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Abstract

The Poisson-Nernst—Planck (PNP) system is a conventional macroscopic continuum
model to describe the transport and distribution of ionic species in different media and
solvents. In order to justify such a model for dilute solutions of multi-species charged parti-
cles, rather than employing the spatial coarse graining (averaging) we study a diffusion limit
of Vlasov—Poisson—Fokker—Planck (VPFP) systems on a bounded domain with reflection
boundary conditions of charge distributions. Here the VPFP system has a small parameter
coming from the hypotheses of the scaled thermal velocity and mean free path of charged
particles. Under the global neutrality assumption, we prove that as the small parameter
tends to zero, solutions of VPFP systems converge to a global weak solution of the PNP
system. The arguments use the renormalization techniques and the results support the PNP
system as a model of multi-species charged particles.

Keywords: Ionic solutions, Diffusion limit, Vlasov-Poisson—Fokker—Planck system, Poisson—
Nernst—Planck system, renormalized solutions.
AMS Subject Classification: 35Q99, 35B25, 45K05, 35J05.

1 Introduction

The studies of solutions with charged-particles have attracted more and more attentions
recently. They play crucial roles in many physical and biological problems, such as physical
plasma [4], semiconductors [49,[5055,56], electro-kinetic fluids [70,[71,[77] and ion channels in
cell membranes [29,43][441[64,65]. The multiscale-multiphysics nature of these problems is closed
tied to specific physical situations and applications.

Ionic fluids and the transport of ions through different biological environments, such as those
in our cells, tissues and organs, are responsible to or involved in almost all biological activities
in our life and also many different diseases [72]. These ionic solutions are mixtures consisting
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of ‘bio-ions’ (e.g., sodium Nat, potassium KT, calcium Ca?* and chloride C17), along with
possibly many other charged components (e.g., bicarbonate HCO3 and proton H'). These
solutions are very different from the pure water and have dramatic effects on the cells and
molecules of biological systems.

Classical theories of ideal models has been employed (consciously and in many times, un-
consciously) by chemists and biologists to investigate the properties of ionic solutions, which,
however, have evident differences in density, charge, and interactions. While the electrostatic
interactions between particles in dilute (e.g., < 0.3mM ) ionic solutions in the equilibrium state
can be approximated by the Poisson—Boltzmann (PB) equation [42,[53,69], the electrolyte so-
lutions even those as dilute and nearly ideal as 1mM NaCl are dominated by the electrical
interactions called shielding or screening [29H31]. Notice that the salt concentration of our body
is around 500mM (like the sea ocean).

For the time evolution of ionic transport in solutions, one of the fundamental macroscopic
models is the so-called Poisson—Nernst—Planck (PNP) system [23311[32,62,67], which consists
of coupled diffusion—convection equations. From the traditional view of nonlinear PDE theories,
the PNP system is often referred to as a drift—diffusion—Poisson (DDP) system and it has been
extensively used in the study of transport of carriers in semiconductors [36]50,55.56]. The
multispecies PNP system is a coupled system of parabolic-elliptic equations for the densities ¢;
(i=1,2,...,n) of charged particles in the solution and the self-consistent electric potential ¢

8tCZ' == V . Ji,

J; = d; <Vcl + kBTcZVqS) , (1.1)

—V - (eVo) =31 qici + D(x),

where D(x) is the permanent (fixed) charge density in the domain, ¢; are the charges (positive
or negative) of particles, J; are the ionic flux densities, d; are their diffusion coefficients, € is
the dielectric coefficient, kp is the Boltzmann constant and T is the temperature. The PNP
system associated with proper initial and boundary conditions has been extensively studied in
the literature, we refer to [2L[61[7,[34,36.[37,49,[56] and the reference cited therein.

It should be pointed out that the PNP system can be viewed as a special case of general
diffusion which involves the nonlocal particle interactions (the Coulomb interactions). It can
be reformulated and derived from the general energetic variational approaches (cf. e.g., [76]).
In particular, the approaches allow one to include other physical ingredients, such as ion size
(steric) effects, in the models for non-ideal, non-diluted solutions (cf. [54]).

The PNP system (IL1) provides a continuum description of the evolution of charged particles.
It can be regarded as the one via macroscopic (averaged) quantities of an ensemble of charged
particles in a spacial domain, e.g., the particle density, the particle current density etc. It is
basically the coupling between the mass conservation laws with force balance equations. One
of the advantages for continuum models is the cheaper cost for numerics. On the other hand,
it would be a challenging task to predict the correct macroscopic description of the microscopic
attributes, especially when nontrivial interactions between particles are considered. For this
reason, continuum models often involve phenomenological assumptions (that is, written directly



at the continuum level rather than derived from their discrete counterparts) based on ideal
situations or by making assumptions that cannot be related to individual behavior of particles [9].
The kinetic theories provide an alternative way to describe the motion of (charged) particles.
In these approaches, the state of charged particles is given by a distribution function f(¢,z,v),
i.e. a probability density in the (z,v)-phase space at time ¢. The distribution function contains
immense amount of information of the particles so that we can use it to calculate macroscopic
properties. For the collisionless (dilute) plasma, if we assume that the motion is governed by an
external electric field, the classical Vlasov equation can be derived from the Liouville equation
[17]. Suppose that the motion is governed by the (self-consistent) Coulomb field generated by
the plasma itself, then we arrive at the Vlasov—Poisson (VP) system. Besides, if the magnetic
effect is also considered, we have the Vlasov—-Maxwell system [56]. The Vlasov equation does
not account for short-range particle interactions, like collisions of the particles with others or
with the crystal lattice. If collisions between particles are taken into account, proper collision
operator should be introduced into the system and we arrive at the Boltzmann equation (and
furthermore, the Vlasov—Poisson-Boltzmann (VPB) system [59J61]). If the collisions between the
charged particles are approximated by their Brownian motions modeled by the Fokker—Planck
term [22], then the evolution of particles can be described by the Vlasov—Poisson—Fokker—Planck
(VPFP) system, on which we shall have the main interest in this paper. There are many works
dealing with the existence and uniqueness of solutions to the initial value problem or the initial
boundary value problem of the VPFP system. We refer to [11,68][75] for the classical solutions
and to [12,[141[15.[74] for weak solutions and their regularity. Concerning the long-time behavior
of the VPFP system, we refer to [I0,13[16]. Nevertheless, mathematical analysis and numerical
simulations of the kinetic equations are usually very difficult due to the complex structure of the
collision operator and the high number of independent variables (e.g., three position plus three
wave vector plus one time variable). The relations to the continuum (macroscopic) models and
the coupling between them are important and desirable in practics. Moreover, these will also be
the keys to develop multiscale models and numerical algorithms for more realistic situations.
The continuum models can be (formally) derived from the kinetic models by several coarse
graining methods, for instance, the moment method (which assume independence between in-
dividuals at some stage), or the Hilbert expansion method etc [49,56,/58]. On the other hand,
rigorous derivation of the continuum models as suitable hydrodynamical limits from certain ki-
netic equations has been investigated by many researchers [33,38.,[39,57./63.66]. Diffusion limit
of the VPFP system has been extensively studied in the literature, see [33}38][39,63,66] and
the references therein. In these works, VPFP system for a single species of particles was con-
sidered such that only the evolution of the negative particles (electrons) is described in terms of
a distribution function in phase space, while the positive charged particles (ions) are supposed
to be static, namely, their charge and current are given functions, due to their (relatively) very
heavy mass. In [33[38][66], the authors proved the convergence of suitable solutions to the VPFP
system towards a solution to the (one species) DDP model, by taking the so-called parabolic
limit (or low-field limit). More precisely, in [66], under a suitable regularity assumption on the
initial data, the convergence result was obtained in two dimension and locally in time for the
three dimensional case. Later in [38], the author proved a global convergence result in two di-



