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MODEL ON THE FLUID WITH THE CROWDED CHARGED
PARTICLES: DERIVATION AND ITS WELL-POSEDNESS*
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Abstract. We derive a hydrodynamic model of the compressible conductive fluid by using an
energetic variational approach, which could be called a generalized Poisson—Nernst—Planck—Navier—
Stokes system. This system characterizes the micro-macro interactions of the charged fluid and the
mutual friction between the crowded charged particles. In particular, it reveals the cross-diffusion
phenomenon which does not happen in the fluid with the dilute charged particles. The cross-diffusion
is tricky; however, we develop a general method to show that the system is globally asymptotically
stable under small perturbations around a constant equilibrium state. Under some conditions, we
also obtain the optimal decay rates of the solution and its derivatives of any order. Our method
will apply equally well to a class of cross-diffusion systems if their linearized diffusion matrices are
diagonally dominant.
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1. Introduction. Throughout this paper, for the sake of the unified presenta-
tion, we give a list:

P mass density of fluid ¢ | electrostatic potential
U macroscopic velocity of fluid € | dielectric constant
v negative charge distribution zy | valence of negative ions

Uy effective velocity of negative charge | z,, | valence of positive ions
w positive charge distribution e | charge of one electron
uy, | effective velocity of positive charge p | pressure function

w, 1’| viscosity coefficients D, | diffusivity of negative ions
D, ., | mobility coefficients D,, | diffusivity of positive ions
kp Boltzmann constant T | absolute temperature

The study of the transport of charged particles has been a very hot topic since
it plays an important role in real life. Many phenomena and processes, including
electrophoresis and electroosmosis [45, 57|, for instance, in physics, chemistry, biol-
ogy, and engineering, could be attributed to these models in light of many classical
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fluid models, such as the inviscid Euler system [14], the viscous Navier—Stokes system
[47], magnetohydrodynamics system [15, 16], Maxwell system [48, 56], and so forth.
In this paper, our starting point is the Poisson—Nernst—Planck (PNP) system in [9].
We first review some known results about the PNP system. In general, the PNP
system models the dynamics of the microscopic charged particles (cations, anions) in
compressible or incompressible fluids by neglecting the macroscopic fluid effect. The
original PNP system reads as

. Zye
vy = div [DU (VU + kBTUV(b)} ;

(1.1) L Zwe
wy = div | Dy, Vw+kBTwV¢ ,

—€eAQ = zyev + zyew,

which is usually used to describe the dynamics of the dilute charged particles [24, 25,
56]. There is the energy dissipation law of (1.1),

d d 1
_Etotal — _/ T 1 1 - . w
7 7 kT (vlnwv +w nw)—|—2gz5(z ev + zyew)
kgT kT
(1.2) =- DBU v |uy|® + Diww uw|? i= —A,

where E?°te! is the total energy including thermo-fluctuations (Gibbs entropy) of
the ion species and the electric potential energy, A is the entropy production (en-
ergy dissipation rate), wu,(u,) satisfying (2.11) ((2.12)) is the effective velocity of
the negative (positive) charge, and ¢ is the solution to the Poisson equation (1.1),,
respectively. Hsieh et al. [33] combined the energy dissipation law (1.2) and (2.11)-
(2.12) to derive the above equations (1.1), , by using an energetic variational ap-
proach (EVA). For the existence, uniqueness, and long time behavior of solutions
to the Cauchy problem or initial-boundary problem of (1.1), we could refer to [5,
28, 46, 59, 61, 67, 77] and the references therein. For the study of the PNP sys-
tem with n ion species, we could refer to [8, 39, 51]. For the other topics of the
PNP system, such as the steady-state problem, the quasi-neutral limit, etc., we
could refer to [4, 23, 27, 42, 52, 65, 68, 71, 75, 76]. In addition, the PNP sys-
tem (1.1) coupled with an incompressible Navier—Stokes system has been studied,;
cf. [6, 36, 37, 38, 50, 69, 79].

However, the model might need to be modified when one deals with the solution
with crowded charged particles. Such a case can be found in ion channels and elec-
trodes of batteries [19, 20, 21]. In this case, the mutual friction between different
ion species is inevitable since it has an important impact on the dynamics of the
species themselves. To analyze such an impact, Hsieh et al. [33] modified the above
dissipation as the following; however, the total energy is unchanging,

kpT kT
A* = gv v|uv|2+Diww|uw|2+

kT

VW

2
VW [ty — U],

where the added third term (the relative velocity differences) is responsible for the
dissipation arising from the friction between particles. Then, their modified PNP
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model is
(1.3)
. 1 Zp€ Zwe
vy = div {m ((1 +v) <Vv + kBTvng) +v (Vw + kB—TwV(b))] ,
. 1 Zwe Zp€

—€eA¢ = zyev + zyew,

where we have set D, = Dy, = D,,,, = 1 for brevity.

Motivated by [33], we modify the energy dissipation law by considering the com-
bination of the microscopic (atomic) energy law and macroscopic (hydrodynamic)
energy law, which could be reasonable since the microscopic charged particle and the
macroscopic flow interact with each other. More precisely, we explore the connection
between the PNP system and Navier-Stokes system by using an EVA stated as in sec-
tion 2. Then, we derive a generalized coupled Poisson-Nernst—Planck-Navier—Stokes
(PNP-NS) system:

(1.4)
pe +div(pu) =0,

(pu); + div(pu @ u) + Vp = pAu + p'Vdivu — Vo — Vw + eApV e,

vy + div(vu) = div { (14 v) (Vv + zpevVe) + v (Vw + zwewV(b))} ,

1
l1+v+w

wy + div(wu) = div { (14 w) (Vw + zypewVe) +w (Vo + zvevngS))} ,

l1+v+w

—€eAQ = z,ev + zyew.

The above system (1.4) could describe the dynamics of the compressible viscous con-
ductive fluid with the crowded charged particles in R3. Comparing the model (1.3) and
(1.4) with (1.1), we find that the cross-diffusion terms appear in the equations (1.3), 5
and (1.4); ;. Then, we can conclude that the mutual friction between different part)i—
cles will lead to the cross-diffusion phenomenon. For the cross-diffusion phenomenon,
readers could refer to [53, 54]. As we know, it is hard to deal with the cross-diffusion
problems since generally there is no maximum principle. In addition, the cross-
diffusion induced instability happens; see [35, 74]. About the cross-diffusion models,
there are two typical examples. One is the well-known Shigesada—Kawasaki—Teramoto
(SKT) system, which was first proposed to model the spatial segregation of two com-
peting species in [70]. Since then, many researchers have been devoted to studying the
SKT system. For more details, readers could refer to [10, 11, 17, 32, 53, 54, 80]. The
other model is called (Patlak—)Keller-Segel model, which was derived to model the
chemotaxis; cf. [31, 43, 44, 66, 78]. Besides, we could also refer to [7, 12, 18, 40, 41, 49]
for other cross-diffusion models. However, our derived cross-diffusion system (1.4) is
new and more complicated since it consists of coupled hyperbolic-parabolic-elliptic
equations. To some extent, it can be used to model and simulate some important
biophysical processes. So, it will be very interesting to solve (1.4) in the following.
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In this paper, without loss of generality, we set 4 =y’ =€ =e = z, = 1 and
zy = —1in (1.4). Then, the system (1.4) is reduced to

(1.5)

po -+ div(pu) = 0,
(pu): + div(pu ® u) + Vp — Au — Vdivu = —Vv — Vw + A¢pV ¢,

vy + div(vu) = div [ (1 +v) (Vo—ovVe)+v(Vw+ wV¢))] ,

1+v+w

we + le(wU) = div {m

(1+w) (Vw4 wVe) +w (Vv — UV(;S))] ,

Ap=v—w.
Here we assume that the pressure p = p(p) is a smooth function such that
(1.6) p'(p) > 0 for p > 0.

We also assume p’(1) = 1 without loss of generality. We will look for the solutions
(p, u, v, w)(z,t) to the Cauchy problem for (1.5) with the initial data

(17) (pa u,v, w)(x, t) |t:0: (pO; Uo, Vo, ’U}O)(ir), HAS R37
and the far-field behavior
(18) i (p,u,v,w)(r, 1) = (1,0,1,1)

|z|—+o00

In addition, the Poisson equation (1.5), implies the electrical neutrality of the far-field,
ie.,

(1.9) lim ¢z, t) =0.

|z| =400
We define the perturbation by
o=p—1l,u=u, V=v—-1, W=w-1, ¢ = 0.
Then, the Cauchy problem (1.5)—(1.9) becomes

(1.10)
ot +div((e + 1)u) =0,
(0+ 1) (u+u-Vu)+p(0+1)Vo— Au—Vdivu = =VV = VW + AgV 4,
Vi + div((V + Du)

_ div <(V+2)VV+ (V+ 1)VW) _ div ((V+1)(V—W+1)V¢>

V+W+3 V+W+3 ’
W, + div((W + 1)u)
(W +2)VW + (W +1)VV (W)W -V +1)Ve
:dlv< V+W+3 )+dlv( V+W+3 )

Ap=V —-W,
(0,u, V,; W) |=0= (00, u0, Vo, Wo).

Set U = (V,W)T. The perturbed cross-diffusion equations (1.10);-(1.10), could be
rewritten as

U, — div(A(U)VU) = N(U).
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Here the diffusion matrix A(U) is given as

A = An(V, W) Ap(V,W)
T\ A (VW) Axp(VW) )7
where
V+2 V+1
An (VW) = VIWw s Ap(V,W) = Viw L3
W+1 W +2
A1 (VW) = Viw s A(V,W) 1= VW3

We claim that the linearized matrix for A(U) is diagonally dominant, i.e., the

linear part of A(U), which by (4.1) is equal to
L(A) = ( ) ,

is diagonally dominant. This is a key point to derive the effective energy estimates
in the later sections. In fact, we develop a simple approximation scheme to prove the
local solution, where the cross-diffusion could be controlled by using some detailed
energy estimates. In particular, the unique local solution holds for large initial data.
Since the linearized diffusion matrix is diagonally dominant, we manage to derive the
refined a priori estimates. Then, the a priori estimates ensure that the local solution
can be extended to the global one by using a continuous argument. To prove the
time-decay rates, a crucial step is to find a better energy estimate for V¢ given by
Lemma 5.1 on the premise that the global small solution has been obtained. Further,
we could establish the refined differential inequality given by Lemma 5.2, which helps
us to derive the time-decay rates of the solution and its derivatives of any order. Our
main results, which include the global small solution and the time-decay rates, could
be applied to a class of cross-diffusion systems whose linearized diffusion matrices are
diagonally dominant. For example, it is suitable for a more general PNP-NS system:

wl— Wl
WK Wl

pt +div(pu) =0

(pu)e + div(pu @ u) + Vp = pAu + p'Vdivu — Vo(v) — Vib(w) + eApV ¢,

ve + div(vu)
= div {ﬁ (14 v) (V) + zpevVe) + v (Vip(w) + zwengb))} ,

wy + div(wu)
= div [ﬁ (1 +w) (Vi(w) + zwewVe) +w (V(v) + zvequS))} ,

—eA¢ = zyev + zyew,

where the functions ¢(v), ¥ (w) could be considered as being smooth.

