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Nucleation in a slit pore
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We have employed density functional theory in statistical mechanics to study the nucleation of the
gas–liquid transition inside a slit pore. This is the simplest kind of pore, in which a fluid is confined
between two infinite and identical planar surfaces. Equilibrium capillary condensation in such
systems has been studied in the past. Here, we explore the kinetics of nucleation of the new phase
and show that the critical nucleus can either be attached to one of the planes or can bridge the two
planes, depending on the conditions of the experiment. We show that the macroscopic capillarity
approximation is not quantitatively accurate, but can provide a useful qualitative picture provided
that the line tension is incorporated. Comparisons are made with recent simulations of phase
transitions in slit pores. ©2001 American Institute of Physics.@DOI: 10.1063/1.1339223#
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I. INTRODUCTION

The properties of fluids in porous media are importan
a variety of fields. Oil and water in rocks and sand are
familiar geological example; recent applications rely on
transport of chemicals through porous catalysts and the
duction of porous materials with particular electronic
structural properties. One way in which such materials
characterized is through the investigation of the phase t
sitions that fluids undergo inside their pores.

Capillary condensation in nanoporous materials show
range of phenomena much broader than is seen in the
gas–liquid transition. The existence of nanometer len
scales in such pores leads to competition between fluid–fl
and fluid–substrate forces that gives rise to entirely n
phase behavior in which wetting and drying play a cen
role.1 Most of the work in this area to date has emphasiz
equilibrium aspects of the phase transitions.

The existence of large-scale hysteresis in capillary c
densation suggests, however, that dynamics is importan
well. An understanding of phase transition dynamics at
simplest, single-pore, level is a necessary prerequisite f
study of the more complex behavior that depends on p
topology and connectivity. Nucleation of first-order pha
transitions inside pores is a little-studied problem that
nonetheless a key ingredient for a full theory of fluids
pores. Recently, this problem has attracted some inte
with an initial focus on slit pores in which fluids are confine
between a pair of infinite flat plates. Yasuokaet al.2 used
molecular dynamics techniques to study condensation
relatively thick slit pores, whereas Bolhuis and Chandl3

used molecular dynamics and Monte Carlo methods to st
the drying transition in narrow pores. Restagnoet al.4 ap-
plied a macroscopic approach~employing the capillarity ap-
proximation! to predict the behavior of critical nuclei in bot
two and three dimensions, and then carried out a tim

a!Electronic mail: d-oxtoby@uchicago.edu
2790021-9606/2001/114(6)/2793/9/$18.00
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dependent Landau–Ginzburg simulation of condensation
two dimensions.

In this paper, we apply the methods of density function
theory to study the nucleation of the gas–liquid transiti
inside a slit pore. In earlier work, we have demonstrated
usefulness of this approximate statistical mechanical the
for studying both homogeneous nucleation5 and heteroge-
neous nucleation on planar substrates.6 We show in the
present paper that there is a crossover from a critical nuc
attached to one of the planar surfaces~at large enough pore
widths! to one that bridges the two surfaces~for narrow
enough pores!.

The outline of the paper is as follows. In Sec. II w
describe the density functional employed and apply it to
problem of a slit pore. The equilibrium phase diagram o
fluid between pores~including capillary condensation! is pre-
sented in Sec. III. Section IV then turns to the question
heterogeneous nucleation in a pore, while Sec. V explo
the same question from the macroscopic point of view of
capillarity approximation. Section VI concludes with a di
cussion of further steps to be explored in the future.

II. DENSITY FUNCTIONAL THEORY

In order to obtain information about capillary coexis
ence and heterogeneous nucleation of a fluid in a slit por
theory for confined inhomogeneous fluids is required. F
that purpose, we consider a fluid confined by two para
adsorbing walls of areaAs , unbounded in the two direction
parallel to the plates and held in equilibrium at a separatioL
by a force applied externally. The grand potential of the s
temV is assumed to be a functional of the local densityr(r )
and to have the form7,8

V@r~r !#5E dr @ f @r~r !#2mr~r !#1
K

2 E dr @¹r~r !#2

1E
As

F@r~r !#da, ~1!
3 © 2001 American Institute of Physics

to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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where f @r(r )# is the local Helmholtz free-energy densit
and where the square-gradient term accounts for the f
energy cost associated with spatial variations of the den
For a van der Waals fluid, the local Helmholtz free ener
density is given by9

f @r#5kTr@ ln r212 ln~12br!#2ar2, ~2!

wherek is Boltzmann’s constant,T is the absolute tempera
ture, anda andb are phenomenological parameters. The l
ter parameters,a and b, are chosen in order to include, re
spectively, the effect of long-range attractive forces betw
particles and the molecular size.