mensional case, without any restriction on the time interval and the assumptions on the initial
data were weakened with only bounds on entropy and energy. Recently, the previous results
were generalized by [33], where the authors established a global convergence result, without
any restriction on the time interval or on the spatial dimension. They achieved their goal by
working with the renormalized solutions (or free energy solutions) in the terminology of [2628].
As pointed in [33], the notion of renormalized solutions is natural for the problem, because it
seems that the free energy of the VPFP system is the only quantity that is uniformly bounded
with respect to the parameter ¢ (related to the mean free path, which will tend to zero in the
diffusion limit). Even one works with more regular initial data such that the solutions can be
defined in the weak sense without the need of renormalizing, one still has to use renormalization
techniques to pass to the limit. Besides, the use of renormalization techniques together with an
averaging lemma helps to remove the restriction on spatial dimensions and treat the nonlinear
term V¢ -V, f, where the main difficulty comes from (cf. [33] for more details).

The work in this paper had been motivated by our current study of ions passing through ion
channels (transmembrane proteins) [31,45-47.541[76]. While the geometric sizes of the channels
are extremely small (comparable to the ion sizes), the measured results in the experiments are
all in 1073 seconds, a very long time for single particle transports. Although the PNP systems
had been extensively applied successfully, it lacks the justification from the microscopic descrip-
tion of ionic particles. In this paper, we prove rigorously that for the multi-species cases, the
PNP system (I1]) is a diffusion limit of the VPFP system (2.4])—(2.6]) as the small renomalized
parameter € tends to zero. We generalized the techniques introduced previously by other work,
such as those in [33], to cases involving multiple species of charged particles in a bounded region
with reflection boundary conditions [I419,61] that also recover the common used no-flux bound-
ary conditions of the PNP system. Different from the single species case in the literature, the
previous arguments have to be modified in order to deal with the nonlocal interactions between
different species of particles through the Poisson equation for electric potential ¢. Furthermore,
in the biological systems, the positively charged particles (e.g., Na™, KT, Ca?") and negative
charged particles (e.g., C17) have comparable but different masses, valencies. The effects of
these differences will become obvious in our mathematical analysis.

The remaining part of the paper is organized as follows. In Section 2, we describe the multi-
species VFFP system with proper boundary conditions and perform a suitable non-dimensionless
analysis. In Section 3, we present the definition of renormalized solutions and derive the energy
dissipation of the VFFP system (Proposition B.I]), which yields the necessary uniform estimates
needed in Section 4 (Lemmas B.1] [A.1] [4.2]). In the final Section 4, we prove the main result of
the paper on the diffusion limit (Theorem [4.1]).

2 Description of the problem

Without loss of generality, in the remaining part of this paper, we shall consider two species
of charged particles (with opposite sign of electric charges). The general multi-species case can
be treated in a similar way.

Let © C R? (d > 2) be a sufficiently smooth bounded domain. For instance, the outward



unit normal vector n(z) at z € 90 satisfies n € W>°(Q,R?). The functions f(t,z,v) > 0,
g(t,z,v) > 0 denote the scalar distribution of negative/positive particles (e.g., fdxdv is the
number of negatively charged particles at time t located at a volume element dx about the
position z and having velocities in a volume dv about the value v). We consider a dilute ionic
solution such that the evolution of distribution functions of negative/positive charged particles
are subject to the electrostatic force coming from their (self-consistent) Coulomb interaction.
The electrostatic force is responsible for the self-consistent force term where ¢ solves the Poisson
equation. The low density of the particles implies that their collisions with one another may
be neglected. Besides, we make the assumption that their momentum changes little when
colliding with the particles of the environment. Then the collision term in the kinetic equation
may be approximated by using the Brownian force modeled by the Fokker—Planck term. As a
consequence, we consider the following VPFP system on (0,7") x £ x R, T > 0:

. _ g . _ L1y
8tf +v Vgcf my Ve va - TfﬁFP(f)’ (2'1)
Zg4 L g
O0ig +v-Vag— ==V Vyg=—L715(9), (2.2)
Mg Ty
—€0Agp = ¢ <zf/ fdv+ zg/ gdv + D(w)) ) (2.3)
R4 R

where L% (i € {f, g}) are the Fokker—Planck operators such that

££P(f) =V, (Uf + vavf), £%p(9) =Vy- (Ug + egvvg) .

Here, €g > 0 is the vacuum permittivity, ¢ > 0 is the positive elementary charge, zy, z, are the
valencies (which are positive integers for cations and negative integers for anions), my,mg, are
the masses for the two species of charged particles, 77,7, are relaxation time due to collisions
of the particles with the thermal bath, \/@, \/@ are the thermal velocities given by /0; =

\/2ksTym; Y, i € {f, g} and Ty is the temperature of the thermal bath. The function D(z)
(doping profile) is the density of background charge that is assumed to be fixed in time for the
sake of simplicity.