Notation. In this paper, we use H*(R®), s € R, to denote the usual Sobolev
spaces with norm ||-|| ;. and LP(R3), 1 < p < oo to denote the usual L spaces with
norm |-||;,. The symbol V¢ with an integer £ > 0 stands for the usual any spatial
derivatives of order /. When ¢ < 0 or / is not a positive integer, V* stands for A’
defined by A‘f := .Z~1(|¢|*.Z f), where .Z is the usual Fourier transform operator
and . ! is its inverse.
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Throughout this paper we let C' denote some positive universal constants. We
will use a < b if a < Cb. We use Cy to denote the constants depending on the initial
data. For simplicity, we write [|(A, B)|| x = [|Allx + | Bl x and [ f := [ps f dx.

The notation C*(0,T; B)(k > 0) denotes the space of B-valued k-times continu-
ously differentiable functions on [0,7], £ (0,T; B)(k > 0) denotes the space of B-
valued k-times boundedly differentiable functions on [0,7], and £2(0,7; B) denotes
the space of B-valued L2-functions on (0, 7).

Our main result about the asymptotic stability of the Cauchy problem (1.10) un-
der small perturbations around a constant equilibrium state is stated in the following
theorem.

THEOREM 1.1. DenoteU(t) = (o, u, V,W)(t). Assume that Uy := (00, uo, Vo, Wo) €
H* for an integer k > 3. If the initial H3 norm ||Uo|| s is sufficiently small, then
the Cauchy problem (1.10) admits a unique global solution (U,V)(t) satisfying for
allt>0 and 3 <<k,

t 1/2
(L11) U@ e + (/0 IV o) I5e—s + IV (w, VW) ()| e + |AS(T) 1 71e dT)
< ClUoll e -

If we additionally assume that ||V~ (Vo — Wo)|| 1> is sufficiently small and Uy € BQ_;
with 0 < s < 3/2, then for all t >0,

(1.12) VU @) e < Coll+1)~F for 0<L<k—1
and
(1.13) V98| . < Col+ )5 for 0< <k —2.

We give some remarks in the following.

Remark 1.2. Here we could remove the smallness of ||[V~1(Vo — Wo)||z2 by as-
suming only V~1(Vy — Wy) € L2. Then we could prove that the time-decay rates
(1.12) hold still for ¢ = 0,1. However, it is hard to obtain the higher-order decay
since we cannot prove the inequality (5.23) for ¢ > 1. In addition, the restriction
V~Y(Voh — Wy) € L? may be natural since it could be looked as the restriction for the
initial electric field Vo by

IV (Vo = W)l 1> = [[V " Ado|| > = Vol 2 -

Remark 1.3. If s = 3/2, then the time-decay rates (1.12) could be regarded as
being optimal in the sense that it is consistent with the decay of the heat kernel.

Remark 1.4. The Besov spaces B;go are given by Definition A.5. By Lemma A.6,
we have LP C B;io for 1 < p < 2. So, our time-decay rates (1.12)—(1.13) with
s = 3(1/p — 1/2) also follow if we replace Uy € Bgf)o (0 < s<3/2) by Uy € LP
(1<p<2).

Remark 1.5. This paper focuses on the whole space. In fact, the PNP-NS system
in some bounded domain could also be derived by the EVA, and then the correspond-

ing initial-boundary value problems could be considered by imposing some appropriate
boundary conditions. This is the forthcoming work by using different methods.
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This paper is structured as follows. In section 2, we derive the generalized PNP-
NS system (1.4) by using the EVA. Then, we construct the local solution and establish
the a priori estimates in sections 3-4, respectively. In section 5, we prove the global
solution and obtain the time-decay rates of solutions. In Appendix A, we list out some
technical ingredients used often in this paper, such as various interpolation inequalities
and definition of Besov spaces.

2. Derivation of models. In this section, we will use an EVA, together with
a prescribed energy dissipation law, to derive a generalized PNP-NS model. Such a
model could simulate the dynamics of the fluid with the crowded charged particles
(ions, etc.).

First, by the law of conservation of mass, we have

(2.1) pt + div(pu) = 0.
And Gauss’s law gives the Poisson equation
(2.2) —eAp = zyev + zyew.

Solving the Poisson equation (2.2), we obtain

(23) o) = £ [ Gla =)o+ 2uw)w) d,

where the kernel G(-) = #H is the fundamental solution of —A in R3.
The energy dissipation law could be read as the following form:

d
2.4 — ptotal — _A.
(2.4) 7

Here the total energy is given by

Etotal :/kBT(vlnv—l—wlnw)—l— §|V¢|2dx+/gIU|2+w(P) d

microscopic macroscopic
= /kBT(Ulnv +wlhw)dz
2
(2.5) —|—§—€ // G(z — y) (200 + zw)(2)(20v + 2w)(y) dyde,

where we have used integration by parts and (2.3). And the dissipation is given by

A = / (kBT (DLU |y — u|2 + Diw [ty — u|2 + szuw |ty — uw|2)

(2.6) + p|Vul? + 1| div u|2) dx.

In the following, we set kg = T" = 1 for brevity. Then, we begin to use the EVA to
derive the equations of motion, as in [26, 33, 79]. In fact, the EVA is to find out the
conservative force and the dissipative force by computing some appropriate variations
for the action functionals set by the total energy and dissipation with the help of
the least action principle (LAP) (or Hamilton’s principle) [1, 2, 26, 29, 34] and the
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maximum dissipation principle (MDP) (or Onsager’s principle) [26, 34, 62, 63, 64].
Then, the total force balance gives rise to the motion equations. So, the first step is
to set the action functionals as

t* )
A =— / /U Inv+wlhw+ ;— / G(z — y) (200 + 2pw)(x)(20v + 2zw)(y) dydzdt,
0 €

e
As =/ /£|u|2 — w(p) dzdt,
O 2

which correspond to the microscopic part and the macroscopic part of the total energy,
respectively.

Second, by the LAP, taking the variation of .4; (for any smooth ¢ with compact
support) with respect to v yields

o
0= 4 Ai(v +ev) = 4 <— / /(U +ev)In(v + €0) dxdt)
€le=0 de e=0 0
d e [t
+ — - — / // Gz — ) (200 + 20E0 + 2w)(x) (200 + 2w) (y)dydadt
de e=0 € Jo

o
= / / (—lnv —1— z,ed) v dxdt.
0

Since v is arbitrary, we obtain

5A1 5~A1

— = —Inv -1 - 2z,e¢d = Fionservative,y = VV—— = —Vv — 2,evV¢.

ov ov

By the MDP, taking the variation of %A (for any smooth @ with compact support)
with respect to u, yields

d 1
0= — —A(uy + et

de|._o 2 (o +£t)

d 1
:E5_05/%”|uv+8ﬁ—u|2+l;)fw|uv+£ﬁ—uw|2dx

/ (DLU(U” —u)+ vaww (uy — Uw)) cudz.

Since @ is arbitrary, we obtain

Accordingly,
S(IN) v vWw
Fdissipativc,v = (5211, = D_(uv - U) + D (UU — uw)

The total force balance for the negative charge yields

SA1  6(3D)
Vo T Tou
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ie.,

vw

(2.7) —Vv — z,evVe = L(uv —u) + D

D,

(Uy — Uny)-

Similarly, for the positive charge, we have the total force balance:

JAL _ 6(3L)
NS T Ty
ie.,
(2.8) —Vw — zpyewVeo = Di(uw —u) + Dvw (U — Uyy)-

For simplicity of derivation, we set D, = Dy, = D, = 1 from now on. Then, by
(2.7) and (2.8), we obtain

1
2. v = -— v w
(2.9) VU = VU 1—|—U—|—w(( +v) (Vv + z,evV) + v (Vw + z,ewVe))
and

1
2.1 w = ——((1 w v .
(2.10)  wu L e (14 w) (Vw + zypewV o) + w (Vv + z,evV))

In the meantime, for the microscopic negative and positive charge, we have

(2.11) vy + div(vu,) =0,
(2.12) wy + div(wu,,) = 0.

Plugging (2.9), (2.10) into (2.11), (2.12), respectively, we obtain

(2.13)

vy + div(vu) = div { (14 v) (Vv + zpevVe) + v (Vw + zwengzS))}

l1+v+w
and
(2.14)

wy + div(wu) = div { (1 4+ w) (Vw + zpewVe) +w (Vo + zvevV(b))] .

l1+v+w

For the macroscopic action functional Az, by referring to [26], we have

A .
Fracro-conservative = 5—; = ((pu)t + le(pU & U) + Vp(p)) s
where
(2.15) p(p) :=w'(p)p — w(p).

On the other hand, by the MDP again, taking the variation of %A (for any smooth @

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/16/16 to 128.248.155.225. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

3200 YONG WANG, CHUN LIU, AND ZHONG TAN

with compact support) with respect to u yields

d
0=
d

de

%A(u + ett)

e=0
1

_/(v|uv—u—£ﬂ|2+w|uw—u—£ﬁ|2
5:02

|V + eVal? + 4| diva + 5div11|2) dz,
= /v(uv — ) (=) + w(uy —u) - (=) + pVu: Vi + p dive div a der,
= / (—pAu — (/' Vdivu + v(u — uy) + w(u — uy)) - G de.
Since u is arbitrary, we obtain
—pAu — @'Vdivu+v(u — uy) + w(u — uy) = 0.
Accordingly,

s(in
Fmacro—dissipative = % = —MAU - u’V divu + ’U(U — UU) + U}(U — uw).