The last term in the grand potential functional describ
by Eq. ~1!, F@r(r )#, is introduced to take into account con
tributions due to fluid–solid interactions. We further assu
that the interactions between the fluid and the confining w
are sufficiently short ranged that their contributions to
free energy only depend on the densities at contactro and
rL

8

F@ro ,rL#52horo2 1
2goro

22hLrL2 1
2gLrL

2, ~3!

whereho andhL represent the surface fields andgo andgL

account for the possible enhancement of molecular inte
tions at the corresponding substrates atz50 andz5L, re-
spectively.

In this work we consider the limit in which the area
each plateAs goes to infinity, but the confined system is st
in contact with a reservoir of fluid with the same temperat
T and chemical potentialm. The properties of the surround
ing van der Waals fluid are hence well known: the flu
exhibits two-phase coexistence between a liquid and a va
at temperatures lower than the critical valuekTc58a/27b.

The properties of equilibrium inhomogeneous states
the system can be obtained by minimizing the grand po
tial functional in Eq.~1! with respect tor(r ). The corre-
sponding density profiles satisfy the associated Eul
Lagrange equation10

dV@r~r !#

dr~r !
5

d f@r~r !#

dr~r !
2m2K¹2r~r !50, ~4!

that can be solved under appropriate boundary conditio
For any given interface of areaA, the associated surfac
tensiong is given by the grand potential excess per unit a

Ag5V@r~r !#2Vu@r#, ~5!

whereV@r(r )# is the grand potential of the equilibrium den
sity profile for the inhomogeneous system, andVu@r#
52PV is the grand potential of the bulk uniform fluid in th
reservoir ~with pressureP! at the same temperature an
chemical potential.

For the reservoir fluid, Eq.~4! can be solved using stan
dard numerical techniques to generate the density profiles
the liquid–gas interface at a given temperature. The inte
cial tension for this interfaceg lg is then given by Eq.~5!
with Vu /V52Psat, the bulk saturation pressure. For th
particular case of the fluid confined between two planar
terfaces perpendicular to thez axis and located atz50 and
z5L, one can integrate Eq.~4! to obtain11,12
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2
~dr~z!/dz!25Dv~r~z!!2Dv~rm!, ~6!

where

Dv~r~z!!5v~r~z!!2Vu /V5 f ~r~z!!2mr~z!1P,
~7!

andDv(rm) is an integration constant. In the limit of infinit
wall separation,Dv(rm) vanishes, but in general, it corre
sponds to the value ofDv(r(z)) at a point where the slope
of the profile is zero. In the special case of symmetrical wa
~ho5hL5h, go5gL5g!, rm5r(L/2). It can be shown tha
the absolute value ofDv(rm) is a direct measure of the
magnitude of the solvation force between the two walls
the capillary.12

Equation~6! can be integrated again to generate an i
plicit expression for the density profiler(z) as a function of
the separationL

S 2

K D 1/2

L5U E
ro

rm
~Dv~r!2Dv~rm!!21/2U

1U E
rm

rL
~Dv~r!2Dv~rm!!21/2U, ~8!

wherero andrL are determined, respectively, by

~dr/dz!z505sign~rm2ro!F2~Dv~ro!2Dv~rm!!

K G1/2

~dr/dz!z5L5sign~rL2rm!F2~Dv~rL!2Dv~rm!!

K G1/2

,

~9!

and the boundary conditions

K~dr/dz!z5052ho2goro ,
~10!

K~dr/dz!z5L5hL1gLrL .

Equations~6! through~10! can also be used to calculate th
properties of any bulk phase in contact with a flat wall az
50. It is only necessary to consider the casehL5gL50 in
the limit L→`.13 The corresponding surface tensions for t
coexisting bulk liquid and bulk gas in contact with the wa
~gsl and gsg , respectively!, can then be used together wit
g lg and Young’s equation

gsv2gsl5g lg cosuo , ~11!

to calculate the bulk contact angleuo at a single wall as
predicted by the model for given values ofho , go , andT.

III. CAPILLARY COEXISTENCE

For the fluid confined in the capillary, the condensati
of a liquid-like phase can occur at values of the exter
pressureP that are either higher or lower thanPsat, depend-
ing on the nature and strength of the interactions of the fl
particles with the confining walls.14,15 In either case, phase
coexistence between two inhomogeneous phases adsorb
the capillary is achieved when their corresponding exc
grand potentials, as defined in Eq.~5!, are equal. In the limit
L→`, the phase equilibria of the fluid should be determin
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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2795J. Chem. Phys., Vol. 114, No. 6, 8 February 2001 Nucleation in a slit pore
by macroscopic considerations. In a first approximation
we think of a slit pore of volumeV5AL immersed in a gas
at pressureP, we can write16

DVg5gsgA, ~12a!