2.1 Dimensionless analysis

We now present the suitable scalings of the VPFP system ([2I)—(23]). Let L be the charac-
teristic length. Then we introduce a characteristic value for the concentration of the particles
N and a characteristic variation of the electric potential ®3 over L. We denote the reference
magnitude for the drift velocities given by U = —7-L E with E = —V¢. Since we may treat more
than one species of charged particles in the ionic solution (e.g., Na®™, K+, Ca’t, Cl7) that have
different masses and charges, it is convenient to introduce, as the unit, a “reference particle” (for
instance, Na™) with mass m,.y, electric charge z,.rq (with z..; = 1), relaxation time 7. and
thermal velocity 6,.;. The microscopic variation as well as the drift velocity for the reference

particle are given by
4 %
mref L ’

er’ef =V 97“6 ) Uref = Tref



respectively.

Concerning the two different species of particles in the ionic solution, we define the ratios

_ Myef

T, .
Rj — CZ: ﬂ, (S {fag}
m; T
Recalling the definition of thermal velocity, we see that
0; .
02 = Kj, Ze{fvg}‘
ref

The microscopic variations of v for the two species and their drift velocities are given by
- e g o q %o
V = 6 s V = 9 s U = —_—, U = —_—,
f g g 1= my L 9= 79 my L

respectively. Next, we choose the following scaling (with respect to the reference particle) such

that
L

t—=Tyt', z—Lx, v— Wefv', with Ty = .
Uref

Then we apply the change of unknowns

N N
f(t,x,v) = V—df/(t/,ﬂj‘/,vl), g(t,:z:,v) = —dg/(t',x’,v/)

ref ‘/ref
(b(ta x, U) = q)0¢/(t/7 .Z'/, U/)7 D(.Z') = N.D/(.Z'/)

First, we obtain the rescaled Poisson equation (drop the prime)

—wagb:zf/ fdv—l—zg/ gdv + D,
Rd Rd

where w is the dimensionless parameter

o e0Po
- gNL?’

Next, we can write down the rescaled equations for f,g (drop the prime again):

fidvo-Vof — Hf;fvx(b-vvf:QTVVU~(vf+/ffVUf),

Kg

gt +vv- Vg — ngx¢ Vg = Cge—yvv : (Ug + ’%gvvg)’

€

where v (the ‘scaled’ thermal velocity) and e (the ‘scaled’ thermal mean free path) given by

er’ef e — Tref‘/;“ef

Upef’ L
are dimensionless parameters. We recall that the (thermal) mean free path of a particle is the
average distance the particle travels between collisions with other moving particles, which is
usually given by 7v/8 (cf. e.g., [39]).
In this paper, we will consider the so-called low field scaling, which means that the drift
velocity U is small comparing with the thermal velocity V', while the thermal velocity V is small



comparing to the relaxation velocity L7—!, and the two ratios have the same order of magnitude
(cf. [1133L138.166]):

vee b and e << 1.

For e > 0, let fé(t,z,v) > 0, g°(¢t,z,v) > 0 denote the scalar distribution of charged particles.
Taking v = ¢~ ! (just for the sake of simplicity, otherwise a finite parameter 7 = ve will enter the
equation, which does not affect the subsequent analysis but leads to different coefficient in the
resulting PDE system), we arrive at the rescaled VPFP system under low field scaling, which
will be investigated in the remaining part of this paper:

1 K¢z
Of* + Zv-Vaf* — %vme Vo = g_ngp(ff), (2.4)
81&98 + év : Vmga - %Vﬂﬁa : VUQE = %L%P(QE)7 (2'5)
—wA P = zf/ fet, z,v)dv + zg/ g°(t,z,v)dv + D(x), (2.6)
Rd Rd

where the rescaled Fokker—Planck operators are given by
Lép(f) =V, (vf+ ’ffvvf)a L%p(g) =V, - (vg + /‘igvvg)- (2.7)

Remark 2.1. We remark that different types of scalings can be chosen for the VPEFP system.
For instance, if we assume that the drift and thermal velocities are comparable, but both are

small comparing with the relaxation velocity LT—, e.g.,
v=0(1) and e<<1,

then we arrive at a different rescaled VPFEP system

fi b0 Vi = I Vg = Lid(r)

KgZ
G +v- Vag® — =EV,6% - Vug® = %L%p(!f%
—wA " = zf/ fedv + zg/ g°dv+ D.

R4 R4

This is usually called drift-collision balance scaling or high field scaling in the literature. Taking
the hydrodynamic limit as € — 0 (the high field limit or the hyperbolic limit), the VPFP system
will lead to a (first-order) hyperbolic system for the density of particles coupled with the Poisson
equation, cf. e.g., [1,15,[59,[65].

2.2 Boundary conditions

Next, we describe the boundary conditions for the distribution functions and electric poten-
tial on 02 (in x-space). Recall that 0f2 is assumed to be regular enough such that the outward
unit normal vector on 95 satisfies n(x) € W2>°(Q;R).

For the electric potential ¢*, we simply assume the zero-outward electric field condition such
that

V:¢®-n=0, on 0, (2.8)



In order to uniquely determine the value of ¢° from the Poisson equation, we require that
fQ ¢°dx = 0.

The boundary conditions for the distribution functions that we will consider in this paper
allow us to preserve mass conservation and obtain proper energy and entropy balance laws of
the VPFP system (24)—(2.6). As in [I8-20] (see also [10,/61]), we define

¢ :={veR?: +v-n(z)> 0}
the sets of outgoing (X% ) and incoming (3% ) velocities at point x € JQ. Besides, we denote
Y ={(z,v): x€Q, veXi}.

The Lebesgue surface measure on 02 will be denoted by dS. Let vh be the trace of function
h (when this makes sense) and vih = 1(0,400)x54vh. Boundary conditions for the kinetic
equations take into account how the particles are reflected by the wall (the boundary 9€2) and
take the form of integral (balance) relations between the densities of the particles on the outgoing
and incoming velocity subsets of the boundary 09 at a given time [I8420]:

’Y_f(t,$,’[)) = Rx(7+f(t,x,v)) on (0700) X X_.

Here, the reflection operator R is independent of time, local in position but can be either local or
nonlocal in velocity. The phenomenological expression of R was first introduced in [58]. Given
x € 00 and t > 0, we can write the boundary condition into the following integral form (cf. [10]):

v ft,x,v) = R(t,x;v, 0" )yy f(t, z,v")dv*, veX?, (2.9)
X3
where R represents the probability that a particle with velocity v* at time ¢ striking the boundary
on z reemerges at the same instant and location with velocity v. We refer to [10] for possible
minimal assumptions on R such that (29) is well-defined, i.e., R is nonnegative and verifies
the normalization condition and the reciprocity principle. Detailed discussions on the boundary
conditions can be found in Cercignani’s works [I8-20].