The macroscopic force balance yields

342 _ 0(58)
dx Su

ie.,
(pu)t + div(pu @ u) + Vp(p) = pAu+ @'V divu + v(uy — u) + wlu, — u).

Plugging (2.9) and (2.10) into the above equation, by the Poisson equation (2.2), we
obtain

(2.16)  (pu)t + div(pu @ u) + Vp(p) = pAu + 'V divu — Vo — Vw + eA¢pV .

Finally, we collect (2.1), (2.2), (2.13), (2.14), and (2.16) to obtain the compressible
PNP-NS system

(2.17)

pt + div(pu) =0,

(pu); + div(pu @ u) + Vp(p) = pAu + 'V divu — Vo — Vw + eApV g,
vy + div(vu) = div {m (14 v) (Vv + zpevVe) + v (Vw + zwewV(b))} ,

wy + div(wu) = div [ (14 w) (Vw + zypewVe) +w (Vo + zvevV¢))} )

l1+v+4+w
—eA¢ = zyev + zyew.

Now, we can conclude the following proposition.
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PROPOSITION 2.1. The PNP-NS system (2.17) satisfies the following energy dis-
sipation law:

(2.18)

- §|u|2 +w(p) +vinv+wlnw + §|V¢|2 dx

= —/ (v lty — ) 4 w [ty — 1) 4 0w |ty — e |” + | Vu|® + 1| divu|2) dx.

Conversely, we could use an EVA to derive the PNP-NS system (2.17).

Proof. We have derived the PNP-NS system (2.17) in the above. Multiplying the
first four equations in (2.17) by w'(p), u, Inv+ 14 z,e¢, Inw + 14 2z, e, respectively,
summing them up, and then integrating over R3, we obtain (2.18). d

We give some remarks in the following.
Remark 2.2. Solving ODE (2.15) directly, we obtain

_ | plnp it p(p)=p,
w(p) - { P if p(p) = (’y — 1)pv, v > 1.

Remark 2.3. The variations 5E;Zml =Inv+ 1+ z,e¢ and 5E;;ml =lnw+1+
zwed are called the (electro)chemical potential [22] of negative and positive ions,

respectively.

3. Local solution. In this section, we will prove the local existence and unique-
ness of solutions to the Cauchy problem (1.10).
For brevity, we denote

U= (Qvua Va W)7 U, = (Qnauna ‘/’anTL)v n= Oa 172 s

and
he = Je * h7 h076 = Je * hOa

where J¢ is the Friedrichs’ mollifier for some € > 0. We rewrite (1.10) as

ot +u-Vo+ (o+1)divu =0,
1 1
_ Au — P |

U ot 1 u g+1levu g,
(3.1) Vi — A (V,W)AV — A (V,W)AW = g2,

Wi — Ago(V,W)AW — Ay (V,W)AV = ¢°,

Ap=V-—-W,

U |t=0= U,
where

(e+1) 1 1 1
! o o+1 ¢ o1 oVé o+1 o+ 1

g% = —divu — div(Vu) + VAL (V,W) - VV + VA, (V,W) - VIV

((V+H(W -V 1)
—|—d1v< VW3 V¢>a
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g% = —divu — div(iWu) + VAx(V,W) - VW 4+ VA (V, W) - VV

W+ (W -V +1)
—|—d1v< VI 13 ng).

In the following, we will prove the local solvability of the Cauchy problem (3.1).
First, we construct the suitable approximate system corresponding to (3.1). Then,
such an approximate system could be solved by solving the corresponding linearized
system of (3.1). At this time, we could obtain a sequence of approximate solutions.
Finally, we could prove that the approximate solutions converge to the solution to the
original system (3.1). Hence, we complete the proof of local solvability of the system
(3.1).

Let n =2,3,4,.... We construct the approximate system of (3.1):

8th + Up—1 - VQTL + (anl + ]-) leUn = 07

1 1
Oty — ———— Aty — ————Vdivu, = g,
On—1+1 On—1+1
(3.2) OV — A1t (Vie1, Wy 1) AVy, — Ao (Vio1, W) AW, = g2 4,

8th - AQZ(‘/’IL—la Wn—l)AWn - A21 (‘/n—la Wn—l)AVn = 92717
Un |t=0= Uo, U1 = .

Here the nonlinear functions are defined by

!
1 b (Qn—l + 1) 1
1= —Up_1 - VUp1————— Vo 1+ ———Ap,_1V,_
In_1 1 1 on 1 1 On—1 anl"_]-d)l(bl
1 1
— 7VV,1_1 — 7VW7L—17
On—1 + 1 On—1 + 1

g2y = —divu,—1 — div(Vp—1un—1) + VA1 (Vie1, Woo1) - Vg
+ VAV, Wy1) - VW,
Vo + (W1 = Vg — 1)
d Voén_1l,
- 1V< Vo1 +Wpo1 +3 On—1
go— = —divu, 1 — div(Wp1tn—1) + VA (Vao1, Wn1) - VW, g
+ VA (Vi1 , Wo1) - VVi
+ div <(WTL—1 + 1)(Wn—l - ‘/n—l + 1)
‘/n—l + Wn—l + 3

V(bnl) .

To solve the above approximate system, we turn to consider the linearized system of
(3.1) at (n,w,v,W):

Lg,w(gau) =0t +w-Vo+ ('f] + 1) divu = f,
1 1
1 ._ . 1
Ly (u) ==y — mAU - dewu =g,
(33) L%,w(Va W) = ‘/t - All(ﬁ, ﬁ))AV - Alz(ﬁ, ’LZ})AW = 927
L%,E;(Va W) = Wt - A22(~, ﬁ))AW — A21('D, ﬁ))AV = 937
U |t=0= Uy,

where ), w = (@', @?, @7, 0, w, f, g' = (9", 9", 9"*)7, g% and ¢* are regarded

as the given functions. We introduce the definitions of some function spaces.
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DEFINITION 3.1. Forl = 2,3, we denote the function spaces
E(0, T3 H') = {(0,u, V,W)(x,1) :
o(z,t) € C°(0,T; HYnCH0,T; H'™Y),
(u, V,W)(z,t) € C°(0,T; H') N CH(0, T; H' %)}
and
(0, T3 HY) == {(0,u, V,W)(x,1) :
o(z,t) € L2 (0, T; HY N £ (0, T; H'™Y),
(u, V.W)(,t) € LL(0, T3 H') N L3 (0,T; H?)}.
In the whole proof of local solution, it is important to establish the following
energy estimates of the linearized system (3.3). So, we start from this point.

3.1. Energy estimates for linearized system. Throughout this subsection,
we assume for some T' > 0,

(34) E:= sup ||(77,w,’l~},ﬁ})(t)”H3~

0<t<T

We also consider the simple hyperbolic equation:

(3.5) Le(0) =0t +w- Vo= f°
where f0:= f — (n+ 1) divu is viewed as a known function.

First, we give some estimates for the commutators of the operators an, L,17,
L2 D L3 @ Loy V™,m =1,2,..., and mollifiers J, which will be used later.

LEMMA 3.2. Assume that for some T > 0 and some constant x,

(n,70,0,w)(t) € LL,(0,T5 H?), n(t) = x > —1,
U(t) € £0,T; HY) forl =2,3.

Then we have the following estimates (1)—(3) for all t € [0,T].
(1) For anym, 0<m <1 —1,

IV L () — Lw( Oz < CE[Vel gm

[V L) o (0,u) = LY (V™ 0, V™ )|, < CE|IV(0,u)l| grm ,

(
(3.6) [V™Ly (u) — L},( HL2 < CE||Vull gm
VL2 ( (VW) = L2 o (V"V, VW), < CE[[V(V, W) g
VL3 (VW) — %@(V’”V,V’”W)HLQ S CE|VV.W) gm -

(2) For anym,0<m<l—1, ase—0,

||'] * Loy (Q) LW(QE)HHm+1 — 0

(| Je * LY _(0,u) — LY (0c, uc) HHm+1 — 0,
(3.7) (| Je L} (u) — L} (uc ||Hm -0,

([ Je % L2 5 (VW) = L2 5 (Ve, W[ .. — 0,

HJ*L a(ViW) — 137@ (Ve, We) HH
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(3) Further we assume that U(t) € £(0,T; H3) and (0, @', o', @")(t) € L2 (0,T; H?)
with ' (t) = x > —1. Then we have
(3.8)
L9 o (0, u) = LY, i(0,u)] o < C sup [0, u)ll s [(n—7's @ — @)l g2
0<t<T

1 1 /
HLn(u) - Ln’(u)HHl < COE?ET HUHH?’ H77 -1 ||H2 ’

Itx

123 5V, W) = L 5 (V. W)| y < € sup [V, W) o 18 = 7,0 = @) e

L3 o (ViW) = L3, o (VW) S C sup [(V,W)]| gy 15— 0 — @) 2 -
0<t<T

Proof. We refer to [58, Lemma 3.1, p. 74]. 0

Next, we will show some energy estimates for the solutions to the linearized
system.

LEMMA 3.3. Letl =1, 2, or 3. Assume that for some T > 0,
w(t) € LL(0,T; H), fO(t) € L2,(0. T HY).
If o(t) € £2.(0,T; HY N LL (0, T; H'=Y) solves (3.5), then for any t € [0,T],
t
(39) le®l < e (lenll + [ €5 |20 ar)

Proof. We can refer to [58, Lemma 3.2, p. 77]. 0
LEMMA 3.4. Let 1 =2 or 3. Assume that for some T > 0,

(B, @)(t) € L0, T; H), (9%, ¢°)(t) € LL,(0,T; H'™1).

If (V,W)(t) € £9,(0,T; H) N LL(0,T; H=2) solves (3.3);-(3.3),, then (V,W)(t) €
L2(0,T; H*1) and there exists a constant v > 0 such that for any t € [0,T],

t
NV, W) + v / IV V. W) ()] 2 dr
t
(3.10) < COHEN <|(vo,wo>|iz o [0l dr)
0
and for 1 <k <,

IV w0+ [ v i

t
2 2
(3.11) L eCF <|V(V0,Wo)|§1k_1 +0/ (g, 8*) ()| 1y dT) .
0
Proof. Let
(3.12) J=V+W, K:=V-W.

By (3.3)3-(3.3),, we obtain

J— AJ = g% + ¢,
(3.13) 1
i+ w+3

F—
- 7 AJ=g*- ¢
i+ d+3 99
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Multiplying (3.13), by J and integrating over R*, by the integration by parts and
Cauchy’s inequality, we obtain

1d

(314) G Il + V7 =/(92+g3)J<0||J||iz+0H<g2,93>lli2.