DV l52~Pl2P!V1gslA, ~12b!

for the adsorbed gas and the adsorbed liquid phases, re
tively, in the capillary. A phase transition from one config
ration to the other will occur whenDVg5DV l , or when the
pressure in the reservoir satisfies

Pl2P52~gsg2gsl!A/V522g lg cosuo /L, ~13!

where we have introduced Young’s equation@Eq. ~11!#. If
we further assume that the liquid is incompressible and
gas is close to ideal,DP5Pl2P can be approximated by

DP'r lkT ln~P/Psat!5r lkT ln~S!, ~14!

wherer l is the density of the liquid phase andS5P/Psat is
the bulk supersaturation. By substituting Eq.~14! in Eq. ~13!
we derive the Kelvin equation for the pressure at which c
densation occurs inside the capillary

r lkT ln~S!522g lg cosuo /L. ~15!

As we can see, the Kelvin equation predicts that capill
condensation will occur at supersaturationsS<1 for fluids
with a bulk contact angle 0<uo<p/2, and in supersaturate
vapors (S.1) for systems with higher contact angles.
either case, the deviations from the condition of coexiste
in the reservoir become larger in the narrower pores.
smaller values ofL or under wetting conditions, however, th
former macroscopic arguments do not apply and deviati
from the predictions of Eq.~15! occur.

We have explored the conditions for capillary coexi
ence in a slit pore with symmetrical walls~ho5hL5h, go

5gL5g! as a function of the widthL as predicted by our
model. The location of the binodal and spinodals for diffe
ent values ofL is a useful guide in analyzing the process
nucleation inside the capillary. We have set the dimensi
less constantK/(kTcb

5/3)54.0 in all our calculations; this
value leads to reasonable estimates of the surface tensio
real liquids at several temperatures. The value of the sur
enhancement fieldg has also been chosen to try to mimic t
behavior of real fluids; in particular we setg52K/b, fol-
lowing Nakanishi and Fisher.11 We will discuss the effect of
different values of the surface fieldh on the behavior of the
system, but our analysis will be restricted to values ofh and
T that lead to partial wetting (0,uo<p/2) or partial drying
(p/2,uo,p). All our numerical results are expressed
reduced units, withb1/3 as the unit of length andkTc

527a/8b as the unit of energy~h* 5h/kTc , L* 5L/b1/3!.
Figure 1~a! depicts typical phase diagrams for the v

der Waals fluid in the reservoir and inside pores with t
different widths ~h* 52.0 for the systems depicted in th
figure!. As predicted by other models analogous to ours,11,16

the critical point shifts to lower temperatures asL decreases
while the critical density passes through a maximum in
same process. At fixed wall separationL, the critical tem-
perature decreases when the surface fieldh is increased, with
the shift being stronger for the narrower pores.
Downloaded 30 Jan 2001  to 128.196.184.108.  Redistribution subject 
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The phase behavior of the system can also be studie
reducing the separation of the walls while maintaining a c
stant temperature. In this case, the reduction in the
amount of fluid–fluid interactions, combined with the stro
ger effect of the solid–fluid interactions, leads to the disa
pearance of the two-phase coexistence below a critical s
ration Lc . The corresponding phase diagram can
represented in a (DP21/L) plane, with DP5Pl2P
'r lkT ln(S) as a measure of the supersaturation. Capill
coexistence between a liquid and a gas configuration defi
a binodal line in this type of phase diagram, as shown in F

FIG. 1. ~a! Phase diagram in the temperature–density plane for a van
Waals fluid in the bulk reservoir and in slit pores withh* 52.0. The width
of the pores is expressed in reduced unitsL* 5L/b1/3. ~b! Phase diagram in
the (DP21/L) plane for slit pores with surface fieldh* 52.0 at a reduced
temperatureTr5T/Tc50.5. Predictions from the Kelvin equation are re
resented with a solid line (uo574.83°). The metastability region is delim
ited by the capillary spinodals~dotted lines!.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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1~b! for the system withh* 52.0 at a reduced temperatu
Tr50.5 ~corresponding to a bulk contact angleuo574.83°!.
The density profiles of the coexisting phases in this particu
case correspond to an adsorbed gas-like phase@ro

.r(L/2)# and a desorbed liquid-like phase@ro,r(L/2)#.
Results for the location of the liquid–vapor transition as p
dicted by Eq.~13! have also been included in this figure.
general, the predictions of the coexistence pressure using
Kelvin equation tend to be fairly accurate except for t
smaller pores (L* ,8).