If we consider v' = —v for any v € 3% and take R(¢,x;v,v*) = 0, being the Dirac measure
centered at v* = v/, then we have v_f(t,z,v) = y_f(t,z,—v) on X_, which is the classical
(local) inverse reflection boundary condition. Similarly, if we take v' = v —2(v - n(x))n(x), then
we arrive at the classical (local) specular reflection boundary condition, see [10,[14].

Here, we are more interested in the so-called diffuse reflection according to a Maxwellian
profile M with temperature of the thermal bath, which is nonlocal. For our current case, we
denote by My(v), My(v) the Maxwellians for the two species of particles

M) = — L o m e (f.g) (2.10)

RS
(277)%’% ?

We note that M; are chosen as the zeros of the rescaled Fokker-Planck operators L., (2.7,
ie., Ltp(M;) =0, (i € {f,g}). Then we can choose the special form of R in (Z9) and propose



the following boundary conditions for the distribution functions (cf. [I9.[61]) such that for given
xr €0 and t > 0,

My (v)
S = e,k % -
e Jom(z <o [0 - n(@)| M (v)dv /u*-n(m)>0(’y+f Ju" - n(z)dvt, on XZ, - (2.11)
M,(v)
¢ = g AV dv* nT 9192
i fv'n(l‘)<0 v - n(z)|My(v)dv /1;*-n(x)>0(7+g Jo" - n(z)dv”, on BT ( )

Boundary conditions (2.I1]) and (2.12]) are special cases of the so-called Maxwell boundary
condition, which combines both local and nonlocal reflections phenomenologically (cf. [61]).

Let us now define the current densities associated to the distribution functions

1 1
Ji = E/Rd vftdv, J; = E/Rd vg©dv. (2.13)

Multiplying the boundary conditions (211 and (2I2]) by v - n(x) and integrating over %%, we
easily deduce the macroscopic boundary conditions for the fluxes such that

J;-n=J,-n=0, ondQ, (2.14)

which imply that all the particles that reach the boundary are reflected (no particle goes out
nor enters in the domain 2).

3 Renormalized solutions, energy dissipation and uniform esti-

mates

Set functions

w(tx)= [ f(taev)d, p(te) = / (¢, 2, v)dv
R4 R4

as the densities of negative and positive charge particles, respectively. In the rest of this paper,
we assume the global neutrality:

zf/nedx—kzg/pada:—i—/D(a:)da::O. (3.1)
Q Q Q

We impose the initial data for the VPFP system (2.4)—(26) (depending on the parameter €) as
follows:

fa(tal’a”)\t:o = fg(x,’l)), ga(tal’a”)\t:o = g(e)(x7v) . (32)

According to (31]), we also suppose the global neutrality assumption for the initial data

/ <Zf/ foedv—i-zg/ ngv—i—D(z)) de =0, VYe>0. (3.3)
Q Rd Rd

Besides, we make the following assumptions:
f5=20, g5>0, (3.4)
| [ 50+ 0P + J1og fil)dvds < Co, (35)
Q JR?

9



/ / g5(1+ Jvf? + | log & )dvdz < Co, (3.6)
Q JRA
19611 (@) < Co, (3.7)

for some constant Cy > 0 independent of the parameter €. For the sake of simplicity, we always
assume in the remaining part of the paper that the background charge is independent of time
and satisfies

D(x) € L™(9).

In the spirit of [33,[57], we now introduce the definition of renormalized solutions:

Definition 3.1. The triple (f5,¢%,¢°) € L>®(0,T; L'Y(Q x RY) x L' (Q x RY) x HY(Q)) is a
renormalized solution to the VPFP system (2.4)—(2.6]) if
(1) For all functions B; € C*(R), i € {f, g} satisfying
1

Bi(s)| < Cls? +1), |Bi(s)] <CA+5)72, |B/(s)|<C(L+s)", s>0,

the triple (Bf(f), B4(9%), ¢°) is a weak solution to

COBH) + 0 Taby (1) = g Vot Tuby () = LLLAFIB(), (33)
e0iBy(9°) +v - Vaufy(g®) — kgzgVud® - Viuby(g°) = %L%p(ge)ﬁg(gs), (3.9)
—wAP® = zpn° + zgp° + D(x), (3.10)
with initial data
811 Ym0 = 57 (15):  Ba(9")e=0 = By(s5) (311
and boundary conditions
e _ My (v :
B = L , VT g T me)e (312
o My(
’Y—ﬁg(g ) - f n(3) |’U l'l / n(2)>0 ’Y-i-/Bg )'U . n(x)d’u, (313)
V0" -n=0. (3.14)
(2) For any A >0, 0zx = (f° + AMy)?, oy = (9° + AMy)? satisfy

56159&,)\ +v- vmea,)\ - /szfvv : (vm¢€95,)\)

¢
— fo L o(f%) 25" Vad°, (3.15)
g, 5

5615"75,)\ +v- Vgc"?a,)\ - /fgzgvv : (vm¢6775,)\)
Cg

= Lg gE —|—
25776,)\ FP( ) 2776,)\

v - Vg¢°, (3.16)
where M [ Mg are the normalized Mazwellians (comparing with (2.10))

W) = (82)° ). ie{fa) (3.17)

10



such that

My (v)dv = My(v)dv = 1.
Rd Rd

Remark 3.1. Due to the reqularity of renormalized functions (B;, the corresponding boundary
conditions (BI2) and BI3]) for the renormalized distribution functions make sense. We refer
to [3,[21,[73] (see also [10,[61]) for more detailed discussions about the traces of distribution
functions on the boundary.

For the sake of simplicity, we introduce the function
H(s) = slogs, Vs>0.
Then the free energy of the VPFP system (2.4)—(2.6]) is given by

//Rd <2/{ff€—|—7-l(f€)> dvd:n+//Rd <|2/{|z +H(g€)> dvda
) /Q V.6 2dx. (3.18)

The entropy productions of the VPFP system are given by

Di(w) = //Rd(v\/@+2mvv\/@)2dvd:n

=l

Besides, we introduce the Darrozeés—Guiraud information Z (cf. e.g., [25]) for the two species on
the boundary such that

\\2

— 5| .
e 2l ‘zdvdm, ie{f, g} (3.19)

62.'@

Tiw) = | H(w)dul —H (/ wdui) . i€{f, g9}
e e
where
Ay (v) = My - n(@)|dv, i € {f,g)

are probability measures on ¥4 by the particular choice of the normalized Maxwellians My, M,

(cf. @2I0))).
First, we state the energy dissipation property of the VPFP system (2.4)—(2.6]).