Multiplying (3.13), by K and integrating over R3, by the integration by parts and
Cauchy’s inequality, we obtain for any ¢ > 0,

1 d
YK -
s Kl + 57573

_ - _v-w 5 3

- /V(5+w+3)VKK+/€+w+3AJK+/kg 9K

(3.15)
<sHVKﬁ2+Cﬂl+EﬂHvﬂﬁz+aﬂl+EﬂHKﬁ;+CH@%fﬂﬁ?

VK7

Taking € > 0 properly small, we obtain for some v/ > 0,

(3.16)

d 2 2 2 2 2
T 1Kl +V VK| < C (14 E%) V|32 + C (14 %) K2 + C (6% 67) 2 -
Multiplying (3.16) by some fixed small constant and then adding it to (3.14) so that

the first term on the right-hand side (RHS) of (3.16) could be absorbed, we can obtain
for some v > 0,

d N 2
SN + 7 IV K < O+ B (1K) + (6% )7

By Gronwall’s inequality, we obtain for some v > 0,

17 K)®llz2 +7 / VLK) dr
(3.17) < COFENE (II(Jo,Ko)IIiz + C/Ot 1% 6% dT) :
Thus, we deduce the estimate (3.10) from (3.12) and (3.17). Define

AJ.

1
Ly 5(JK) =K, - AK —

v+w+3 v 3

+|=

w

=+ | <=2

Next, applying Jex to (3.13), we have

0. — AJ. = g% + g°,
(3.18) {t 9e + 9

L%@(JE,KE) = 952 _953 + Ny,

where
Nf = L%)@(JeaKE) - JE * L%JI;(J? K)

By Lemma 3.2, we easily obtain for 0 <m <[ —1,

(3.19) INT||fjm =0 as €—0.
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Multiplying (3.18), by —AJ, and integrating over R?, we easily obtain

| =

(3.20) V)25 + A2 < C /(g2 63| -

N =
U

t

Multiplying (3.18), by —AK,. and integrating over R3, by Cauchy’s inequality, we
obtain for any € > 0,

- / L3 5(Je, K)AK, = — / (92 — g2 + Nf) AK.
(3.21) <ellAK: + Ce (192 027 + NI

For the left-hand side of the above inequality, we have for any & > 0,

- / L} o(Je, K)AK,

=—/ oK. — —— AK. — """ _AJ)AK,
v+ w4+ 3 v+ w4+ 3

1d ) 1 ) b —
= —— K. —|AK, ———AJAK,
2dt”V HL2+/v+w+3| | +/v+w+3 I
1d 2 1 2 ~ 2 2 2
. 2__ € -~ ~ o € - € - g € .
(6:22) 255 IVKG + [ MK — S|AK G - CE? AL

Plugging (3.22) into (3.21) and taking €, £ properly small, we obtain for some v/ > 0,
d 2 2 2 2 €12
(3:23) = IVKFx+ /| V2K |72 < CE2 AT + € ([|(62 6972 + INFI72) -

Multiplying (3.23) by some fixed small constant and then adding it to (3.20) so that
the first term on the RHS of (3.23) could be absorbed, we can obtain for some 7 > 0,

d - €
(B:24)  ZIVUL K + (V2L K. < O (|62 g0)][72 + INEIE:)
Integrating (3.24) in time, we obtain
2 ! 2
IV (Je, K (B)]72 +,>/0 [V2( e, K)(T)|[ 2 dr
) ¢ 2 2
(3.25) <V (Jo.e Kooz + 0/0 (o2, gD II3a + INF ()3 ) dr.
As € — 0, by (3.19), we obtain
2 ' 2
VOO +7 [ [V K0 dr
t
< IV K+ C [ 62 )07 ar

t
(3.26) < et (IIV(Jo,Ko)Iiz + C/O (6% 6% ()] 22 dT) :
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Thus, we can deduce (3.11) with £ = 1 from (3.12) and (3.26). Applying V to equation
(3.18), we obtain

e A e = 2 37
327) {atw VAJ, = Vg2 + Vg

LE 5(V(Je, Ko) = Vg2 — Vg2 + Ns,

where
N§ := L} o(V(Je, Ko)) = VL 5(Je, Ko).

By Lemma 3.2, we easily obtain,
(3.28) N3]l 2 < CE[V(Je, Kol g1 -

Here we can apply the inequality (3.24) to V(Je, K¢) in (3.27) to prove (3.11) for
k = 2. In fact, for k = 2, by (3.28), we deduce from (3.24) and (3.27) that for some
v >0,
d 2 2 ~ 3 2
L2 K| + 590 K
2 € €
<O (VG2 g2)[52 + IV N: 22 + I3 72
2 €
<C (VG2 g3 + IVNEIT:) + CE2 IV (Je, Kl

By Gronwall’s inequality, we obtain
t
V20 KOO +7 [ [0 K dr

t
2
< eOF ( V2 (Jo.e, Ko.o)|| - + OEZ/ V(e KHOlza a7
0

t
v [ (19 el + oM ar).
Thus, by (3.19) and (3.26), as € — 0, we obtain
t
V2. K) (@) +D/O V3, K) (1)) dr
t
< CEQeCEQt/ IV(J, K)(7)|2. dr
0

t
re (|9 Ko} + ¢ [ 196200 ar)

< CE*e“F"t sup |V(J, K)(7)]|%
o<t

t
+eCF <||V2(J07K0)Hiz + C/O [¥(s*, )] 2 dT)

t
(3.29) < O (nvuo,Kon?p o [ @l dT) .

Thus, we deduce (3.11) with £ = 2 from (3.12) and (3.29). Similar to the case for
k = 2, we can prove (3.11) with k = 3. Hence, the proof of Lemma 3.4 is completed. 0O
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LEMMA 3.5. Let 1 =2 or 3. Assume that for some T > 0 and some constant x,
0(t) € LL,0, T3 H?), n(t) > x > —1, g'(t) € LL,(0, T H'Y).

Ifu(t) € £9(0,T; HYN LL (0, T; H'=2) solves (3.3),, then u(t) € L2(0,T; H*Y) and
there exists a constant v > 0 such that for any t € [0,T],

t t
(3.30) |UUN@2+4//NHVUCﬂ|izdTﬁE€C“+E)t(Wm”i2+(j/nHg%Tﬂﬁsz)
0 0

and for 1 <k <,

t
(3.31) ||VFu@)|, + v / IV ()|, dr
0

t
<éw%QvWﬁWJ+cAH¢wm;AdQ.

Proof. The proof is similar to Lemma 3.4. 0

LEMMA 3.6. Letl =2 or 3. Assume that for some T > 0 and some constant x,
(n, @, 9, w)(t) € L2 (0,T; H?),
n(t) = x> -1,
f(t) € £3,(0,T; HY),
(9%, 9%,9*)(t) € £L2,(0,T; H1).

IfU(t) € £(0,T; H') solves the system (3.3), then (u,V,W)(t) € L2(0,T; H*') and
there exists a constant v > 0 such that for any t € [0,T],

|wmm,QAWw%uwww;myﬂ

t t 1/2
2 2
< OB < ||UO||Hl +/0 ”f(T)”Hl dr + <C/0 H(glagzagg)(T)HHl*l dT) )

Proof. First, we have

/ [EaCallP dT=/ 1 (D e + (0 + 1) divoul| g d7
0 0

t
<AHﬂﬂMF+CO+EMVWde

t t 1/2
< / ()|l dr+C(1+ E)tl/2 (/ HVuHip dT) .
0 0
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By (3.9)—(3.11) and (3.30)—(3.31), we obtain
) t
@) < eO0+) t(ngonm o [P i
t ) 1/2
+ ”(uOvVOvWO)HHl + <C/ "(917‘92’93)(7_)”}”71 dT) )
0
5 t
< 0t lt<||90||Hz +/O £ e dr
‘ 1/2
+C(1+ B2 (/ IV, dT)
0
t ) 1/2
+ ”(uOvVOvWO)HHl + <CA H(glngvgB)(T)HHl—l dT) )

t
2
<etr® t(ll@ollm +/O L (D e dr

L (14 B)V/2eC0+E) (||<uo,Vo,Wo)|Hz

t ) 1/2
+ / 16" D)2 dT)

t 1/2
2
=+ ||(u07‘/07W0)HHl + <C/ H(glngagg)(T)HHl—l dT) )
0

t
< 60(1+E)2t(”UOHHl +/O LF () e d7

(o f Nt o) )

C(1+ E)t'/?e CO+E*)t C(1+E) 2 4 (CU+ENE ¢ (CO+E)*t

Here, we have used that

By (3.10)—(3.11) and (3.30)—(3.31), we also obtain

t t
[ IV dr < OB (0l [t e ar).
0 0

The proof of Lemma 3.6 is completed. d
3.2. Solving the linearized system. Assume that for some 7" > 0 and some
constant Yy,
(n,%,0,@)(t) € C°(0,T; H?),

n(t) = x > —1,
f(t) € €0, T; H?),
(9%, 9% g°)(t) € CO(0,T; H?).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/16/16 to 128.248.155.225. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

3210 YONG WANG, CHUN LIU, AND ZHONG TAN

In what follows, we will solve the Cauchy problem (3.3):

Lo(g,u) =o0++w-Vo+ (n—l— 1) divu = f,
1
Lt Au — =
(u) :== 77+1 u 77+1Vd1vu gt
(3-32) L2V, W) =V, — Ay (5, @)AV — A1a(5, ) AW = g2,
L?’(V, W) =W, — Aga (0, 0) AW — A9y (0, 0)AV = g,
U |i—o= Up.

First, we consider the Cauchy problem

0 |t:0: 00,

where @ and f* = f — (n + 1) divu are regarded as known.

LEMMA 3.7. Letl =1 or 2. Assume that for some T > 0,

w(t) € C°0,T; H?),
fo(t) € €00, T; HY).

If o0 € H', then the Cauchy problem (3.33) has a unique solution
o(t) € C0,T; HYncY (0, T; H' ™)

such that for any t € [0, T,

t
(3.34) o) e < ™" (nmm s [ dT) .

