entropy, and molecular (Coulomb) interactions mainly give

intriguing and significant behaviors of the systems. Choices of the variables, in terms of energetic functionals

and entropy production (dissipation) functionals, demonstrate specific physical situations or applications in

consideration. By employing an energetic variational approach (see Section 2.1), we can derive the original
Poisson-Nernst—Planck (PNP) system (see Section 2.2) which describe dilute ionic liquids [20-22].
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The transport of ions in biological environments are usually in non-ideal situations. Ion channels often
have characteristic property of very high density distributions of ions that are crowded into tiny spaces
with huge electric and chemical fields and forces of excluded volume (cf. [6-8]). To describe the dynamics
of crowded ions, the energy functional and the dissipation functional should be modified. For the energy
functional, we combined the energy functional of the original PNP system with Lennard-Jones type (LJ)
potential (similar to those used for molecular dynamic simulations) and derive new PNP-type systems which
captured certain properties of selectivity of ion channels (cf. [9,12,14,17]).

The dynamical systems for transport of ions involve various types of entropy production. The classical
PNP equation involves the entropy production, the dissipation, in terms of sum of damping due to individual
ion species. In this study, we take into consideration of the extra dissipation due to a drag force between
different species. This extra dissipative effect, due to the drag between ion species, is incorporated into the
derivation of a modified PNP system. The entropy production of modified PNP mainly contributes to the
dynamics of the system, while the equilibrium states, which are determined by the free energy, remain the
same. In other applications of physics, such consideration had been taken into account in the study of ion
heating in a plasma flow (cf. [5]).

The modified PNP system has more complicated nonlinearities than the original PNP system but with
the same equilibrium states. Using Galerkin’s method and Schauder’s fixed-point theorem, we develop a local
existence theorem of classical solutions for the modified PNP system. Furthermore, different dynamics (but
same equilibrium states) between the original and modified PNP systems can be represented by numerical
simulations using finite element method techniques.

The rest of this paper is organized as follows: In Section 2, we derive the modified PNP system. The local
existence of the modified PNP system is proved in Section 3. In Section 4, we provide numerical results of
the modified PNP system and comparisons to those of the original PNP system.

2. General diffusion for transport of charged particles

In this section, we firstly introduce the energetic variation framework for diffusions and then apply it to
derive the original PNP system. Such a framework can be employed to the problem of transport of ions in
non-ideal, non-diluted situations. We derive a modified PNP system that takes into account of additional
dissipation due to the effect of velocity differences between ion species.

2.1. Energetic variational approaches for diffusion

For an isothermal closed system, the combination of the First Law and the Second Law of Thermody-
namics yields the following energy dissipation law:

d

_Etotal — _A7 2'1

g (2.1)
where Et2l is the sum of kinetic energy and total Helmholtz free energy, and A is the entropy production

(energy dissipation rate in this case). The choice of total energy functional and dissipation functional,
together with the kinematic (transport) relation of the variables employed in the system, determines all the
physics and the assumptions for problem.

The energetic variational approach is the precise framework to obtain the force balance equations from the
general dissipation law (2.1). In particular, the Least Action Principle (LAP) will determine the Hamiltonian
part of the system and the Maximum Dissipation Principle (MDP) for the dissipative part. Formally, LAP
states the fact that force multiplies distance is equal to the work, i.e.,

0E = force x éz, (2.2)
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where z is the position, § is the variation (derivative) in general senses. This procedure will give the
Hamiltonian part of the system and the conservative forces [1,2]. On the other hand, MDP, by Onsager and
Rayleigh [18,19,24], yields dissipative forces of the system:

6%& = force x 0. (2.3)

The factor 1/2 in (2.3) is consistent with the choice of quadratic form of the “rates”, which in turn describes
the linear response theory for long-time near equilibrium dynamics [13,15]. For instance, we consider the
following inhomogeneous diffusion equation

fi=V- (b(m)V(a(x)f)), (2.4)

where a(x) and b(x) are given positive functions depending only on space with certain regularity properties
(for the sake of demonstration in this paper, we assume them to be smooth functions).

In fact, we can start with the following energy dissipation law with prescribed (Helmholtz) free energy
and entropy production functionals:

i oglalx xr = — ; 'LL2 X
& [ os(at@s)dr = = [ s flufas, (25)

where f is a probability distribution function. u is the (effective) velocity of the dynamics, that is, for the
flow map x(X,t), we have u(z(X,t),t) = 2¢(X,t) where X is the reference coordinate. Both a(x) and b(z)
are given functions. It is clear that a(z) contributes to the final equilibrium of the system, while b(z), after
renormalization, states for the dissipation rate.

The transport kinematics of the distribution function f is just the conservation of mass law:

fe+V - (uf) =0. (2.6)

From the energetic variational approach point of view [9,26], this energy dissipation law includes all the
physics of the system. Employing the LAP, one takes the variation of the free energy functional (the integral
on the left hand side) with respect to the flow map (X, t). At the same time, by MDP, one takes variation
of the dissipation functional (the integral on the right hand side) with respect to the velocity. The total
force balance, the summation of the two variations gives,

1
—V(a(z)f) = ——————fu. 2.7
V@) f (27)
Combining these with the kinematic conservation of law equation of f, we obtain the general inhomogeneous
diffusion equation (2.4). From the above derivation, we can see that there are two independent ingredients
in inhomogeneous diffusion. While a(x) enters through free energy, b(z), is more associated with dissipation.

2.2. Poisson—Nernst—Planck (PNP) system

Here we recall PNP system that has been widely used to describe the transport of ionic solutions [20-22].
Consider positive and negative ions with charge concentrations, c,, c,, respectively. The dissipative energy
law of ion dynamics including Brownian motion of charged ions is given as

i {kBT(cp Ine, +¢,lne,) + EV¢|2}dx
dt 2
Ve 2pq Vcn Zng
kgT|( Dyc,| —2 + 2 Dyen 2
/ b ( P Cp kBTVQS‘ - ¢ Cn kBTv¢‘) =
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where kp is the Boltzmann constant, 7' is the absolute temperature, ¢ is the dielectric constant of the
medium, ¢ is the electrostatic potential, D,, D, are the diffusion constants and z,, 2z, are the valences,
for positive, negative ions, respectively. Then the Nernst—Planck equations for ion dynamics from the dis-
sipative energy law (2.8) can be derived by the energetic variational approach with the following evolution
equations [25]:

Ocp D, Ocy, D,
9o _ g 9n _ Vi, 2.
ot =Y <kBTC”V“”) oV <l<; T V“) (29)

where 1, i1y, are the chemical potentials obtained by the variational derivatives of the total energy, which
is the left hand side in (2.8) with respect to the charge densities. Explicit forms of the chemical potentials
are given as p, = kT (Inc, + 1) + 2,q¢ and p, = kgT(Inc, + 1) + z,q¢.

The full system of equations for the dynamic of ion transport is then given by

e,
9en _ . {p vc+ﬁcv¢> (2.11)
ot = n n kBT n ’ .

V - (V@) = —zpqep — 2ngcn, (2.12)

which is called the original Poisson—Nernst—Planck (PNP) system. Existence and uniqueness theorems for
such a system [4,10,23] and a generalized PNP system coupled with Navier—Stokes equation [20-22] were
developed in order to study the dynamics of ion transport, respectively.