Proposition 3.1. The renormalized solution of the VPFP system 24)—~2.0) with described
initial data and boundary conditions satisfies

dn® + V- J5 =0, (3.20)
Op° + V- J5 =0, (3.21)

as well as the free energy inequality (energy dissipation property)

n g_f2 /t DI (f9)ds + % /t DY(g")ds
L )L f = ()

), Vt>0. (3.22)

11



Proof. We just present a formal calculation which leads to (3.:22)). Multiplying the first equation

[24)) of the VPFP system by %|v|2 and integrating the result with respect to z and v, we get

d 1, 5. /1 9
— — dvd — -V fedud
dt/Q/Rdz\v\f fua:—i-/ﬂ Rd2€\v\v Vo fedvdx

—// ﬁ|v|2vx¢€-vvf€dvd:p
Rd

//d Yo ALY p(f€)dvda,

integrating by parts, we see that

// 2—\@\20 V. ffdvdr = —/ / v-n) ]v[ ~vfedvdS,
Rd 4€ a0 JRd
// —]v[ Va2 ¢© -V, fedvdr = — // (v - Vg¢°) fedvdx
R4 Q JRre

= —/¢€vx-J;da;+/ ¢ J% - ndS
Q o0

= / ¢°On°dx
Q

1
//d 2e2? [vl? L p(f7)dvdz = _g/Q/Rd(Uf€+/ffvvf€)-vdvdx.

// —|v| fadvd$+zf/¢58m5dm
R4 2/€f Q

and

As a result,

= - N 2 € _C—f € €\ .
— 2z /aQ/Rd(v n)|v|*yfedvdS /-efz—:2/Q/Rd(vf + 1V, f5) - vdvda.

In a similar way, we have the equality for g° such that

d 1, 9.
— — dvd Eoped
dt/Q/Rdng’U’g vx—kzg/ggb@tp x

1 2_ €
= — . dvdS — v dvdz.
2/%96/&)9/]1@(1} n)|v|[“yg°dvdS 962//Rd vg® + kgVyg°) - vdudx

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Next, multiplying the first equation (2.4]) of the VPFP system by log f¢ and integrating the

result with respect to = and v, we get

1
i/ H(fF)dvdx +/ / —(v -V, f°)log fédvdz
dt Q JRrd Q JRrd €

B0 Vg o fdeda
R4
/ I, Lf (f%)log fedvdez,

Rd €2

12



after integrating by parts, we see that

/Q/]Rd i(” Vo f%) log foduvdz
:—éééﬁwmfmm%éém@wqubmfww

= - J]‘?-ndS—i—l/ / (v-n)yflogyfedvdS
a0 € Joq JRrd

= 2 [ [ (s logn foauds,
€ Joq JRrd

1
_/Q/Rdg(vx(be .vaf)logfsdvdx —0,

//R S logfadvdfc———// (05 + 8y 9uf7) - - dud.

and

As a consequence,

i/ H(f)dvdx = ——/ / )vf% log~y fedvdS
dt Q JRd e
15
—C—];// (Wfe+ KV f) - ;f dvdz. (3.30)
Similarly for ¢, we have
d . 1
— H(g%)dvdx = —-— ~vg° log vg°dvdS
dt Q JRd € Jon Rd
Cg Vyg*
6—2/9/Rd vg° + kgVug©) - e dvdz. (3.31)

Moreover, we see that for f¢ and ¢°

//zf+WVf)< W?f>mmzwga (3.32)
/ / (vg® + KgVyg©) - (v + @) dvdx = DI(g%). (3.33)
Q JRd 9

Due to the Poisson equation (2.6]), we have

/gb Oy (zyn® + 2gp°)dx = —w/ P°O AP dx = 55/ \Vx(ba] dx. (3.34)

Then we conclude from (B3.28)—(3.34)) that

i Cf f(re Cg g ( €

FEO+ D7) + D)

[ e (Gl + o) afduds

= Lo Rdv %fv ogvfe ) vfedv

—1/ / v-n) <L\v\2+log’yg€>fygadvd5.
00 Jrd 24

13



Recall that du’(v) = M;(v)lv - n(x)|dv, i € {f,g} are probability measures on ¥% (see the
definition of M;(v) ([210) and (BIT)). Then for the boundary terms, we can apply the Darrozeés—
Guiraud inequality [25], namely, we deduce from (2.I1]) that

/m /Rd(” 'n) (L!vlz +log ’Yf€> vfedvdS
_ /m/ ( vf3 >d 1ds — /m/ < vfe >du§ds
/ang (]\Zﬁt;)) ds

> 0,

thanks to the convectity of H(s) = slogs and the Jensen inequality (see also [61]). Similar
result holds for the boundary term associated with ¢°. As a consequence,

d S G
E(t DI (f* —9-DI(g*
FEW + LD () + D)
o G )2 7 (i)
+- | T < as+- [ 19 ds <. 3.35
= o™ i) 2 o 0 (339
Integrating (3.35) with respect to time, we arrive at our conclusion (3.22]). O

Due to the energy dissipation property Proposition Bl the existence of renormalized solu-
tions to the VPFP system (2.4])—(2.6]) can be obtained by using the argument as in [13[57,59/61].

Proposition 3.2. Suppose that assumptions [34)-B3) are satisfied. For arbitrary but fized
e > 0, the initial boundary value problem of the VPFP system 24)—2.0) admits at least one
(renormalized) solution (f€, g%, ¢%) in the sense of Definition[3 1], which satisfies Proposition[3 1.

Remark 3.2. We note that the initial boundary value problem of a full Vlasov—Poisson—Fokker—
Planck—Boltzmann system (subject to more general reflection boundary conditions for the dis-
tribution function but only for one species of charged particles) has been studied in the recent
paper [61)]. The author proved the existence of DiPerna—Lions renormalized solutions by using
the approzimation procedure in [59] with crucial trace theorems previously introduced by the same
author for the Vlasov equations [60] and some new results concerning weak-weak convergence
(the renormalized convergence and the biting L'-weak convergence). In the current case with
multiple species of charged particles, the coupling between different species is weak, i.e., only
via the Poisson equation. As a result, based on the uniform estimates derived from the enerqy
dissipation Proposition[31], we can prove the existence result Proposition [3.2 following the proofs
in [61)] with minor modifications. The details are thus omitted.