Proof. We can refer to [58, Proposition 4.1, p. 83]. O
Next, we solve the Cauchy problem of (3.32),-(3.32),.
LEMMA 3.8. Letl =2 or 3. Assume that for some T > 0 and some constant x,

If (ug, Vo, Wo) € H', then the Cauchy problem of (3.32),~(3.32), has a unique solution
(u, V,W)(t) € C°(0,T; H) N C*(0,T; H'~?)

such that for any t € [0,T],
2 t 2
s V, W)@ + v / 19, V. W) ()20 dr

t
2 2
(3.35) L CUFTEDE <||(U07%aW0)|iIl + C/ (", 0% 8°) ()| o dT) :
0

where v > 0 is some constant.
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Proof. For the existence and uniqueness of the solution, we could refer to [13,
Theorem 2.5.1, p. 108]. Then the energy estimates (3.35) follow from Lemmas 3.4-
3.5. a

Now, we can use Lemmas 3.7-3.8 to obtain the solution of the Cauchy problem
(3.32).

PROPOSITION 3.9. Assume that for some T > 0 and some constant x,
(n, @, v,w)(t) € CY(0,T; H?),
77(’5) Z X > -1,
ft) €0, T; H?),
(g'.9% 9°)(t) €C°(0, Ty HY).

If Uy € H?, then the Cauchy problem (3.32) has a unique solution

(3.36) Ut) € £(0,T; H?)
such that
(3.37) (u, V,W)(t) € Lo(0,T; H?)

and for any t € [0,T],

+ 1/2
U @)l g2, (V/o IV (u, V, W) (7) [ 772 dT)
(3.38)

t t 1/2
2 2
< eCUTE)E <|U0||H2 +/0 ||f(T)HH2 dr + (C/o ||(91792793)(T)HH1 dT) ) ’

where v > 0 is some constant.

Proof. For any € > 0, let (o, ue, Ve, We)(t) be the solution of
(3.39)

with the initial data
Oc |t=0= 00, (ue, Ve, We) |t=0= (uo,e, Vo,e, Wo,e)-
Since (¢!, g2, 92)(t) € C°(0,T; H?) and (ug,¢, Vo,c, Wo,e) € H?, Lemma 3.8 implies that
(ue, Ve, We)(t) € C°(0,T; H*) N C(0,T; H')
and
—(n+ 1) divuc(t) € C°(0,T; H?).
Thus, Lemma 3.7 gives

0.(t) € C°(0,T; H*)nC (0, T; HY).
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Further, by Lemma 3.6, for the difference of solutions for any €,¢ > 0, we have the
estimate for any ¢ € [0, 77,

e = Q¢ Ue — ue/,‘/e_‘/e’awe_we/)(t)”H2,
1/2
< / ||v ué/a‘/e_‘/E’vwé_Wé/)(T)|ﬁ'{2 d7->

2
< eC(lJrE) ¢ < ||(u0,e — UQ,e’ VO,e - VO,e’a WO,E - WO,E/)HHz

¢ 1/2
(3.40) w0 [t st it - 1 ) )

Since

||(u076 - u0,6’7 %,6 - V07e’a W07E - W07e’)||H2 — 07
(gt — gk 92 = g2, 92— 62) )| ;o = 0,
as €,¢ — 0 in (3.40), we obtain the solution U(t) to the problem (3.32), which

satisfies (3.36). The energy estimate (3.38) follows from Lemma 3.6. The uniqueness
and (3.37) follow from (3.38). The proof of Proposition 3.9 is completed. O

Finally, we will prove the existence of the solution to the Cauchy problem (3.32)
in £(0,T; H3) for some T > 0.

ProPOSITION 3.10. Assume that for some T > 0 and some constant x,

(n,,0,w)(t) € C°(0,T; H?),
77(’5) > X > _17
(9,97, 9°)(t) € C(0,T; H?).

If Uy € H3, then the Cauchy problem (3.32) with f =0 has a unique solution

(3.41) U(t) € £(0,T; H?)
such that
(3.42) (u, V,W)(t) € Lo(0,T; H*)

and for any t € [0, T,

WOl (v [ 1907000 b7

1/2
(3.43) <ec<1+E>2t<onle </Hg %)) |52 d ) )

where v > 0 is some constant.
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Proof. Applying V to (3.32) with f = 0, we obtain

(3.44)
L°(Vo,Vu) = —(Vw)T - Vo — Vndivu := 1,

1 /

1 - . T _ _ ~  Tdiva . T 1._ 1

L (Vu) = (7]+1)2Au (Vn) T 1)2deu[ (Vn)" +Vg =g,
LA(VV,VW) = VAL AV + VARAW + Vg? = g%,

L3(VV,VW) = VApuAW + VAyu AV +Vg? = ¢°
vU |t:0: VU, € H2.

Next, we could combine an iteration method and Proposition 3.9 to solve the Cauchy
problem (3.44) in £(0,T; H?). Denote

U™ = ([Vo]™, [Vu] ™, [VV] [VIW]™) for m =0,1,2,....

Noting

o SCEIVE@ Wl [ 6".6%. 0",
<[IV(g", 9% ) +OE||V2 w VW) |

the Cauchy problem (3.44) could be solved by the iteration
U°(t) := VU,

and U™ (t), m =1,2,3,..., is the solution, belonging to C°(0,T; H?), of the problem

(3.45)

LOVel™, [Vu] ™) = =(Va)" - [Vl 71 = VnZ Je),

1 m 1 : m—1 m—1 1
L[Vl ™) = — gz | vVl >>+v;([um]< >)>-<Vn>T+Vg,
L2V [WW]™)) = VA div[VV] Y 4 VAL div[VIW] ™Y 4 vg?,
L3([VV]0) [VW]) = TV Agy div[VIV] Y 4 V Ay div[VV]" D 4 Vg,
U™ |1—o= V.

We next estimate the approximation {U™(¢)}.

Huo(t HH2 ||VU0H§{27

ot @1 < e (1901 + [ OB I e

+C/0 V(g g% %)%

+ CE2 HVQ(UQ, VO’WO)HiP ) dT)

t
< ST (WUonip +C / V(5" 6% ¢°)(7)| 3 dT) :
0
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For m =1,2,3, ..., we have the difference system
LO([VQ](m+1) _ [vg](m) [vu](m+1) - [Vu](m)) m
LY([Va) (D) — [V ) =
L2([VV]m+D) — [vy]m) [VW](erl) VW] = G,
LS([VV] (m+1) _ [VV] m) [ ](m+1) . [VW](m)) —ar,

Gy 1= (V)" - (Ve ™ = [Vo] V) — Wy ([0 = [ )00

=1

3
Gl" = —ﬁ (div ([Vu](m) - [Vu](mfl)) + V; ([Umi](m) - [um](ml))>
(V)T
= VaAu div (V] = [VV]0 D) 4 VA div (VW0 — [9w]D),

Q Q@Q
@3 ™3

= V Ay div ([VW](’”) - [VW](’”’”) + V Ay, div ([VV](’”) - [VV]“’H)) .
Then, by Lemma 3.6, we have

@+ —um) @),

t
<60(1+E2)t/ CE2||(Z/{ —um 1 T1 HH2 dr,
0

t 1
< CUTEN / CE2CUHEN / CE? U™ = U™ 2)(n) |2 drodr,
0 0

E* \" caimyr 2 T 1 2 3 2
<< () (19l o [ 96RO dr

— 0, m — oo.

Hence, {U™(t)} is a Cauchy sequence in C°(0,T'; H?), and then there exists
lim U™ (t) =VU(t) € c°(0,T; H?),

which is the unique solution of (3.44), and so we obtain the solution U (¢) € £(0,T; H?)
to the Cauchy problem (3.32) with f = 0. Then Lemma 3.6 gives (3.42), the energy
estimate (3.43), and the uniqueness of the solution. This completes the proof of
Proposition 3.10. ad

3.3. Local solution for the nonlinear system. In this subsection, we will
prove that the Cauchy problem (3.1) ((1.10)) admits a unique solution in £(0,7T; H?)
for some T' > 0 such that o > —1.

From (3.3), we simply denote (3.2) as

Lgn 1,un_1(Qna up) =0,

L;n 1(un) = 9;—17

(3.46) L%/n,hwn,l(vna W) = 9121717
L%/n_l,Wn_l(Vm Wy) = 92—17
U1 = Uo, Un |t:0: Uo, n = 2,3,4,...,
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which satisfies

A4 inf —1.
(3.47) inf, 0o(z) >
Define
EO =2 UO 3,
(3.48) ay %ol
X = ( 1nﬂ£ oo(x) —1)/2 > —1.
zeR3

Next, we will estimate the approximate sequence {U,(t)}>2,.

LEMMA 3.11. Assume that T is properly small. If Uy € H®, then we have for all
n=12.3,...,

(3.49) U, (t) € £(0,T; H?),

such that for any t € [0,T] and some v > 0,

‘ 1/2
(3.50) 10 )l < [ 19 Ve W) dr) < Eo
0
and
(3.51) on(t) > x > —1.

Proof. We use an induction to prove this lemma. First, it is trivial for n =
1 by (3.48). Assume (3.49)-(3.51) follow for Ui(t), k = 2,3,...,n — 1. Then by
Proposition 3.10, we have

Un(t) € £(0,T; H?)

and
t 1/2
VU (®)l s ( [ 19 w1 df)

t 1/2
2 2
< eC(1+E0) ! <|UO||H3 + <~/O H(gifla9121717913171)(7—)“[_[2 dT) )

. 1/2
< O ) t(onlle + </ C(Eo) 1Un—1(7) I35 dT) )
0

t 1/2
(3.52) < Ot <% " (/ C(Eo) Eg dT) ) < By,
0

provided that ¢ € [0, 7;] for some small T} > 0. By (3.46), and (3.52), we can obtain
that the sequence {010, (t)} is uniformly bounded, which implies that the sequence
{on(t)} is equicontinuous with respect to t. Then, there exists a small 75 > 0 such
that for alln > 1,

(3.53) on(t) = x > —1 for any t € [0, T3].

We choose T' = min{T}, T>}. Hence, the results (3.49)—(3.51) follow forn = 1,2,3,....
The proof of Lemma 3.11 is completed. a
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Now, we could give the local solution to the Cauchy problem (1.10).