The original PNP system can also be viewed as a special form of general diffusion, which takes into
account of particle-particle interaction through Coulomb forces [26]. To demonstrate this, we start with the
following system of equations with some vector fields @, .

ocy, . dc .
R + V- (eptiy) =0, 8tp + V- (eptip) =0 (2.13)
satisfying the following free energy:
1
A= /{k’BT(Cn Ine, +¢plney) + 3 / G (z —y)(en —cp)(x)(cn — cp)(y)dy}dx, (2.14)

which corresponds to the total energy in (2.8) in a special case, and has the entropy production A, i.e.,

T
o= [(Frainr+

The entropy production explains that the system is in a linear response region originated by the free

dissipation,

kgT
D, cp|up2> dx. (2.15)

energy (2.14).
Then the force balance law between conservative and dissipative forces implies that

véA kgT 1 dA
— = ———Cpllp = —=Cp—=——
sc, D, "' T2%5q,

0A kgT 1 A

(2.16)
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that is,

D, _0A D, A
kB—TCnvE = —CpUnp, kBTvaE

= —Cpily. (2.18)

From these derivations and manipulations, it is clear that while the original PNP system resembles to those
diffusion-drift equations, in fact, the only ingredient is diffusion, although being of nonlocal features. Such
an observation can be important in designing numerical algorithms as well as analysis.

2.8. Modified PNP system: entropy production

From the above discussions on original PNP systems, one easily see that the PNP system possesses a linear
response of entropy production, which describe the physical nature of near equilibrium of the whole system.
While the free energy includes all the information and properties of equilibrium states, the dissipation
functional, i.e., the entropy production governs the dynamics of the system. Understanding statistical physics
and nonlinear thermodynamics properties of systems describing interactions between different ion species
are extremely important in order to obtain a realistic dynamic of ion transport, especially for those with
crowded ion populations, which is very common in situations like biological ion channels (cf. [6-8]). The
earlier studies of such nonlinear interactions had mostly focused on the total energy (cf. [9,12,14,17]).

In what follows, we will consider modifying the entropy production rather than the total free energy. It
is clear such modification would only change the dynamics of the system when approaching the equilibrium
states, which are the same as those for classical PNP systems.

To take into account of dissipations due to interaction between different species, we will add a drag term
as ’“B—Tcncp|un — 1| that is due to the relative velocity differences to (2.15). The resulting modified entropy
productlon becomes

kgT kT
A*:/(B ’ ~rBL | Cncp

The third term in the right hand side of (2.19) is a higher order correction in terms of both densities

T — i 2) dz. (2.19)

and mobility constants. Note that we can also choose the mobility coefficients D, , for the higher order

D,+D . : 2D,.D, .
%: arithmetic average (b) 5 75+ harmonic average (¢) /DnD,: geometric

correction as one of (a)
average.
The same derivation as those of (2.16), (2.17) will yield the force balance relations as:

A 1 6N kgT kgT
S v P e Lo (@ — @) Y, 2.20
c V(;C" 2C (;u:; { Dn Cnly, + Dn,pc Cp (u’ﬂ up)} ( )
0A I VAN kgT ., kT s
CPVE =56 5 = { D, cptly, + Dn,pcncp(up - un)} (2.21)

Noticing the coefficient in front of ), in the first equation are exactly equal the coefficient in front of 47, in
the second equation. This is the exact manifestation of Onsager’s reciprocal relations [18,19] in transport
of different charged species.

Solving for ion fluxes in these equations, then we have that

e (Dy,p + Dpcy)enty, + Diyencpiy (2.22)
nen Dy, p+ Dycy + Dyey, ’

o (Dn,p + Dncp)cpiy + Dpcpnlin
P Dy, + Dy + Dyey, '

(2.23)
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Again as for (2.13), we utilize the conservation of mass equations for both ¢, and ¢,:

den
ot

+ V- (enily) =0, %+V (cpily) =0,

to get the resulting modified Nernst—Planck equations as follows:

dey

T -V (cpﬁ;)

- V. [(Dn,p + Dycp)eptip + Dpcpcnﬁn}

D, p + Dycp + Dyey,

v (Dn,p + Dnep)Dp(Vep + kzquch(j)) + (Dpcp) D (Vep, + kz”chanb) (2.24)

N Dy, + Dpcy + Dyey, ’
dcy, .
W =-V: (c”un)

__v (D p + Dpcn)cniin, + Dycncpty,

B D, p + Dycp + Dpyey,

(Dnp + Dpcn)Dn(Ven + £ chqu) (Dnecn)Dp(Vep + T Tc,,th)
-V. (2.25)
Dn,p + Dpcp + Dpey,

Without lost of generalities, we choose D = D,, = D,. Then D,,, = D and have the modified PNP
system as:

Ocy, D(1+cy) Znq Dec,,

e L v/ S Sl B LV S L 2.2
ot v {1—i—cn—|—cp<v k:BT Vo +1+cn—|—cp Vep k Tchng (2.26)
Ocp D(1+c¢p) Zpq Dc, Znq

Troy {2 — = (Ve + 2L, 2.2
ot v {l—I—cn—l—cp ve kBTva¢ + 14c¢p+cp Ve kBTc Vo (2.27)
V- (eV@) = —zngcn — 2pqcp. (2.28)

The entropy production of the modified PNP system (2.26)(2.28) is

. kT . kT kT -t
&= [ (el + el + Byl — 5 ) o
1+4+e¢, Ve, Znq Cp VCP Zpq ?
= DkgT " —_— | —
B /{c 1+cn+cp< Cn +kBTv¢ +1+cn+cp Cp +kBTv¢

2

e 1+c¢ ch LR Cn VCn g
1+cn+cp Cp kBT 1+cn—|—cp Cn k:BT
1 Vcn Znq 1 Ve Zpq 2
n v — 22+ 2V z, 2.29
+ccp1+cn+cp<cn kT ¢) 1+cn+cp( Cp +k:3 ¢> (229)
while the original entropy production of the classical PNP system takes the form as:
kgT kgT
A = /(D—ncn|un2 + D, cp|up|2)dx
Vcn Znq Vc Zpq 2
= DkgT n P Pry dx. 2.30
B /(C Cp, ]fBT Cp kBT ¢ v ( )
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The resulting modified PNP system (2.26)(2.28) involves much more complicated nonlinear coupling
between unknown variables. Comparing with the original PNP system of Egs. (2.10)—(2.12), it brings extra
difficulties in analysis. In the next section, as a first step in our systematical studies, we present the proof
of the local existence theorem of classical solutions for the modified PNP system (2.26)(2.28).