The energy dissipation ([B8.22]) yields the following estimates that are uniform in the parameter
€, which enable us to take the diffusion limit as £ — 0 in the next section:

Lemma 3.1. For any T' > 0, there exists a constant C' depending on Cy, Cft, kg, Cg, Kg, @, but
independent of € and t € [0,T):

// (1 + [v]® + |log(f9)|) fedvdx < C,
Q JRA
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/ / (1 + [v]® + |log(¢°)])g°dvdx < C,
Q JRA
/ |V |?dx < C,
Q
1 [t 1 [t
. / DI(fYas <O, / DY(g")ds < C,
0

t £
// <7f+>d5dsgc, 3//Ig<'yg+>d5dsga
o9 (v) e Jo Joa My(v)

The functions f%,¢° are weakly relatively compact in L'((0,T) x Q x R?). Concerning the fluzes,

we have
£ 1 frre 1 €
5t o) < 2—52D (f) + §”fOHL1(Q><Rd)=
1 1
5 & @) < 2—62179(95) + §||98||L1(Q><Rd)'
Moreover,

IVov/ Fell 20,y xaxre + IVovV @l 20,1y xoxra < C-

Proof. The proof is similar to [33, Propositions 5.1, 5.2, 5.3], based on the energy inequal-
ity :22)). Since we are now dealing with bounded domain, we do not need to estimate
Jo Jga |zl fedvdz as well as [, [za |z|g°dvdz like there. The L' weak compactness of f¢ and
g° follows from the well-known Dunford—Pettis theorem. O

4 Diffusion limit as ¢ — 0

In this section, we shall show that as € go to zero, the limiting system of the VPFP system
[24)—(@Z8) recovers the following PNP system:

om+Vy-Jr =0, (4.1)
Op+Vy-Jy =0, (4.2)
—wAyp = zfn + zgp + D(z), (4.3)
with density currents
Zf 1
J:——V n——=—nVyp, J,=—— Vp——pVx 4.4
IRV T s T Ve T g PV 4

The PNP system (£1)—(43]) is subject to the following boundary conditions as well as initial

conditions:

Jpmn=J,-n=V,;0-n=0, on (0,7) x99, (4.5)

n‘t:O = no, p‘t:O =po, in Q. (4-6)

Moreover, we assume that

/ ¢pdxr =0 and /(zfn + zgp + D(x))dx = 0.
Q Q

First, we introduce the weak formulation of the PNP system (4.1])—(4.0]).

15



Definition 4.1. We say that the triple (n,p, ¢) is a weak solution to the initial boundary value
problem of the PNP system (A1)—-(.0), if

n,p € L*(0,T;LlogL(Q)),
VP € L0, T HY(Q)),
om,dp € LY0,T; W),

¢ € L*0,T;H' (),

where the function space Llog L(Y) is given by
Llog L(Q) := {n tn > 0,/ n(1+ |logn|)dr < —I—OO}
Q

and the PNP system (@&I)-{3) is satisfied in the weak sense: for any u € C§°([0,T); C*(Q))
and ¢ € L*(0,T; (H*(R))),

T T
/ / noyudxdt + 1 / /(Vxn + 2V, ¢) - Vyudrdt = / nou(0, -)dz,
0o Ja CrJo Ja Q

T T
/ / pOyudrdt + l/ /(pr + 2gpV ) - Vyudzdt = / pou(0, -)dx,
0o Ja G Jo Ja Q
T T
w/ / V¢ - Vphdardt = / /(zfn + zgp + D(x))pdxdt.
0 Q 0 Q
Now we state the main result of this section.

Theorem 4.1. Suppose that the assumptions B.A)-B3)) are satisfied. Let (f¢, g%, ¢°) be a free
enerqy (renormalized) solution of the VPFP system (24])—(2.6) with corresponding initial and
boundary conditions. Then, as € tends to zero, up to a subsequence if necessary, we have the
strong convergence results

f¢ = nMs(v) € L'(0,T; L' (9 x RY)), (4.7)
g° — pM,(v) € L'(0,T; L' (2 x RY)), (4.8)
¢ — ¢ L20,T;WH(Q)), 1<qg<2 (4.9)

In particular, n¢,p° strongly converge in L'(0,T; L' (Q)) towards (n,p) and (n,p,¢) is a weak
solution to the PNP system ([@I)—-(L8) (cf. Definition [{-1]) with initial data

Nli=o = ng = / fodv,  pli=o =po = / godv
R R4

such that fo,go are the weak limits of f§ and gj. Moreover, the weak solution (n,p, @) satisfy
the following energy inequality

e(t) + /Ot/Q (%n‘V(lnn + zfgb) ‘2 + C—Zp‘V(lnp + zggb) ‘2> dxdt < e(0),

with e(t) ::/ <nlnn +p1np+z|v¢|2) dx.
Q 2
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Proof. The proof of Theorem [£.J] mainly follows the arguments in [33] for the VPFP system that
concerns only one single species of particles in the whole space. However, for the present problem
involving multiple species of charged particles, we need to modify the previous argument to deal
with nonlocal interactions between particles as well as the boundary conditions. In what follows,
we state the essential steps and point out the possible differences.

Step 1. Strong convergence of electric potential. Based on the uniform estimates in Lemma
B1] it is straightforward to argue as [57, Propisition 3.3] to conclude that

Lemma 4.1. The renormalized solution (f¢, g%, %) satisfies the following properties:
(1) n%,p° are weakly relatively compact in L'((0,T) x ),
(2) ¢° is relatively compact in L*(0,T; WHP(Q)) with 1 < p < 2.