PROPOSITION 3.12 (local solution). Assume Uy € H® and inf eps oo(z) > —1.
Then there exists a positive T (suitably small) such that the Cauchy problem (1.10)
has a unique solution

(3.54)

U(t) € £(0,T; H?),
(u, V,W)(t) € L2(0,T; HY),

which satisfies for any t € [0,T] and some v > 0,

o(t) > (inf oo(2) —1)/2> —1,
(3.55) ¢ 1/2
100 s ( [ 196y, df) < 2[|Uoll s

Proof. First, we prove a convergence of the approximate sequence {U,(t)} con-
structed in Lemma 3.11. Subtracting the system (3.46) with n = m > 2 from that
for n = m + 1, we obtain

(3.56)
L2m7um(9m+1 — Om Umg1 — Um) = Lgnzflfuwn—l(gm’um) — Lgm)um(gm,um%
Ly, (i1 = tim) = Ly, (tm) = L, (tm) + (95 = Im—1)
Ly w,, Ving1 = Vi, Wing1 — Win)
= L%/m,l,wm,l(vma W) — L2m,Wm(Vma W) + (912n - g?n—l) )
LY w, (Va1 = Vi, Wing1 — W)
=LV w Vs W) = L3 e (Vi Win) + (95, — 9 -1)

with the initial data

(357) (Um—i-l - Um) |t:0: 0, m = 2, 3,4, e

Next, we estimate the solution (Uy,4+1—U,y,)(t) to (3.56)—(3.57). For some fixed m > 2,
by Lemma 3.11, (3.8) of Lemma 3.2, and Lemma 3.6, we obtain for some T" > 0,

t
(3.58)  (Ums1 — Un) ()| 32 < e“HHEITCO(EY) / (U = Un—1) (1) || 372 dri,
which implies for any ¢ € [0, T,
(U1 — U (@) I 32

t
<60(1+Eo)2TC(EO)/ (U = Un—1)(71) 32 dm1
0
t T
< (eC(1+E0)2TO(E0))m_2/ /1
o Jo
t T
< (eC(1+E0)2TC(E0))m71/ /1
o Jo
1

(eC(1+E0)2TO(EO)T)m_
(m—1)!

Tm—3

H(U3 - UZ)(Tm—2)|‘§{2 ATm—2

Tm—2 dTm72

J
=

<

— 0, m— oo.
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Hence, there exists U(t) such that
(3.59) Uy, (t) — U(t) strongly in C°(0,T; H?), n — oc.
By Lemma 3.11, there exists a subsequence {n'} C {n} such that
V(u, V, W) (t) = V(u, V, W)(t) weakly in Lo(0,T; H?), n’ — oo.

By Lemma 3.11 again, we have that for any fixed ¢ € [0, T, there exists a subsequence
{n""} C {n'} such that

Unr (t) = U(t) weakly in H?, n” — oo.

So far, we have proved that the Cauchy problem (3.1) has a solution U (t) € £(0,T; H?)
such that

o(t) 2 x = <wienﬂg3 oo(x) — 1) /2> -1

Next, we can show that such a solution U(t) belongs to £(0,7; H?). In fact,
since U(t) € C°(0,T; H?) by (3.59), we have U.(t) € C°(0,T; H>). Applying J.* to
(3.1);-(3.1),, we obtain

L27u(gea Uue) = RS,
Lé(ué) = gel + Riv
L%/,W(Véﬂ WE) = 952 + RE,
Ly w (Ve, We) = g¢ + RZ,
Ue lt=0= Upe,

where

RS = Lg,u(géa ué) - ']E * Lg,u(gv U), Ri = Lé(ué) - ']E * Li}(u)v

R? = Ly (Ve Wo) — Jo s Ly (V. W), RE i= Ly (Ve We) — Jox Ly (V. WD),
By Lemmas 3.2 and 3.6, we can estimate the difference for any €, ¢’ > 0,

sup ||(Ue = Ue)(t)]| g

0<t<T

T
< ec(1+Eo)2T < ||(U075 — UO,E’)”H?’ —|—/ H(RS, RS/)(T)||H3 dr
0
T 2
+ (C/O (98 — gl 92 — 92,92 = 92) (D) 1y
3 1/2
+ 3 (R R ()| 3o m) )
=1

By (3.7) of Lemma 3.2 and the property of mollifier, we have as €,¢ — 0,

sup ||(Ue — UE/)(t)HH3 — 0.
0<t<T

Hence, the solution sequence {U(t)} has a limit U(t) € £(0,T; H?) as € — 0.
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Finally, we prove that the solution U(t) is unique. We assume that there is
another solution U(¢) := (9,a, V, W)(t) satistying (3.54)—(3.55). Recalling (3.59), we
have

(3.60) U, (t) — U(t) strongly in C°(0,T; H?), n — oo.

For such a sequence {U,(t)} and U(t), we consider

0 ~ ~N 10 ~ ~ 0 ~ ~
Li)n)un(gn — 0 unl_ u) - 1L§,71(Q7 U) :Lgnfun(ga U),
LQn(un —a) :~L§(u) - L, ) + (gn~— g ) ,

with the initial data
Uy = U) |y=o= 0.

By Lemma 3.6, (3.8) of Lemma 3.2, and (3.58), we have

H?2
2

< COHE () / t H(Un _ ﬁ)(T)H dr
0

o2
< ec(1+E0)2tO(EO) /Ot (H(Un—l B ﬁ)(T)H; + (U, — Un—l)(7)|§12> dr,

which implies that

(3.61) U, (t) = U(t) strongly in C°(0,T; H?), n — oo.

In light of (3.60)—(3.61), we have U(t) = U(t) for any ¢ € [0,T]. Hence, the proof of
Proposition 3.12 is completed. a

4. A priori estimates. To obtain the a priori estimates effectively, we rewrite
the system (1.10) as

ot + divu = — div(ou),

ur +Vo+VV +VW — Au — Vdivu = Gy,
Vi +divu — 2AV - 1AW + lAqS = Go,

(4.1) 3 3 3

Ap=V —W,

(0,u, VW) |t=0= (00, uo, Vo, Wo).

Here
Gi1:=—u-Vu— fi (Au+ Vdivu) + f1 (VV + VW) — foVo+ ﬁAqﬁVqﬁ,
Gy = —div(Vu) + 2div(fsVV) + div(fsVIV) — div(fsV¢)

VYV + VYW VI - V2 W -2V
div () iy (V6 ) + div [ eV
* W( VW +3 )+ 1V(V+W+3 ¢>+ 1V<V+W+3 ¢>’
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G3 := —div(Wu) 4+ 2div(fsVW) + div(f3VV) + div(f3Ve)

. (WVV +WVW (VW —W? . V-2
I (W) —d (mW) —d (mW) ’

where
Pe+1)
42 = —_—, = —_— s
(4.2) fo= o e
1 1
4.3 -
(4.3) Is V+W+3 3

In what follows, we will derive the a priori estimates for the solutions to the PNP-
NS system (4.1) by assuming that for some sufficiently small §; > 0 and any ¢ € [0, T]
with T > 0,

(4.4) IU @ s = (0, u, V.W)(@)] s < 01,

which implies

(4.5) 1/2<0+1,V+1,W+1<3/2
and

If1l,[f2] < Clel,
(4.6) Ifsl < C(VI]+ W),

Y |fi(k)| < Cforany k> 1

by Sobolev’s inequality and Taylor’s expansion. Noting that Holder’s, Sobolev’s, and
Cauchy’s inequalities will be used almost everywhere, so we keep them in mind to
avoid mentioning them repeatedly.

We first show the lower-order dissipation estimates for u, V, W, and ¢.

LEMMA 4.1. It holds that
d 2 2 Al < 8 2
(4.7) 7 U2z + C IV (u, V.W)|[12 + C|AB][ 12 S 01 (IVollze -

Proof. Multiplying the first four equations of (4.1) by g, u, V', and W, respectively,
summing them up, and then integrating over R3, we obtain

1 . 1
S U1+ [VulZ, + 5 19V, W) + vl + 5 1 A6]2,

(4.8) < —/div(gu)g—i—/Gl “u+ GV + GsW.

We now estimate the RHS of (4.8). By the integration by parts, (4.4)—(4.6), and
Lemma A.2, we can estimate some typical terms as

/flAu U—/V fiu) -

vale HU”Loc + Hfl”Loo ||V“HL2) ||VUHL2
(4.9) 5 511V (0, u)| 7 s
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1
@10) [ A0S 186 s 190l o s S 61 1401

/diV(f3VW)V = —/f3VW VV

(4.11) Sl o VW2 [V V]2 S 61 IV, W)32
-2V 2V —Ww
/1V(V+W+3V¢> viwis VY
STV W) s 19616 IV V] 2
(4.12) <o (I9VIE: + 12617

Then, the other terms could be estimated as (4.9)—(4.12). So, we can obtain
(4.13) RHS of (4.8) S 01 (IV (0,1, V, W) + 14613 )

Plugging (4.13) into (4.8), since d; is small, we deduce (4.7). O
Next, we derive the higher-order dissipation estimates for u, V, W, and ¢.

LEMMA 4.2. Let k > 3. Then we have for 3 < { < k,

d
VU + IV Vo) + O [ A
(4.14) Sor (9 vow) [ + [V 20 .)
Proof. Let k > 3. For 3 < ¢ < k, applying V* to the first four equations of (4.1)

and then multiplying the resulting identities by V%p, Viu, V/V, and VW, respec-
tively, summing them up, and then integrating over R?, we obtain

1 . 1
L8 |2, + 9l + 5 [TV 9 il + 90,
(4.15)
- / Vv div(ou) - Vi + /vfal Viu+ VG, - VIV + VG - VI
In the following, we only estimate some typical terms on the RHS of (4.15). Then,

the remaining terms could be estimated in the same way. First, we spilt the first term
as

(4.16)
/Védlv (ou) - Vi = —/Vé (odivu) - Vi — /Vé (u-Vo) Vi :=J +Jo.
By the product estimates (A.11), we obtain

Ji S|V (edivu)]| . [V -
< (V¥ o ldivall o + lloll o [V dival ) [Vl .
(4.17) S o (V% + |94 ull3.)
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By the commutator estimates (A.10) and the integration by parts, we obtain
ng—/[vf,u] -w-vfg—/u-vvfg-vfg
S (IVullo 9%l 2 + 9% o [¥ll) (9l o+ 5 [ divu] 9%l
S (IVull o [V 0ll 2 + V5 ] 2 Vel o) 97| o + lidiv ] e [V
(418) S o (IIV%]l7e + [V a2 ) -
In light of (4.16)(4.18), we obtain
(4.19) _/vf divou) - V'o < b ([ Vel + [V ullS.)