3. Local existence of solutions for the modified PNP

The modified PNP system (2.26)—(2.28) posses rather complicated saturable nonlinear terms in the forms
as:

1+e¢, Cn 1+¢, Cp
l4cn+ce, 14+en+ce, 14+, 14+e,+c

as coefficients, which are found in coupling Ve, + kZBL%ch(b and Ve, + kZBLchpV(b. The coefficients are

different from the original PNP system of Eqgs. (2.10)—(2.12). Formally, if 1 < ¢, < ¢p, then 0 < Hljcﬁc ,

< 1 and Eq. (2.26) becomes degenerate parabolic. Similarly, if 1 < ¢, < ¢, then 0 < lj:ncjcp,
m <« 1 and Eq. (2.27) becomes degenerate parabolic. Both 1 < ¢, < ¢, and 1 < ¢, < ¢, can
be excluded if ¢, and ¢, are nonnegative and bounded for « € 2 and ¢t € (0,T). However, the maximum
principle of (2.26)-(2.28) has not yet been proved. Thus it is nontrivial to assure that ¢,,c, > 0 for z € (2,
t € (0,T) if the initial data ¢, 0, cp0 > 0 for x € 2. The fact motivates us to find nonnegative and bounded
solution of (2.26)—(2.28) in a finite time interval.

We now develop a local existence theorem for the modified PNP system of Egs. (2.26)(2.28) using

Cn
1+cn+cp
¢

Galerkin’s method and Schauder’s fixed-point theorem. Because Schauder’s fixed-point theorem cannot give
the uniqueness of fixed point, it seems impossible to prove the uniqueness by our argument. For simplicity
of derivation, we may set D = kg =T =e=¢q =1, z, = —1, and 2z, = 1 for Egs. (2.26)—(2.28). Let {2 be a
smooth and bounded domain in Rd, d < 3. Then the modified PNP system can be written as

dc, 1
o= V- [m((l +¢,)(Ven, —en Vo) + cn(Vep + chng))} ) (3.1)
dc, 1
e V- [m((l +¢)(Vep + ¢, Vo) + ¢, (Vey, — ch¢))} ) (3.2)
Ap=cp—cp, forazef2t>D0, (3.3)

with no-flux boundary conditions of ¢,, and ¢,, and Robin boundary condition of ¢ as follows:

(Ven, — e Vo) v =0, (3.4)
(Vep +¢,Ve) - v =0, (3.5)
¢+aa—¢ = ¢g, forxed2,t>0, (3.6)

v

where « is a nonnegative constant, v is the unit outer normal vector to 92, and ¢g = ¢1 + a% on 942 for
some ¢1 € H?(£2). For the initial data, we assume that

< ep(+,0) =cpo € L7(2), (3.7)

0 <cp(,0) =cpo € L>(92), (3.8)

and ¢(-,0) is uniquely determined by (3.3) at ¢ = 0 with (3.6).
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In order to find a local solution of (3.1)-(3.8) in a finite time interval (0, ), we consider the fixed point
problem of the following map:

F((€n,p)) = (Cnscp) for (G,,¢p) € X, (3.9)
where

X={(f.9): f,g€ L*((0,t1); L*(2))}, t1>0

with the following specific norm

1)l x = Ifllzao.myiz2c2)) + 19l Laqo,0):2 (0

and (cp, ¢p) is the solution of

dcy, 1 . N B
é =V- {71 o (1+¢)(Ven — Vo) + &5 (Vep + ¢, Vo)) }, (3.10)
P - - )

% —V. {—1+C;+C;((1+cp)(ch+ch¢) + (Ve chgb))}, (3.11)

with the initial data (3.7)-(3.8) and boundary conditions

(Ven —enVo) v =0, (3.12)
(Vep + ¢, Vo) - v =0. (3.13)
The system of Eqgs. (3.10) and (3.11) is a linear system of parabolic equations of ¢, and cp.
Let here
e = min{maX{En,O}, 5M0}, (3.14)
Cp = min{max{ép, 0}, 5M0}, (3.15)
My = max{||cn,o0llL>(2), llepoll Lo (), 1}, (3.16)

and let ¢ be the solution of A¢ = ¢, — ¢p in {2 with the boundary condition (3.6).
Let

U = Cp + Cp, V= Cp — Cp,
U = Cp + Cp, U = Cp — Cp,
—k _ =k —% SE ok ok
U = ¢, +cp, vV =C, —Cpe

Then by adding and subtracting Eqs. (3.10) and (3.11), the system of equations for u, v is given by

uy = V- (Vu — vVe), (3.17)

1 - v* -
v =V (1 (Vo —uV) 4 :i —(Vu- vw)) (3.18)
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with the boundary and initial conditions

(Vu —oVe)-v =0, (3.19)
(Vo —uVe)-v =0, (3.20)
u(z,0) = ug = 5,0 + 0, (3.21)
v(x,0) = v = ¢po — Cpo- (3.22)

Since u and v are linear combinations of ¢,, and ¢,, one can easily recover the solution (c,, ¢,) of (3.10)—(3.13)
with the initial data (3.7)-(3.8) from (u,v) of (3.17)-(3.22). By (3.14)-(3.16), we also obtain

0

(3.23)

1 1 7+
< <-—— <1, _
T+10My — 1+ = 1+a

which are crucial for the study of Eq. (3.18). Note that 0 < u* < 10M, and |v*| < u* because of 0 < ¢,
¢, < 5Mj.
The apriori estimate of the solution of (3.17)-(3.22) is given as follows:

Lemma 1. Let (u,v) be the solution of (3.17)-(3.22). Then there exist positive constants Ky, Ko and v
depending only on o, My, d, and {2 such that

%/(Kﬂf +112)d:r:+'y/(|Vu\2 + |Vv|]?)dz
7 7

< Ky ( [+ v2)dx) (Ut ([50Bao + [611220e)?). (3.24)

Note that ¢1 € H?(02) satisfies ¢1 + oz%% = ¢g on 02, where ¢g and a come from the Robin boundary
condition (3.6). Moreover, v = ¢, — ¢, = A¢ in {2.

Proof. Multiply (3.17) by u and integrate it over (2. Then using integration by parts and (3.19), we get

1d -

3a ulde = — /(|Vu|2 —oV¢ - Vu)dz. (3.25)
0 Q

In order to estimate the last term on the right hand side of (3.25), we need the interpolation inequality

1/2 1/2
ollzo(e) < Clloll ooy lvli o, (3.26)

and Sobolev embedding theorem with the estimate for Poisson’s equation [11]

IVol7say < Cllelz iy < C(101720) + l01l12(0))- (3.27)

For convenience, we use the same notation C for a constant, which only depends on 2. Then using (3.26),
(3.27), Holder’s and Young’s inequalities, we have

‘/(UV¢'VU)d$ < | Vull 2@ Ivll 22 IVl Lo ()
o

1/2 1/2 n
< C|IVull 2 Il 57 ) 111572 ) 1V Bl 2o 2
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< Bl VullZz () + CB) ol @ ol a1 @) IVl 60

< Blnqu%?(Q) + 51”””?{1(9) + C(ﬁl)“””i%n)||V¢_’||Ai6(9)

= BilIVullF2io) + Bl Vullteo) + W F20) (B + CBDIVElITs(0))
< BillVullZao) + Bill Vol 2o

+10l13200) (Br + C B (181320 + 61 1372(2)°) (3.28)

for 81 > 0, where C(31) > 0 is a constant depending on f; and 2. Consequently,

N | =
&'Q‘

/ —(1 = BVl + BT o
(9]

+ )32y (B + CBY (11320 + 161132)°)- (3.29)

As for (3.25), we multiply (3.18) by v and integrate it over {2. Then we may use integration by parts and
(3.19)-(3.20) to get