In particular, the strong convergence of ¢ (£.9) (up to a subsequence) is a direct consequnece
of Lemma [4.1]

Step 2. Strong convergence of densities. Lemma [4.1] also implies the weak compactness of
densities n®, p°. Indeed, we can show the convergence of density functions in strong sense.
By using the definition of renormalized solutions (cf. Definition B.I]) and a velocity averaging
lemma (cf. [57, Lemma 4.2], also [27]), we are able to obtain the compactness of the densities
(cf. [33, Proposition 6.1]) such that the densities n®, p° are relatively compact in L'((0,7) x ),
namely, there exist n,p € L'((0,T) x Q) and up to a subsequence if necessary,

n® —n, p°—p, inLY(0,T)x Q) and a.e. as ¢ — 0. (4.10)
The above result and the simple inequality (v/a — v/b)? < |a — b| imply that
Ve = v, VpF— /b, in L*((0,T) x Q) and a.e. as e — 0. (4.11)

Step 8. Strong convergence of distribution functions. Recalling the logarithmic Sobolev
inequality (cf. e.g., [41, Corollary 4.2]) such that

/Rdlh(v')lzloglh( V)ldp(v') < / Vo h(0") Pdp(v') + 80172 ra g 108 120 ] 2 et )

!
v'|2

where du(v') is the Gauss measure du(v') = (2m)~ Sem 2 d. Making the simple change of
variable v’ — W and denoting hy(v) = h(v'), we have

d
K\2 _ 1|2
ap(v) = (5=)7 e 3 dv = dunv), 102y = N ()2 gt

As a result,

[ Vi) 10g e 0) (0
2 2
< R /R LIVl (0) i (0) + 1)1 2 @ g 07 108 1 (0) 22 (Rt s ()
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In the above inequality, we set

f? =
K==kr, hgv)=,]= , dug(v) = Me(v)dv.
! (v) 0 i (v) = My (v)

Then we infer from the definition n® = [, (¢, z,v)dv that ||k, o

¢lo - vdx
/ Rdf1g<n ())dd

= [ (2 )P 0 )l (0) — 20 0198 T2 )

2
25]0/9/11@ VUMM‘;.(’U) Mf(v)dvdm

- %Df(fa), (4.12)

On the other hand, we recall the classical Csiszar—Kullback inequality (cf. [24, Theorem 3.1,

(R, () = n®, which yields

IN

and Section 4, pp. 314], see also [51]) that for all non-negative v € L'(R%, du) (where du is a
probability measure) with fRd udp = 1, it holds

1
2
= 1l gy < 2 (/ (ulogu — u+ 1)du>
Rd
Now we choose in the above inequality
f€

U= —~—, d - M v)dv,
o) = My(v)

(/ /d e nfﬁif(v)mvdx)z
< 4(/ edg;)/ [ rlog <nd\§;()>dvd$. (4.13)

We keep in mind that similar versions of estimates hold for ¢°. As a consequence, we infer

which easily implies

from the entropy dissipation in ([3:22]), the uniform estimates in Lemma [3.I] and the estimates
(#12) and (£I3) that when e — 0, (keeping in mind that similar versions hold for ¢°)

fe- nEMf —0, 4¢° —pel\/\jg — 0, in L*(0,T) x Q x RY) and a.e.
Combing the above results with (£I0]), we conclude that as € — 0
fe— an, 9 — p]\/ZQ, in L'((0,T) x Q x R%) and a.e. (4.14)

Step 4. Weak convergence of flures. We introduce the auxiliary functions

VT TN s

E\/Mf(?)) 6\/Mg(v)

In analogy to [57, Proposition 3.4] and [33, Proposition 5.5], we have
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Lemma 4.2. For arbitrary T' > 0, the following uniform estimates hold
T o oy —
/0 /Q/Rd (|r5|2Mf + e|r§ o] My + \/E|r;|2|v|Mf) dvdzdt < C,

T AT F —
/0 /Q/Rd (!rZPMg +elrgPo[* M, + \/E\TZP]u]Mg) dvdzdt < C,

where C is a constant that may depend on Cy, (¢, Ky, (g, Kg, @, but independent of ¢ and
te[0,7].

Using the expressions of r§ and rg (cf. ([.15)), we have

fe= n‘EMf + 25Mf\/n5r§e + 52(7‘?)2]\\/[}, (4.16)
g% = p" My + 2eMg\/porsy + €(r5)* M, (4.17)

Due to the simple facts
/ vM;(v)dv =0, i€ {f g},
R4
it follows from (ZI3), (1)) and Lemma [£2] that as ¢ — 0
J; = 2\/%/ T‘;’L)Mfd'l) + \/E/ \/E|r§|2vﬂfdv
Rd Rd
— 2vn | rpoMpdv, weakly in L((0,T) x Q),
R4
and
Jo = 2\/]?/ rgv]’\\/[/gdv + \/E/ \/E\Tg\%ﬁgdv
R R
— 2\/]_9/ Tgngdv, weakly in L'((0,T) x Q),
R4

where 7,7, are the weak limits of 7‘? and rg, respectively.
It remains to identify the limit functions of .J ]Ec and J¢, which can be done by using the same
argument as in [33, Proposition 7.2]. The strong convergence of f¢ and ¢° (see (£I4])) implies

that
O — £/ (n+ )\)Mf, Nex — \/ (p+ )\)Mg, for A >0 and ¢ — 0.

On the other hand, it follows from (.16 and ([IT) that for any A >0 as ¢ — 0,

s M /mere + S (9020 M,
2_£L§p(f€) = CrLpp(MpV/ner§ + 5 (r§)*My) = Cpv/nLpop(ry My),
¢ Mo+ S ()20 M,
iL%P(QE) = G L p(My Perg + §(T§)2Mg) = CoV/PLp(rgMy).

As a consequence, first passing to the limit for any A > 0 as € — 0 in the renormalized formula
BI5) and (3.I6) and then letting A — 0, we obtain that

(Vo + LVaovm) - 0hy = (L p(rs M), (4.18)

(Va/p + %gvx‘ﬁ\/ﬁ) : ”Mg = CQL%P(T9M9)7 (4.19)
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where ¢ is the limit of ¢° (recall (£9)). The convergence results obtained above are always
understood to be up to a subsequence.

On the other hand, it follows from [33, Proposition 3.1] that y; = —viMf (i =1,...,d) is the
unique solution to the equation L? pX = viM, ¢ in R(L? p)N D(L? p), Where

L2 (RY) = L*R% M dv),

{renz @ [ rwa=ol.