By the integration by parts, (4.4)-(4.6), the product estimates (A.11), Lemma A.2,
and Young’s inequality, we obtain

—/Vf(u-Vu)-Vzu
- /vf—l (u- V) - Vo < [0 (- V)|, [V ],
S (lullgs [[V0ul| o + [V 0l 1o 1Vl 3) |V 0] e

< (num V5],

241

Tl BT (|9 | T [ 5

a
T ) [

(4200 <6 ||V,

E L . E
/V (g+1A¢V¢) Vu
I R e o4l
- /v <Q+1A¢V¢> vitly

1
< ||oe-1 e+1
< (s o

<(I )
~ o+1
tla| 19t el ) v,
S 9l 18005 1900, 90l + 9 A0V 2 |9 .
<0 Vel 9

# (191 80] 2 1901 + 1800 9190 1) 7

APV || 5
LG
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(421) o (9l + IV adlfn + [Vl )

VW — V2
/Védv(V+WK3V¢> Vv

VI - V2
_ ¢ Y=y 0+1
B /V (V+W+3V¢>V v

VIV — V2

S HVZ <m) HL2 IVl oo [[VFV
VIV — V2
V+W+3

422) <4, (vaAquLz + [V w15 ) -

T 9Tl 9

Here we specially mention the following four terms:
— /vf div(fsVe) - VIV + / Vidiv(f3Ve) - VW

+/vfdiv (uw) -va—/vf div (ﬂw) VW

V+W+3 V+W+3
AW — 5V 5W — 4V
Ve di Vo) V'V /vfd' V¢ -V'W
/ v ( 30V + W +3) d’) + Vs rwaa vl

We hope to control S in terms of (¢ + 1)-order of V and W, that is,

(4.23) 5o (|9 26]5 + |9 v m)]5).
But it failed: we only could estimate
(4.24) § <0 (V' VW 80)| |7 + [V (V).

In fact, we could control S like (4.23) (see Lemma 5.2) if we additionally assume that
the initial electric filed ||Vol| .- is sufficiently small.
In light of (4.19)—(4.24), we can obtain

(4.25)
RHS of (4.15) < &, (||vf(g, VW, AG)|| 5 + ||V (w, VW) | + ||vf*1A¢H’;) .

Plugging (4.25) into (4.15), since d; is small, we obtain (4.14). O
Next, we will derive the dissipation estimate for p.
LEMMA 4.3. Letk > 3 and 3 < ¢ < k. Then we have for 0 <1</l —1,

(4.26)
& [T O £ [V VL + 9 A6+ [

Proof. For 0 <1< (-1, applying V' to (4.1), and then multiplying the resulting
identity by VV'!o and integrating over R?, by the integration by parts, the Poisson
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equation (4.1);, and the product estimates (A.11), we obtain

94 0l <~ [ ¥ 90 O[TV 94

(4.27) +C[[V*2ul| L [V || e + C VPG| 2 [V e s -

Iz- |

By the integration by parts, (4.1),, and the product estimates (A.11), we obtain

—/Vlut~VVlg: —%/vlwvvlg—/vl divuV'p,
= —%/vlu-vvlﬁ IV divul[, +/vl divuV' div(ou)

(4:28) <5 [ VTV T, + 6 [ .

By the product estimates (A.11), we easily obtain
(429)  [[V'Gul| 2 S 00 (1Y (0w, VoW | o + ([ VA o + [ V720 12) -

Plugging (4.28)—(4.29) into (4.27), by Cauchy’s inequality, since d; is small, we obtain
(4.26). O

Now, we could make good use of Lemmas 4.1-4.3 to obtain the a priori estimates.

PROPOSITION 4.4 (a priori estimates). Let T > 0 and k > 3. Assume Uy € H*
such that for some sufficiently small 61 > 0,

sup U (t)] g < 61
t€[0,T]

Then, we have for any t € [0,T] and 3 < ¢ < k,

t 1/2
(4.30) U@ e + (/0 IV o) I3e—s + IV (w, V,W) ()| Fre + |AS(T) e dT)

<c|Uollge

where ¢ is some fized positive constant.

Proof. Let k > 3 and 3 < £ < k. Adding the estimates (4.7) of Lemma 4.1 to the
estimates (4.14) of Lemma 4.2, by the interpolation estimates and Young’s inequality,
since d7 is small, we obtain

d
(431) S0+ Cr (I VW) e + 1890750 ) < Coi [ Velfrems
where we have used the equivalent relation by the interpolation estimates

1Bl ~ B2 + | V2R, -
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Summing up the estimates (4.26) of Lemma 4.3 from [ = 0 to £ — 1, we obtain

d
- > /Vlu-VVlg—i—Cg Vol
0gi<e—1
(432) < Gy (IVulfe + 19V W) s + 18630 )

Multiplying (4.32) by 2C261/C3 and then adding it to (4.31), since 7 is small, we
deduce that there exists a constant ¢ > 0 such that

d 2 2C56; ! 1
= (015 + o > /vu VVio
o<i<i—1

(4.33) + & (IVolfes + IV, V. W) [ + 14615 ) <.

Next, we define

EL(t) ==

ol =

2056
U1+ 552 S [ Ve ve | ~ U
0<i<l—1

since d7 is small, that is, there exists a constant ¢ > 0 such that
1 2 v 2
(4.34) U 5e < &) < cllU@ 17 -

Then we could rewrite (4.33) as

d
(4:35) LE5(0) + IV 0l + 190, V. W) e + 186 <0,
Integrating (4.35) in time, by (4.34), we obtain (4.30). O

5. Proof of Theorem 1.1.

5.1. Global solution. We combine Proposition 3.12 (local solution) and Propo-
sition 4.4 (a priori estimates) to obtain the global solution in Theorem 1.1.
Assume Uy € H* with an integer k > 3. And we let

(5.1) |Uo]| s < min{d1/2,61/2c},
where ¢, 61 > 0 are the given constants in Proposition 4.4. If
Ul gz < 61/2,
by Proposition 3.12, the Cauchy problem (1.10) has a unique local solution
U(t) € £(0,Ty; H?)
with 77 > 0 such that for any ¢ € [0, 71]
(5.2) 102 < 2 |Toll s < 61
By (5.2) and Proposition 4.4, we obtain for any ¢ € [0,71] and 3 < ¢ < k,

(5.3) U@ e < e llToll e -
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In particular, we have for any ¢ € [0, T1],

(5.4) U@ s < ¢ |Uoll s -

By (5.1) and (5.4), we have

(5.5) U(Ty) € H? and |U(T1)| s < 01/2.

Then, by Proposition 3.12 again, the Cauchy problem (1.10) has a unique local solu-
tion

(5.6) U(t) € £(Ty,2Ty; H?)

such that for any ¢ € [17, 271]

(5.7) U@ s < 2[NU(T)] s < 01

From the above, we have obtained that the Cauchy problem (1.10) has a unique local
solution

(5.8) U(t) € £(0,2Ty; H?)

such that for any ¢ € [0,277]

(5.9) U @)l s < 01

By Proposition 4.4, we also obtain for any ¢ € [0,277] and 3 < ¢ < k,
(5.10) U@ e < cllUol| e -

Next, by repeating the procedures (5.4)—(5.10), we could extend the local solution
to the global one only if we assume that the initial H*(k > 3) data satisfy that
[|Uol| g5 is sufficiently small, as (5.1). The energy estimates (1.11) could be obtained by
Proposition 4.4. Hence, the proof of the global solution in Theorem 1.1 is completed.

5.2. Time-decay rates. To obtain the time-decay rates of the global solution
in Theorem 1.1, we need to prove some extra energy estimates shown in the following.

5.2.1. Energy estimates. Assume that (U, V¢)(t) is the solution to the PNP-
NS system (4.1) proved in the above. To prove some extra energy estimates, we need
to set the initial data
100l s < Jp

so that for any ¢t > 0,

t 1/2
(5.11) U@ s (/0 IVo(m)[I52 + IV (, VW) (D) 55 + A7) 175 dT) <do

by (1.11) with ¢ = 3. Here (), dp > 0 are two sufficiently small constants. And then
the estimates (4.5)—(4.6) follow still.
First, we give the estimates for the electric field V.

LEMMA 5.1. Assume 0 <1< k. If V-1(Vo—Wy) € L2, then it holds that for any
t > 0 and some constant o > 0,

t
(5.12) Vo), + a/o IV'9o(r)|%, dr < Co
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and

(5.13) IV'Vet)|[;. < Coe™ +C /O et V5, V, W) ()|
In particular, if ||V~ (Vo — Wo)||12 is sufficiently small, then for any t > 0,
(5.14) IVo ()]l 2 <6,

where 6 > 0 is some sufficiently small constant.

Proof. Subtracting (4.1), from (4.1), and using the Poisson equation (4.1), we
obtain

2 1
(5.15) Agi + 500 — ZAAG = Go — G,

For 0 < I < k, applying V! to (5.15) and then multiplying the resulting identity by
—V!¢ and integrating over R?, by the integration by parts and the Poisson equation
(4.1)5, we obtain

1d 2 2 2 1 2
R R L Ay e
2WVW —2VVV
_ l Rvi _ l ol
= /V(A¢u) V'Vo /V( 50V +3) > V'V
AWV —4VVW V+W
- l ol _ V=W ol
[¥ (s ) T [V (s weg ve) e
(5.16)

V2 2VW 4+ W?
/ < V+W+3 (b) 2

For | =0, by (5.11), we easily obtain

| =

19612 + 219612 + 5 1012,
SNAGN o 1l o 1V o + 1V, W) oe IV (VW) 2 V9 2
V) [Vl 72 + (VW) V172
(5.17) <60 IVl 72 + 80 IV (w, V, W) |32 .

N =
S

Since Jp is small, we deduce from (5.17) that there exists some constant o > 0 such
that

d
(5.18) 2 IVéllzz + alVéll7a < ClIV(u, V. W7
Integrating (5.18) in time and using (5.11) and (4.1),, we obtain
t
(.19 IVo(OI3+a [ V63 dr < Vool + OB
0

For 1 <1 < k, by the product estimates (A.11) and (5.11), we could bound the RHS
of (5.16) by

(0 +2) ([|V' 26 ][5 + [9'V4|[52) + C- |91 (w, v, W)
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for any € > 0, where we have used ||[Vo(t)|/. < Co from (5.19). Then, taking e
properly small, since dg is small, we obtain for 1 <[ < k and some constant a > 0,

d
(5.20) V'V +al|V'Ve] . < OV @ VW),

By (1.11) with ¢ = k, we have
t
(5.21) / IV, V. W) () e dr < Cop
0

Integrating (5.20) in time and using (5.21) and (4.1),, we obtain

t
(5.22) IV V()| + a/o V'V é(r)|| 2 dr < ||[V'Vo|r + Co.