1d v* -
Ed_ vidr = /{ —uVe - Vv) + : i = (Vu- Vo —oVe- Vv)}dx. (3.30)
2
Notice that from (3.23),
0< 1 < ! <1 v <1
14+10My — 14+a* = L+ax| =

which implies

1 2
2 2

Besides, we may use Young’s inequality to get

/ v*
1+u
(9

< / [Vu - Vo|dz
9

< B2||VolZ2 () + C(B2) [ Vul 20

for By > 0, where C(f2) > 0 is a constant depending on 2 and 2. On the other hand, as for (3.28), we
have

1 - -
‘/—qu)-Vvd:c §/|UV¢-VU|d:U
14+ u*
Q 2

< B3l Vulli() + Bsll Vull 2o

_ 2
+ ||UH%2(Q) (B3 + C(ﬁ?»)(HU”QLz‘(Q) + ||¢1||12L12(Q)) )

and

" .
’/1+ —vV¢ - Voda _/|vV¢-Vv|das

£2 £2

— 2
< 2B4)|V0l|T2 () + 10720 (Ba + CB0) (10017 20y + 16111 72(2)) )




C.-Y. Hsieh et al. / J. Math. Anal. Appl. 422 (2015) 309-336 319

for 5; > 0, j = 3,4, where C(;) > 0 is a constant depending on §; and §2. Hence

1d 1
§d_/ < (1 ST — P2 — B3 — 254) IVllZ2 () + (C(B2) + B5) I VullZz2 (0
)

_ 2
+ ullZ2(0y (B3 + CB3) (101172 + 6111712 (2)) )

+ 10012200y (B1 + CB (1511220 + 16113r2(2)) "), (3.31)

for B; >0, j=2,3,4.
Combine (3.29) and (3.31) and then we get

K, (% - /31) — (C(B2) + ) 2 0

for sufficiently large K; and sufficiently small f3;’s, furthermore, by letting 5 = K7 2, Bo and

_ 1
— 4(1+10Mo)
choosing f3, 54 small enough and K; large enough, we have that

1

100 2Tl Mz Kb

Then we obtain that

1d 1 1

— 2 [ (Kyu? +0?)d —/Kv2 — |V )d

2dt/( et v)de g [{ KVl + g Vel ) d
9] 9]

< Null2a gy (B3 + C(83) (151220 + 161132 02)) )
+ [[vll72(0) (K181 + Ba) + (K1 C(B1) + C(81)) (9] 72 () + ||¢1H§{2(Q))2)' (3.32)

Note that choices of K; and 3;’s depend on My and 2.
Therefore, by (3.32), we may get (3.24) and complete the proof of Lemma 1 by setting

1
= i K
7 mm{ 1’1+10M0}’

[Q:Qmax{%,ng),K1ﬁ1+ﬁ4yK1C(51)+C’(54)}. O
1 1

Now, we consider the weak solution of (3.17)-(3.22), which satisfies

/utwd:c + / (Vu — V) - Vwdzr = 0, (3.33)
2 7

/Utwdac + /(1 Jrlﬂ* (Vv —uVo) + 1 :z*a* (Vu — vaZ))) -Vwdz =0, (3.34)

02 2

for w € H(£2). There is no boundary integral terms in the weak forms (3.33) and (3.34) because of the
natural boundary conditions (3.19) and (3.20) for (3.17)-(3.22). We now apply Galerkin’s method (cf.
Section 4-5 of Chapter IIT of [16]) to find the approximate solution of (3.33)-(3.34) in the form of
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k=1
satisfying
/ uwypdr + / (Vu™ —v™V¢) - Vwydz = 0, (3.35)
2 2
/ v widz + / ! (Vo™ —u™V¢) + v (Vu™ —v™V¢) | - Vwydz =0 (3.36)
t 1+ 1, 1+ i
2 2

for k =1,2,...,m and m € N, where {wy,}32, is an orthogonal basis of H'(§2) and an orthonormal basis of
L?(£2). Hence the coefficients af*(t) = [, u™wgdx and b7 (t) = [, v wpdz can be determined by

d _
%akm(t) + / (Vu™ —v™V¢) - Vwydz = 0, (3.37)
Q
d m 1 m my7 . Ux m my7 4 _
dtbk (t) + /(1 "y (Vv u™Vo) + T (Vu V"'V ) | - Vwidr = 0 (3.38)
Q
for t > 0 and
ap'(0) = /uowkdm,
Q
7(0) = /vgwkdm,
Q
for k =1,2,...,m. (3.37) and (3.38) may form a system of ordinary differential equations so we may get

the existence and uniqueness of a}' and b} by the standard theorems of ordinary differential equations.
Multiply (3.35), (3.36) by a}*, b7, respectively, and add them together for k = 1,2, ...,m. Then we get

1d m\2 m|2 my7 L m
EE/(U )dx:—/(‘Vu ‘ —v"Vo- - Vu )dx
Q Q
and
1d ™) dr = — 1,* va2—umV¢_5'va + T)*,* Vu™ - Vo™ — o™V - Vo™) pde,
2 dt 1+u 1+u
0 Q

which have the same forms as (3.25) and (3.30), respectively. Then by the same argument of Lemma 1, we
have

d

G @)+ @rPyas+y [(9ur ]+ |90 ) do

2 [0}

< Kg{ [y + (umf)dx}{l (1912200 + 161 120e) -
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where K7, K> and ~y are positive constants independent of m. This implies that by Gronwall’s inequality,
{um}e_, and {v™}°_; are uniformly bounded in L°°((0,t1); L?(§2)) N L?((0,t1); H*(£2)). Therefore, we
may find the solution of (3.33)-(3.34) by setting m — oo (up to a subsequence).

For the uniqueness of (3.17)-(3.22), we may assume that (u1,v1) and (ug, v2) are solutions of (3.17)—(3.22).
Then (u; — ug,v1 — v2) is a solution of (3.17)-(3.20) with zero initial data. By Lemma 1 and Gronwall’s
inequality, we have

/(Kl(ul — ’LL2)2 + (1)1 - Ug)z)d(K § 0,
2

which implies 4y = ug, v1 = ve. Hence (3.17)-(3.22) have a unique solution. Equivalently, (3.10)(3.13) with
initial data (3.7)—(3.8) is uniquely solvable.

Therefore, F' is well-defined.

Now we claim the continuity of F' as follows:

Lemma 2. The map F: X — X defined at (3.9) is continuous.
Proof. Let {(Cn.k,Cpk)}72; C X and (¢n,¢p) € X such that (¢pk,Cpx) — (Cn,Cp) in X as k — oo. Let

(en ks Cp i) = F((Cnks Cpk)) for k € N and (cp, ¢p) = F((Cn, 6p)).
Claim that (¢, k, ¢px) = (cn,cp) as k — 0o, As for (3.17) and (3.18), we may set

U = Cn kT Cp,ks Vg = Cn,k — Cp,k>
Uk = Cp,k + Cpk> Uk = Cn,k — Cpk>
—% =% —% —% _ =% —%
U = Cp g T Cp ks Vi = Cp i — Cp oy
and
U = Cp + Cp, V= Cp — Cp,
U = Cp, + Cp, U = €y, — Cp,
* __ =% —% —% __ ok %
u” = c, +cp, VT = ¢, — G

Then as for (3.17)-(3.22), (uy,vy) satisfies

% =V (Vg — veVr), (3.39)
9% _ G (L (T — ux Vo) + —E (Vg — 0p Vi) (3.40)
at Tbay o b RV OR) T WY T R Y Ok '
with boundary conditions
(Vg — v Vy) - v =0, (3.41)
(Vop —upVeoy) -v =0, (3.42)
and (u,v) do
%V (Vu— V9, (3.43)
v _ V- ! (Vo —uVe) + v (Vu —vVe) (3.44)
ot 1+ a* 1+ a* ’
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with boundary conditions

(Vu—vVe)-v=0, (3.45)
(Vv —uVe)-v =0, (3.46)

and the initial data (3.21) (3.22), where ¢ and ¢ satisfy Agy = Cnk — Cpk = Uy and Ap =&, — Cp =10
in £2, respectively, with the Robin boundary condition (3.6).