[v]? oy [0

vv(e2f€f v

=

h

-

T
Il

Dty = {7end @9, (= n) ez, @),

Since —L? p is a self-adjoint operator on L?\Aj (RY), using ([@EI]), we have
s

Jp = 2\/E/Rd r oM pdu
= 2Vn /R d(rfo)Lgp(—vz\?f)Mgldv
= 2\/ﬁ/Rd Liop(rg My)(—oMp) M dv
- Cz—f\/ﬁ/Rd [(vx\/ﬁ+ %vxwﬁ)-vz\?f] (~uM )M dv
_ —%\/ﬁ </Rdv®vj\7fdv> <Vm\/ﬁ+ %fvmﬁ)
= Vi (Vavi+ Y Vu0vm).

where we use the fact that fRd v ®vM pdv =1. In a similar way, we can deduce that
2 Zg
Jy= = VP (Vovip+ vaqs\/za) .
Therefore, we can see that as ¢ — 0
2
T Jyp = =/ (Vv + 5 Vaovi) (4.20)
f
€ 2 Zg
Ty dy = =P (Vovip+ vaqs\/ﬁ) : (4.21)
g

in the distribution sense.
Step 5. Passage to the limit in the PDE system. In order to recover the PNP system, we
state a regularity result for the density functions n,p in the spirit of [57, Lemma 7.1]

Lemma 4.3. Let Q be a smooth bounded and open set in R%. Assume n,p are positive functions
belonging to L>=(0,T; L' () and ¢ € L?(0,T; H'(Q)) that satisfy

VoV + LVa0vi = Gy € L2(0,T: L2(Q)), (4.22)

VP + %gvm\/ﬁ = G, € L*(0,T; L*()), (4.23)
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—wAzp = zfn + zgp + D(x).
Then we have

\/ﬁ,\/]_QG L2(07T7 Hl(Q))7 an+zgp € L2(07Ta L2(Q))7
Vepv/n, Vapy/p e L*(0,T; L*(Q)).

Proof. As in [57, Corollary 3.2], we take 3s(s) = 6 13(ds) where 3 € C*®(R) satisfying 3(s) = s
for =1 <s<1,0< 3 (s) <1for s e€R and (s) =2 for |s| > 3. Then we renormalize the

equations (@.22)), @.23) for \/n,/p such that
VaBs(Vi) + L VabB5 (Vi) = GyB5(v/n) € L*(0,T3 L*(2), (4.24)
VaBs(V/P) + 3 Va0 (VPIVP = G (V) € L*(0, T3 L*(2). (4.25)
For any & > 0, due to our choice of 3 and the given regularity for V6, we have
IV2085(vn)vnl L2002 (0)) < §|’vx¢HL2(O,T;L2(Q))a

3
IV2985(vP)VPI 20,1020 < s11Ve@llL20.1:02(0)) 5

which implies that
Vabs(vn),  VaBs(vn) € L2(0,T; L*(9)).
Then we can take L2 norm on both sides of the two equations (@24, (@2Z5). Adding the

resultants together, we have
IV Bs (V)20 2202y + ?HVﬂcﬁbﬁé(\/ﬁ)\/ﬁH%?(O,T;L?(Q))
HIVeBs (VD220 722002 + Zz‘g||VMﬁS(\/ﬁ)\/ﬁH%%o,T;L%Q))
N A N LN N e

< NGHIZ20,750209) + 1Galli20m;12 ()

where the right-hand side is independent of §. For the crossing term, using integration by parts,

we have

T
| [ ms R AV + 2 Vo8BI VDIV - Ve
T
— [ [ ValesBs() + 205(/P) - Voo
0 Q
T
= = [ [ emet 2o+ D@ s s(v) + 2P

where 3(s) = Jy 7B (7)%dr, Bs5(s) = 672B(0s) and f5(s) — % as d — 0. Let § — 0 go to zero,
we have

2
z
|’vx\/ﬁ“%2(O,T;L2(Q)) + Zf Hvx(b\/ﬁ”%z(QT;Lz(Q))
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2
z
—|—‘|vm\/]79”%2(0,T;L2(Q)) + Zg vaQS\/ﬁH%Q(O,T;LQ(Q))

I 2
—I-%/O /Q(zfn—l—zgp) dzdt

< G120 02000 + 1Goll22 0.7 02(0)
1 T
+% /0 /QD(%)(Zle‘l‘Zﬂ?)d%di
2 2
< NGsllze 0,220 + 1Gallz2 0,122
1 /T
1= [ IP@P + Gt pdsat
which yields the required regularity. The lemma is proved. O

Finally, using the above regularity lemma and the facts ([@20]), (£.21]), we are able to write
the currents Jy and J,; as in (@4). Then we can pass to the limit as ¢ — 0 in the weak form of
equations (3.20)), (3.21I]) as well as in the Poisson equation (B.I0). The proof of Theorem [4.1] is
complete. [l

5 Conclusion and future work

In the classical PNP treatment for the ionic solutions, the charged particles are assumed to
be points such that the effect of size exclusion is not incorporated. However, such an assumption
would be oversimplified for solutions with crowded ions because ions size effect are significant to
their properties. For instance, the most obvious difference between the biologically crucial ions
Na™ and K is their diameter and they are otherwise somewhat indistinguishable [46]. The size
effects are crucial in the study of the selectivity of ion channels in cell membranes, due to the
narrow size of ion channels [23]/43]52,[64]. Modelling size exclusion (at high concentrations) is
a difficult problem even if ions are treated as simple hard spheres. There is a large literature
involving different attempts and treatments on the finite size effects (cf. [89,[31]35.43] 406, 47]
and the references therein). Recently, a modified PNP system for ionic dynamics including the
Brownian motion of ions, electrostatic interactions among charged ions, and finite size effects
was introduced in [31[46], and employed in various situations [45[47\[54]. The derivation is based
on an energetic variational approach [48], which combines the maximum dissipation principle
(for long time dynamics) and least action principle (for intrinsic and short time dynamics) into
a force balance law that expands the law of conservation of momentum to include dissipation,
using the generalized forces in the variational formulation of mechanics [31]. The total energy
for the modified PNP system consists of the entropic energy induced by the Brownian motion
of ions, the electrostatic potential energy representing the coulomb interaction between the
charged ions, and in particular, the repulsive potential energy caused by the excluded volume
effect (e.g., the Lennard—Jones potential). We note that the classical PNP system (LI can
be easily recovered by using the same variational principle, if we include only the entropy and
electrostatic potential for the total energy.
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As we had achieved in this paper, for the case of crowded ions, it would be interesting
to study the diffusion-limit of certain suitable VPFP type systems to get the modified PNP
system [31,/46] in the future. At last, we would like to mention that the PNP system can also
be derived from diffusion limits of other kinetic equations, e.g., the Boltzmann—Poisson system.
We refer to [57] for the one species case and we believe that their argument can also be applied
to the multi-species case.
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