So, the estimate (5.12) follows from (5.19) and (5.22). And the estimate (5.13) follows
from (5.18) and (5.20) by Gronwall’s inequality. If ||[V=(Vy — Wp)|| 2 is sufficiently
small, then the estimate (5.19) implies (5.14). O

Next, we derive the energy estimates of /-level.

LEMMA 5.2. Letk >3 and 0 < £ < k — 1. If |[V"Y (Vo — Wo)||12 is sufficiently
small, then there exists a functional Ef(t) which is equivalent to ||V*(U, V)%
such that

d
(5.23) €8O + [V ol + [V @ VW) [ + [V V9 0.

Proof. Let k > 3. For the case ¢ = 0, the inequality (5.23) is trivial by (4.35),
(5.18), and (5.20). Next, we will prove (5.23) for 1 < ¢ < k — 1. We notice

Vo

Z 4

/ —vid (V+W+3) vV
:/vé(vfqu:?)) vy

(I (=)l

VNVl s

1
o =i ||vf<vv¢>||m) [V
(524) < Go+) (19207 + VL)

where we have used ||V (t)||z> < 6. Then, the estimate of the form of (4.23) follows.
Thus, the terms ||[V*(V, W)||2, do not appear on the RHS of the estimates (4.14) with
¢ =k in Lemma 4.2, i.e.,

d 2 2 2
T IV Ul + C IV @ VW) + C VR A
(5.25) S (o +8) (|V%ell3a + V4V ) -

And in the proof of Lemma 4.2, using some different interpolation estimates, we easily
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obtain for 1 <1l <k —1,
d
G IV UI 4+ OV w, vow) [, + OV A,
(5.26) S @G0 +3) (V" ell3a + [V'99]3.)
By (5.20) and (5.25)—(5.26), since 8o, 6 are small, we easily obtain for 1 <1<k — 1,
(5.27)
d .
Z IV 0.V [+ C IV w VW) [+ C [ V'V6] s S (G0 +8) [V el

and
(5.28)
d ~
G IVE W V9) [ + C IV VW) [ + C VY60 S (o +8) [ Ve

Summing up the estimates (5.27) from [ = ¢ to k — 1 and then adding it to (5.28), we
obtain

d
V'OV e+ (19w Vo) [ + (V0] )

~ 2
(5.29) < Ca8o + ) [V 0| jpaes -

On the other hand, Lemma 4.3 gives for 1 <[l < k—1,
(5.30)

& [T [Vl 5 [ VI + [ + 9l

Summing up the estimates (5.30) from | = £ to k — 1, we obtain

4 /Vlu vvlg+03\|vf+1g||m .

<I<k—1
630 <O (V4 IV s+ 920 ).

Multiplying (5.31) by 2C%(do 4+ 6)/C5 and adding it to (5.29), since o, § are small, we
deduce that there exists a constant ¢ > 0 such that for 1 </ < k-1

d

Lo . vo , + 2ot > [vuvv

C C<I<k—1
(5:32)  +e([V T ol i+ [V Vo) s + [V ) <O

By defining £¥(t) to be ¢! times the expression under the time derivative in (5.32),
we obtain (5.23). O

Finally, we show the evolution of the negative Besov norms of U (%).
LEMMA 5.3. For s € (0,3/2], we have

(5.33) U@ g < Co.

Proof. Similar to [73, Theorem 1.2, (1.8)], we omit the details. 0

5.2.2. Proof of the time-decay rates. In this subsection, we will prove the
time-decay rates by using the previous estimates.
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By Lemma A.7 and (5.33) of Lemma 5.3, we have for 0 < £ < k — 1,

(5.34) VU . < ||UH“”3

V€+1UH e+1+s CO ||V€+1UH e+1+s )
This together with (1.11) implies that for 0 < ¢ < k — 1,
IV ol s+ 19 (0, VoW e + [ V96 i
141
(5.35) > Co (|[V(U, V) e ) e

In view of (5.23) of Lemma 5.2 and (5.35), we obtain for 0 < £ < k — 1,

I+ o1

(5.36) %Sf(t) +Co (E7(t) ™ <.

We solve the above inequality directly to obtain for 0 < £ < k — 1,

(5.37) EF(t) < Co(1+1)75

3229

which implies (1.12). Then, (5.13) of Lemma 5.1 and (1.12) give the higher time-decay

(1.13) for the electric field. So, the proof of time-decay rates is completed.

Appendix A. Some analytic remarks. In the appendix, we list some lemmas
which are often used in the previous sections. We first recall the Gagliardo—Nirenberg

inequality of Sobolev type.
LEMMA A.l. Let 2 <p< oo and a,B,y > 0. Then we have

(A1) IV Fll < 92 £ ] 197 £

Here 0 < 0 <1 (if p= 00, then we require that 0 < 6 < 1) and « satisfy

(A.2) a+3(——%) — B(1 — 6) + 6.

Proof. We omit the details by referring to [60, Theorem, p.

[30, Lemma A.1].

125] or

0

LEMMA A.2. Assume that |V || e <1 and |W|| o < 1. Let g(V,W) be a smooth
function of n, 0 with bounded derivatives of any order, and then for any integer k > 1

and 2 < p < 0o, we have
(A.3) V" gV WD o S YV e + VW] -

Proof. For k > 1, we have

VRV, W) = > 9%tig(V W)V VYV - VY
ai+-Fa;=k
+ Z 561""’6"‘9(‘/, W)V’Bl WV W ...V W
BrttBm=k

+ Z o Mg(V, W)V - VYV . Y

Vit t+n=k

(A.4) = Q1+ Q2+ Qs.
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By Holder’s and Gagliardo—Nirenberg’s inequalities, we obtain
Q1 S [VHVV*V. ~-V°‘jVHLp
SIVEVI w2 V2V ap - VIV e
g
k

SV VAV 5 ||V||1** VA V|

(A.5) SV VRV L, -

CVIEE [V

Similarly, we have
(A.6) 1Qall o S IWIT<" [V*W][ -

For the third term @3, by Holder’s, Gagliardo—Nirenberg’s, and Young’s inequalities,
we obtain

1QsllLp SIVV - - VBV W VW,
SIVIVI e VTV g IV W i [V s

-

SIVIL<" \!VkV||Lp- HV||L°°

||W||Lm Hv’“WHLP HW||1L;*HV’“WHLP

R +t
l—s— + s4+1 L

S— REES R al 3
<Vt HV’“VHLP Wl VR,
(A7) S v, w)) (HV’“V||LP+||v W)

Substituting (A.5)—(A.7) into (A.4), we deduce (A.3) since ||n|; < 1and [|[W|, « <
1. a

As a byproduct of Lemma A.2, we immediately have the following.

COROLLARY A.3. Assume that ||o]| - < 1. Let g(o) be a smooth function of n
with bounded derivatives of any order, and then for any integer k > 1 and 2 < p < 00
we have

(A8) IV (gDl SV )l -

We then recall the following commutator and product estimates.

LEMMA A.4. Letl > 1 be an integer and define the commutator
(A.9) [Vl g] h =V'(gh) — gV'h.
Then we have

(A.10) 11" 9] 2l oo S UV Lon (197 | oy + (19 9| o 2] -

In addition, we have that for 1 > 0

(A11) IV 9| oo S Mgl pon [V ] e + 199 Lo 1B s -
In the above, py,p1, P2, D3, P4 € [1,+00] such that
1 1 1 1 1

Po b1 b2 P3 D4
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Proof. Referring to [55, Lemma 3.4, p. 129], we give a complete and simple proof
in the following. We first prove (A.11). Let po, p1, p2, ps, p4 € [1, +00] such that

1 1 1 1 1
— =+ — =—+ —.
Po P1 D2 b3 yZt

Assume ¢ =0,1,...,l. We choose ¢, g2 by
1 1< f) 1/ 1 1( Z) 1/
— = — (12 )+ =2, —=—(1-2)+—=.
@ p l psl g2 p2 l pal

1 1 1

Po q1 q2

Thus, we have

By Holder’s, Gagliardo—Nirenberg’s, and Young’s inequalities, we have for [ > 0,

l
IV gh)|| oo = ||D_ VgV "R
=0 LPo
l
SO NVl V0
=0
_ ¢ £ z _¢
Slglind 1949 L Wl [V 0]
_ L £
= (lgllgon |90 oa) ™" (190 Il )
(A12) S HgHLm ||VthLp2 + HvlgHLpg Hh||LP4 .

Note that for [ > 1,

l
(Vg h=>_ VgV ~‘n.
{=1

We can prove (A.10) in the same way as (A.12). O
Now, we introduce the homogeneous Besov spaces B;T(R?’)(s eR, 1< p,r < o0);
cf. [3].
DEFINITION A.5. Let ¢ € Cgo(Rg) be such that ¢(&) = 1 when || < 1 and

¢(§) = 0 when [€] > 2. Let p(§) = ¢(€) — ¢(2€) and v;(§) = ¢(277€) for j € Z. Then

by the construction, 3,7 ¢;(§) =1 if £ # 0.
Then for s € R and 1 < p,r < oo, we define the homogeneous Besov spaces

B;T(R:;) with norm ||| B, defined by

sy = | Do2 1AL |

jEL
where Ajf = F " Yp;) % f. Particularly, if r = oo, then

/]

v

ps  i=sup2¥ .
P ez L
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We have the following LP embedding lemmas.
LEMMA A.6. Let 1 <p <2, and 1/2+s/3=1/p, and then 0 < s < 3/2 and

(A.13)

152, S Wl Lo -
2,00

Proof. See [72, Lemma 4.1]. 0
We will give the special interpolation estimate.

LEMMA A.7. Let k > 0 and s > 0, and then we have

k k41 1-6 0 o 1
(A.14) |V f||L2 S|V fHL2 ||f|\B£;, whereﬂ—ié_i_l_'_s.
Proof. We refer to [72, Lemma 4.2] by noting that Bi; C Bz_,é for p < gq. O
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