Let @, = up — u and 0 = v — v. Then by (3.39)-(3.44), we get the system of equations for @y and
as follows:

FTake V- (Vg + O Vor +vV(op — QE)), (3.47)
and
Oy, 1 1
ot {H kvv’“+<1+ ;g_1+u*>
6* 17* U*
1T kvuk+<1+ 1+ >v
1
T l+ta (uquSk—qub ( +a; 1+u*)“v¢
vy, -
- - A4
Tt (e Vi —vV) — ( T >Uv¢] (3.48)
Since (3.47) and (3.48) are similar to Eqgs. (3.17) and (3.18), we can apply Lemma 1, and then as for (3.29)

in Lemma 1, we have that

d [ _ 5 - = 1~
G [ e <~ = 2B)IValaq) + Al o
2

[N

+ COBIBxlE2 () (19l 220 + 61 l202))”
+ OBl 2@ lloll a2 196 = 0720 (3.49)

for 1 > 0, where C(Bl) > 0 is a constant depending on f; and §2. Moreover, (3.48) gives

1d -
5T vide =1 + I (3.50)
Q
where
L S
/{1+*|W’“| 1+ ]
Q
+ / |: uquﬁk - UV(b) Vi + 1 + (kaqﬁk - UV(Z)) V’T}k:| ,
2 uy,
and
1 N o * _
[( +u*)Vv~Vvk+<1+uz—1+u*)Vu~Vvk]

bt 3 ,17*

1 - . Uk N ~
+ [(1+uk +u*>uv¢'vv’“+<1+u;_1+—u*>vv¢'w’“]

")
/
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Since we may use the same method in Lemma 1 to estimate I7 like (3.49), one can easily estimate for I;.
We omit the detail here. For I5, we may decompose the domain {2 into two parts as follows:

1 1 1 1
2N — — — | <0 and 2N —
1+ uy 1+ u*

1+u; 14wu*
Fix o > 0 arbitrarily. Then by Young’s inequality, we have that
1 1
/ P — Vo - V’f}kdl‘
1+u; 1+4+uwu*
Q

3 . 1 1\’
~ 2 2
B5/|Vok| dm+C(55)/<1+ﬂz 1+ﬂ*> \Vo|2dz
2 2

35/|Wk| dz + C(j3s) ( /|Vv|2dx+ / |Vv|2dq;>.
2

Qﬂ{|fﬂzfﬁ|>a}

>0’} for o > 0.

IA

IN

Similarly, we have that

v* N
'/<1+Uk *)Vu-Vvkd:c
<ﬁ6/|Vvk| dz + C(Bs) ( /|Vu| dz + / |Vu|2da:>,
Qm{‘1+u 1};1,;* ‘>U}
1 - -
'/(1 _*)UVQS.Vvkdx

+u; 1+a
(93
< B [ 1Vnfde + () (02 [1voan + / u2|w|2dx),
0

Q n{| i — 1>}

and

oy o N
— V- d
‘/(1+u;; 1+u*)v ¢ Vird

< s |wk|2dx+c<és>(az |VéPda + v2w32dx)
g fossus |

2 _—
el 1+u 141;11* [>o}

for B; > 0, where C(3;) > 0 is a constant depending on §; and 2, i = 5,6, 7,8. Hence (3.50) becomes

Q.|g‘

/ 200 < — (1+110M 52—253—354—55—36—37—38>||V5k||%2(9)
(9]

N | =

+ (C(B2) + Bs) IVa|72(2) + Ball k720
+ (CB)Narll72(0) + CBa) 1okl 720)) 10kl L2 (2) + ollz2(00)) "
+(C(

CBs)llull 2o lull 1 2y + CBa) vl @y lvll ) 10k = Tl 22 ()
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+o? / (CBo)|Vul + C(Bs)|Vol? + CEN2IVEP + OB | Vo) da
2
[ (CEIVIP + OBV d

Qﬁ{\%ﬁzfﬁ\>o}

¥ / (C(Bo)|Vul? + C(Bs)?IV[2) da. (351)

2ol 1+u 1-}211* |>o}

Combine (3.49)(3.51) and choose suitable K large enough and f3;’s small enough such that K (1 — 26;) —
(C(B2) + B3) = 0 and

1

TO]WO_52_253_354_55_36_57_58_K5~1ZO.

Set here 31 = K2 and choose sufficiently large K and sufficiently small 3;’s for i = 2,3, ..., 8 to get such
K and B;’s. Then we have

d

T (K, + o})dx < C[(l + (1oell L2y + ||¢0HL2(89)) ) /(f{ﬁ% + 0} ) da

2 o
+ (llell 2 llell ) + 1ollze (@) ol ) 198 = D172 ()
+ 02 /(|Vu|2 + |Vv]? + u?|Vo ] + v |Ve|?)d
2
+ / (IVol* + v?|Vé|?)dx
20{| ik — e 1>0)
+ / (|Vul? +U2|V¢_>|2)d:c] (3.52)

on{l k= 1+u 1412*11* [>o}

for some positive constant C' depending only on M and 2. By Gronwall’s inequality, (3.52) implies

t
/(Kﬁi +0p)da < CeXP{O/(l + (1kll22(2) + ||¢o||L2(arz))4)d$}

2 0
t
) [/(||U|L2(Q)||U|H1(Q) + vl L2 llvll a2 2) 1ok — ﬁH%Z(Q)dS
0
4o [(FuP + V02 + (VO + (Vo) dods
Q¢
+ / (Vo) + u?*|V¢|*)dwds

Q:N{] 1+1u l+'u. |>c}

N / (IVul? + 2|V e|?)dads |, (3.53)

T)
Qun{| ks — rEie >0}
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where Q; := {2 x (0,t). Notice that

ty

(lullz2 (@) luller @) + [0l 2@ 1ol e (@) [0k = Bl 720y ds

o

< (Null Lo (0,4 );s222n) 1ull L2((0,60): 12 (2))
+ [[0ll oo (0,01): 22 V1 L2 0,80 )01 (20 ) - 10K — 5||%4((O,t1);L2(Q))

—0

as k — oco. Using the following inequalities

1 I 1
1+a; 1+a*|

— % —*|

(1+a;;)(1+a*)|u’“_“
< |y —a*|
S e R

< enk = Enl + [ — Gl

and
’UZ _ v* _ 1 A YT —% | —%
T+a, 1+ar _(1+a;)(1+a*)‘( + @) = (14 a) ]
1 1—}*_—* + |1_)*‘ —*_ﬂ*
~(I4apt (I4+ap)(d+a*) "k
< |og —v*| + |ug — u*|
<2l i — el +en —5l)
32(‘Enkfcn|+|ép,kfép‘)v
we have
1 1
’Q“ﬁ{‘uru; 1+a U}’_)O’
vy _ v*
’Qm{‘lwz L+ a UH%
as k — oo.

Therefore, (3.53) implies that

ty
limsup sup /(f(aﬁ + ﬂi)dx < Co? eXp{C/(l + (||17||L2(Q) + |¢1||H2(9))4)dx}

k—oo te(0,t
( 1)0 5

: / (IVul]® + |Vol* + u®|Vo|* + v*|V|?)dadt.
Qe

In the derivation, we have used the assumption that v, — v in L*((0,,); L?(£2)) as k — oo, and we complete
the proof by letting o — 0. O
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In order to use Schauder’s fixed point theorem, we want to find a ball Bg(0)={(f,g9) € X : |[(f,9)|lx < R}
such that Bg(0) is invariant under F i.e., G := F(Bgr(0)) C Bgr(0) and the closure of G is compact in X.
The existence of such a ball can be proved as follows:

By Lemma 1 and Gronwall’s inequality, we have

sup /(K1u2+v2)dx§/(K1uo+vo )dx - exp{Kg/ (1+ ( ||v||L2(Q)+||¢1||Hz(Q)) )ds }, (3.54)

0=t=h g o 0
/(|Vu\2 +|Vo|?)dzdt
Qty
t
< %/(Klug + vg)da - (1 + Koty GXP{2K2/(1 + (191172 () + ||¢1|%12(n))2)d3}>v (3.55)
o 0

where Qy, := £2x(0,t1). By (3.54)—(
and L2((0,t1); H'(£2)). Moreover, (

3.55), we may estimate the norms of u and v in spaces L>((0,¢1); L2(£2))
3.54) implies

t1

el = C<0/ </(K1u2 +v2)dx>2>1/4

Q
1/4 _
< City"* (luoll 2oy + llvollz2(ey) exp{Ca (1511 4s 0.1 yir2 () + t1 (161112 +1)) }
1/4 4
< Oty (Jluoll 2 + llvollz2cay) exp{ Ca (|| @n. &) | + t1 (lé1lEr2(0) + 1)) }
which implies that || F'(¢n,¢p)|x = |[(cn,cp)|lx < R if
C1t}/4(||uOHL2(Q) + ||1)0HL2(Q)) eXp{CQ (R4 + tl(H(blH%I?(Q) + 1))} <R, (3.56)
which can be fulfilled by fixing R > 0 as a constant and letting ¢; > 0 sufficiently small such that
O (luollz2coy + llvoll 2ty exp{Ca(lé1l (o) +1)t1} < Rexp{-CaR*}.
Therefore, we get the ball Br(0) as an invariant set of the map F.
Claim now that the image of the ball Br(0), G := F(Bg(0)) is precompact in X i.e., the closure of G is

compact in X as follows:

Lemma 3. The closure of the image G := F(Br(0)) C Bgr(0) of the ball BR(0) = {(f,q) : ||(f,9)llx < R} is
compact in X, where F' is defined at (3.9) and R is defined in (3.50) such that Br(0) is invariant under F.

Proof. We may follow the proof of the standard PNP system (cf. [3] and [4]). Eq. (3.10) implies

—8 n 1 =k - —x —
’< ai ”>‘ B ‘/ [m((l +2)(Ven = Vo) +2,(Vey +cpw>>)} - Vnda
n )

< [ (IVenl + [en Vo] + [Vep| + |epV|) [ Vida

R— o

< (IVenllzzco) + leaVellLzo) + 1IVepllLz) + llep Vol L2(2)) 1 Vnll L2 (o)
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for any test function n € H'(£2). By (3.55), ||Venllr2(0,60):02(2)) and [[Veplln2((0,60);2(s2)) are uniformly
bounded for (c,,c,) € G. Moreover, by (3.27) and Holder’s inequality, we may get ||C7—LV$HL2((0¢1);L2(Q))
and ||CPVQZHL2((O’1§1);L2(Q)) are uniformly bounded for (c,,c,) € G. Consequently, ||%||L2((O’tl);H71(Q)) is
uniformly bounded for (¢,,¢,) € G.

Similarly, we have the uniform boundedness of H%||L2((O7tl);H—1(Q)). Moreover, (3.54) and (3.55) give
Cnycp € L2((0,t1); HY(£2)). Therefore, by Aubin-Lions lemma, G is precompact in L?((0,¢;); L?(£2)) and
also in X = (L*((0,t1); L*(£2)))? because of the boundedness of ¢, ¢, in L>=((0,¢1); L2(£2)). O

By Lemma 2, Lemma 3, and Schauder’s fixed-point theorem, there exists a fixed point (¢, c,) € Br(0)
of F', which is a solution of

Oy 1 X .
S =V | (0 ) (Fen =90 + (Ve + ,90) | 0
0 1 X "
% -Vv. {H—C*n-i-c;k, (L+¢) (Ve + Vo) + ¢ (Ven — Cnv¢)):| (3.58)

with (3.3)—(3.8), where

¢, = min{c,4,5Mo} = min{max{c,,0},5Mp},
¢, = min{e,y, 5Mp} = rnin{rnax{cp7 0}, 5M0}.

We will now show ¢, = ¢, and ¢, = ¢, in a short time interval (0,%y) by the following lemma:

Lemma 4. The solution of (3.57)-(3.58), (3.3)-(3.8) satisfies cp,cp > 0 and ¢, + ¢p < 5My for 0 <t < tg
for some ty > 0.

Proof. Let ¢,— = min{c,,0}. Then

d 2 _ 1 2
d_/ c:_dr = /1+ (IVen—I? = -V - Ve )da
2

<-irer / Ve Pd + el 3oVl o [Vl 200

N =

1/2 1/2
<-or / VeaPda + Cllea 12 o leal2 oy |Vl o IVen—l 2
< Ven 22y + Bllen—lEs ) + CBllen— 2z [Vol40
=TT M, L2(9) H1(2) L2(9) L8(92)

< Nlen-l72(0) (1 + ClIVEl 7o),

where § = 1+5M . Since [|cn—||r2(0) =0 at t =0 and 14 C||Ve| 7 ) € L((0,t1)), chne =0 1ie. ¢, > 0.

Similarly, we may let ¢, = min{c,,0} and get

1d 1
37 c;_dr = —/ e (IVep—|? + ¢p-V¢ - Ve,_)dz
2 Q

<ep-1Z2) (1 + ClIVElTe ()
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which implies ¢,— =0 i.e., ¢, > 0. Now, we consider u := ¢, + ¢, and v := ¢,, — ¢, which satisfy
us =V - (Vu —oVe), (3.59)
with boundary condition
(Vu —ovVe) -v=0. (3.60)

To estimate the maximum of u, for M > 2My, we set u™) := max{u — M,0} and Ay (t) := {x € 2 :
u(z,t) > M}. Multiply (3.59) by u™) and take integration by parts. Then

N~

%/(U(M))zdz: —/|VU(M)|2d:17+ / (UV¢~VU(M))dx
7] 2 A (t)

1 1
< —5/]VU<M>|2da:+ 3 / V2|V dx
0

A (t)

1 1

< —5/]Vu(M)|2dx+ 5 / W2|Vo|2dz. (3.61)
2 A (t)

For the last inequality in (3.61), we have used the fact that u? > v? because of ¢,, ¢, > 0. Hence

T

2 2
e 0.myz202) + V8 20,1222y < 2/ / w Vol dudt
0 Apn(t)

2/ / (™ 4 M)*|Vp[2dwdt
0 A]\{(t)

< 4/ / (W™)? 4 M?)|Vo2dadt  (3.62)
for 7 € (0,t1). For simplicity, we employ some notations used in [16] that

Qs = 2 x(0,s),
Va(Qs) := L®((0,5); L*(£2)) N L*((0,s); H' (£2)),

and

[wll. = llwllLe=((0,5);22(2)) + lwllL2((0,5): 51 (2))

for w € V2(Qs). In addition, we have the embedding

lwllLr((0,5);29(2)) < Csllwllq. (3.63)

for all w € V2(Qy), where 1/r +d/2q = d/4, and

1_1
2 g

Cs = Bo + (s7|271)
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with Sy depends only on ¢, 7, d, and 2. Notice that the constant C; for (3.63) is increasing in s, then for
0 < s <t;, we can use the same constant C%, such that

wllzr(0.5):L9(2)) < Cri|wll@.s (3.64)

where Cy, is the constant in (3.63) with domain Q¢,. Now, from (3.62), we have

T

[uD7, < C/ / ((u™)? + M?)|V |2 dwdt (3.65)
0 An ()

for 0 < 7 < t1, where C' is a positive constant independent of ¢, ¢,, u, v, ¢, M, and 7. We will use C to
denote constants that may vary from line to line, but they are independent of c,, ¢p, u, v, ¢, M, and 7.
Then, by Holder’s inequality,

2 2
[« lla, < VP si@uany NV M g amy + 1M1 0 car)
2
= ClIVollisiq. (HU(M)Hiﬁ(QT(M)) +M*Q-(M)]7) (3.66)

where Q. (M) := Q, N{(z,t) € Q- : u(x,t) > M}. Here, by using the same inequality as (3.27) and (3.54),
we have

Vol sy < Cllvll72(0) + llo1]Fr2(0))

t1
2
< C(lluollZzy + lvollF2(ay) 'eXP{K2 /(1 + ([ol72 00y + 16101 22(0)) )ds}
0

t1
< C(lluollz2y + lvoll72c0y) 'eXP{Kz /(1 +2[[0ll 720 + 2|¢1||§12(n))d5}
0

< C(lluollfz(q) + lvollZze)) - exp{ K[t (1 + 2ll¢1llE2(q)) + 2R},

where R is the radius of the ball in X where we obtain the solution (c,,¢,) as a fixed point of F. That is,
Ve € L>((0,t1); L9(£2)) € L%(Qy,). Moreover,

||V¢||%6(QT(M)) < ||V¢H%G(QT)
< C73 ([[uollFza) + lvollF2(ay) - exp{Ka [t (1 + 2ll61[[§r2() + 2B] }.
Hence, (3.66) implies
HU(M)HQQT < Cré (luollZ20y + lwoll7z(ay) - exp{ Ka[t:i (1 + 2||¢1H§l{2(9)) + 2R}
: (HU(M)HiS(QT(M)) + M2‘QT(M)|%)~ (3.67)

We now estimate the norm of () in the right-hand side of (3.67) by Hélder’s inequality and (3.63),

4-d_
1™ N 2o, caryy < 1l 248 g, qaryy | Q- D7

< O [[u™ Q- (M)| 75
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Notice that

Thus, for (3.67), if 7 < 79, where
70— mind ¢ 1071072( 2 2 )*1975‘;—;3
0 i=ming 1, { 5 4 luollz2 o) + llvollzzeey) 42|

24d

'eXP{Kz[t1(1+2||¢1||§12(9))+2R4]}) 2 }’

ie.,

4—d

CcflTO§(||u0H%2(Q) + HUOH%Z(Q)) 'eXP{K2 [tl(l Jr2H¢1||j§r2(9)) +2R4]}|Qm\6+3d <

9

N~

then we have

2
3

@02, < 20023 (luollZa ey + lvolZaey) |@-(AD)]
cexp{Ka[t1 (1 +2[61f2(e)) + 2R}
1
< 20M2 ([[uol32(0) + lvoll22(c)) | @r (M)
cexp{ Ka[t1 (1+ 2|61 [ 12(0)) + 2R}

2
3

By Theorem 6.1 of Chapter II in [16], we have
lull~(o,) < 4Mo(1+C7%)
for 0 < 7 < 79, where

~ 1 1
C =252 ]850 (2047 (Jluoll2a(q) + ol 22(0)
exp{ K[ty (1+ 21| 4a ) +2R7] ) FOTH)

with & = 2=4. Therefore, u(z,t) < 5M, for 0 < t < to, where to = min{r, 1/(4C)3}. O
By Lemma 4, ¢}, = ¢, and ¢ = ¢, for 0 <t < tg in (3.57)(3.58). Moreover, we have c,,c, € L>(Qy,)-
Therefore, we may conclude the following theorem:

Theorem 5. Suppose that the initial data cno and cpo satisfy (3.7) and (5.8), respectively. Then there
exists to > 0 (depending on |caollz(2y, lcpollze2), |01lla2(2), d, o, and £2) such that the system
(3.1)-(5.8) has a solution (cy, cp, ¢) with 0 < ¢y, ¢, € L((0,t0); L>(82))NL>((0,t0); H'(£2)) and %L;, %” €
L2((0,t0); H1(£2)).

Remark 6. By using the Moser iteration method, we have another approach to estimate the upper bound of
cn + cp. We can rewrite (3.59) to be

us = V- (Vu —uV), (3.68)
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where

V{%ng if u#0,
0 if u=0.

Note that we have proved that cn,cp > 0 in Lemma /4, then |v/u] < 1 for u # 0. Moreover, by (3.27) and
Lemma 1, V € L>((0,t1); L°(£2)). Set w =u? for > 1. From (3.68), we deduce that

1d

3d w?dr = — /(|Vw\2 +6(6 — 1)u9_2w’Vu2’ — (20 — DwV - Vw)dx

N N

< —%/|Vw|2dx+ %(297 1)2/w2|V|2dz

9]

/ [Vwldr + 520 121VI3s oy lels o (3.69)

l\.’)l»—l

Then for 0 < 7 < t1, we have

/dem +/|Vw|2d:cdt§ (29—1)2||V||2L6(QT)||w||2LS(QT)+/w2dx
t=1
0 o 0

< 120°|wllFa g, ) + (2Mo)*|92],

t=to

where p = 2||VH%6(QT). If A > 0 satisfies m(l + %) = %, then by (3.64)

[wllLsa+r @,y < Cullwlle.
where Cy, is the constant in (3.04) with ¢ = r = 3(1 + X). Thus, (3.69) implies

lwll Lsan (g, < 20 {HbllwllLs (. + (2Mo)°|2]'/?}

= 203, {pbllw ™[ 130 10 . + (2Mo)° |22} (3.70)
Set
_ AP _ (14+0)F
¢k - HU'(1+ HL3(1+>\)(Q ) || HL3(1+)\)1€(QT)7
then by letting 0 = (1 4+ \)*, (3.70) becomes
k
Bp < 20, {1+ NFEE 1 (200) 1V 212}, (3.71)

From the recursion inequalities (3.71), one can use induction to deduce that

EEZILES! a+nk-1 g

P, < (4C,(1+ X)) > (1+A) @ ~3

: max{u%@él—”)k , max{u% , 1} (2 max{ |Q|%, I}MO) a+* }



332 C.-Y. Hsieh et al. / J. Math. Anal. Appl. 422 (2015) 309-336

Therefore,

—k
lim @,&1+>‘)
k—o0

< (ACy,)R (14 235
-max{,u%ﬁﬁoﬂmax{,u%, 1} ~max{|9|%, l}MO}.

HUHL"C(QT)

This provides an estimate of upper bound of u = ¢y, + cp.

In the next section, we do compare the modified PNP to the classical PNP in numerical results.
4. Numerical experiments

In this section, we discuss on numerical results of modified PNP (2.26)—(2.28) comparing with those of
PNP (2.10)-(2.12). The computational domain is [—1, 1] for numerical experiments. Mesh size is fixed with
h =277 and time step size with dt = 10~ throughout numerical experiments.

In time discretization, the backward Euler is used as follows:

cktl _ck D(1 4t k1 And k1 k+1
“n "% _y. {—(Vc JrkBTC" Vo >

dt 14 Ftl o hF
Deptt k1 4 Rty phtl
T L i (ch T e, Vo )} (4.1)
Clp€+1 — C’; _v. D(1+ Ck+1) Ve k+1 + Zpqd k+1v¢)k+1
dt 1+ck+1 +ck+1 kgT %
DckJrl
AR “nq kL phtl
= ckH k+1 (Vcn k T T Vo )} (4.2)
V- (€V¢k+1) = —z,qcitt — zpqc’;+1, (4.3)
for k = 0,1, - with initial data ¢ and cg. We set no-flux boundary conditions for charge densities and
Dirichlet boundary condition for the electrostatic potential,
PH-1) =@ (-1),  PHI1) = ") for k=0,1,2,--. (1.4)

The edge averaged finite element (EAFE) method and the finite element method with piecewise linear basis
functions are used to solve Nernst—Planck equations (4.1), (4.2) and Poisson equation (4.3), respectively [27].
The variational formulation of the modified PNP (2.26)-(2.28) is given by

D(1+cpt) q
k+1 k+1 Zn s k41
(en:€) +dt(1+ck+1 s Ve, + o — kg T ¢ Vo %S
DC?LH k41 pq LT GRH
= (e, 9), (4.5)
D(1+cpth) Zpq
(c’;+1,77) + dt(—1 Lk (VCI;H + ka 1;+1V¢k+1> , V77>
ot k+1 “nd  kt+lw k+1
p + nd k+ +

= (c’;, 7]), (4.6)
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(A", () = —(2nacp™ + zpacy ™€) (4.7)

However, the numerical computation of (4.1)—(4.3) is not an easy task, especially solving the charge con-
centration and the electrostatic potential both at the same time. To over come the drawback, we apply a
sub-updating iterative step because Poisson equation is not in time scale, that is, the electrostatic potential

should be simultaneously updated with the charge density in time.

Lot D. . — D(+egt™) 5o Dckttm D — D(14cEthm™)
€ n,n — 1+Ciﬁ7‘/+1,7n+c:‘l§+1,m7 n,p — 1+C§L+1,nz+cg+l,7n b p,p 1+Cl‘;+1,7n+c:§+1,m7

Then the sub-updating numerical scheme with the index m is given by

k+1,m
Dcp

1+Cﬁ+1,m+cg+l,m .

and D, , =

(e, (D, (et S g ) )

— (ch,¢) —at (Dn,p (vc’;ﬂm + —;quc’;+1>mv¢k“vM> , vg), (4.8)

(C§+1,m+17n) —&—dt(Dp,p <vc§+1,m+1+ ;p§c§+1,m+lv¢k+1,er>7vn)
B

= (cpm) —dt (Dp,n (Vc,’z“”" + —,jgcﬁ“mw’““”) , Vn), (4.9)

6(A¢)k+1’m+1, C) = —(znqc’fﬁl’"”r1 + zpqczlfﬂ’mﬂ, C) (4.10)

for m =0,1,2--- letting cF+19 = ¢F, c§+1’0 = c’;. The boundary condition of the electrostatic potential is
PP (1) = ¢0(=1),  SFTEMT(1) =¢°(1) for k,m =0,1,2,---. (4.11)

Remark 7. Developing numerical scheme satisfying energy law is another work in numerical computations.
The numerical discretization scheme for (4.8)-(4.10) has a certain limitation for preserving energy law in
finite dimensional space. However, the comparison of dissipations N*, /\ of the modified and original PNP
systems may provide the difference between two systems.

In Fig. 4.1, we present numerical results of initial data (top row), equilibrium states ¢, ¢, (middle row)
and ¢ (bottom row) for the modified and original PNP systems with boundary conditions ¢(—1) = 0.05,
(1) = 0.0 (left panel) and ¢(—1) = 0.0, ¢(1) = 0.05 (right panel), respectively. These results show that
the modified and original PNP systems have the same equilibrium states even though they are totally
different systems of equations. However, different dynamics of the modified and original PNP systems can
be expressed by numerical results of A* and A in time (see Fig. 4.2) due to the extra term %cncp\ﬁ; —5|?
in the dissipation functional of the modified PNP system.

5. Conclusion

By employing an energetic variational approach, we derive a modified PNP system to describe the dynam-
ics of non-ideal ions, such as those with relatively high concentrations. In this work, we maintain the energy
functional as the original PNP system but modify dissipation functional with an additional dissipation term,
which accounts for the relative velocity fields of different ion species. The modified PNP system is highly
coupled and may even involve degenerate parabolicity in the system. The analysis and simulation of such
a system become much more involved than the original PNP system. As one preliminary step, we develop
(with rigorous proof) the local existence theorem of this modified PNP system. By comparing the numerical
results of the modified PNP system and the original PNP system, we verify that these two systems have
the same equilibrium states but with different dynamics because of different dissipations. In the following
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(c) Potential ¢ with Dirichlet BC (¢(L)=0, ¢(R)=0.05)
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Fig. 4.1. The comparison of numerical results c,, ¢p, ¢ of the modified PNP system to those of original PNP system. Initial data
(top row), charge densities (middle row), and the electrostatic potential (bottom row). The left panel is for the numerical results
with the electrostatic potential boundary condition, ¢(—1) = 0.05, ¢(1) = 0.0, and the right one for the numerical results with

#(—1) = 0.0, ¢(1) = 0.05.
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Fig. 4.2. The comparison of the dissipation of the modified PNP system to those of the original PNP system. The left panel is for
the numerical results with the electrostatic potential boundary condition, ¢(—1) = 0.05, ¢(1) = 0.0, and the right one for the
numerical results with ¢(—1) = 0.0, ¢(1) = 0.05.

up work, we are including modifications to both free energy functional and the dissipation functional, and
study the resulting PNP-type system theoretically and numerically.
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