Dotted lines in Fig. 1~b! define the locus of the capillar
spinodals for the system. In analogy to bulk fluids, capilla
spinodals can be defined as the limit of metastability
liquid-like and gas-like inhomogeneous configurations ins
the pore.16,17 They delimit the regions where nucleation
droplets or bubbles determines the kinetics of phase sep
tion in confined fluids. In our model, the location of th
capillary spinodals is associated with regions where
grand potential excess has an inflection point as a functio
the contact densityro

~d2g/dro
2!50, ~16!

with g given by Eq.~5!.

IV. HETEROGENEOUS NUCLEATION

Nucleation of droplets or bubbles in a metastable c
figuration inside the slit pore will occur on the walls of th
system except for highly repulsive surface fields~drying con-
ditions!. Because of the symmetry of the walls and the s
face potentialF@ro ,rL#, critical nuclei in the system are
expected to have cylindrical symmetry, with their dens
profiles depending on the distance perpendicular to one
the substrates~z! and on the radial distance~r! to the sym-
metry axis perpendicular to the walls.

Solutions to the Euler–Lagrange equation@Eq. ~4!# rep-
resenting critical nuclei in the open system correspond
saddle points of the grand potential in Eq.~1!. The same
solutions become minima of the Helmholtz free-energyF
5V1mr when the total number of particles in the systemN
is fixed.5,6 In this case, the system can be thought of as be
contained inside a cylindrical container limited by the wa
of the capillary and by a perfectly nonwetting–nondryi
curved surface with a radius of curvatureR much greater
than the radius of the nucleus~the presence of this surfac
does not alter the distribution of matter in the system!. The
restriction

N5E
2pRL

r~r !dr , ~17!

can be introduced into Eq.~4! to eliminate the dependenc
on the chemical potentialm. In particular, the chemical po
tential for the van der Waals fluid can be rewritten as6

m5KT ln~N!2kT lnS E
2pRL

dr @12br~r !#

3e2@kTbr~r !/~12br~r !!22ar~r !2K¹2r~r !#/kTD . ~18!
Downloaded 30 Jan 2001  to 128.196.184.108.  Redistribution subject 
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The resulting Euler–Lagrange equation has the form

d f@r~r !#

dr~r !
2K¹2r~r !

5kT ln~N!2kT lnS E
2pRL

dr @12br~r !#

3e2@kTbr~r !/~12br~r !!22ar~r !2K¹2r~r !#/kTD , ~19!

which can be solved by a nonlinear multigrid method f
given values ofN and T.18 Additional boundary conditions
should also be satisfied

K~dr/dz!z5052ho2goro ,
~20a!

K~dr/dz!z5L5hL1gLrL ,

~dr/dr !r 5050. ~20b!

The work of formation of the critical nucleus with a densi
profile r(r ,z) is then given by the grand potential differenc

Dv* 5V@r~r ,z!#2V@ra~z!#, ~21!

where V@ra(z)# is the grand potential of the surroundin
metastable phase with densityra(z) inside the capillary. The
thermodynamic properties of this phase can be obtained o
the chemical potential of the systemm is evaluated through
Eq. ~18!.

We have followed the properties of critical nuclei insid
pores of different widths as a function of the supersaturat
S. Figure 2~a! shows the evolution of the work of formatio
DV* for a system withh* 52.0 andL* 58.0 at Tr50.5.
The height of the barrier to nucleation diverges at the th
modynamic condition for capillary coexistence~S50.8809
for this case! and goes to zero at the capillary spinodalS
52.496). ForS,1, where capillary condensation occurs i
side the pore but the vapor is the stable phase in the bulk
structure of the critical nucleus is always that of a liquid tu
connecting the two plates of the capillary; we present a ty
cal density profile for this kind of nucleus in Fig. 3~a!. As the
supersaturation is increased, the size of the cluster decre
and starts getting thinner in its middle section@Fig. 3~b!#,
until it finally breaks into two pieces for thermodynam
states close to the spinodal.

For states withS.1, condensation inside the capillary
favored over condensation in the bulk for slit pores w
attractive and even moderately repulsive walls. For these
persaturated vapors, however, competition between con
sation via a liquid tube and via the formation of a sing
droplet attached to only one of the walls of the slit pore m
occur at high supersaturations. In wide pores, there is alw
a range of values of the supersaturation where two differ
types of nuclei can be found@Fig. 2~a!#. Heterogeneous
nucleation via a single droplet is favored close to the sp
odal and down to a value ofSwhere liquid-like densities are
reached at the center of the capillary. Under such conditio
nucleation of the new phase should likely proceed by me
of the formation of a droplet on a wall as suggested by rec
molecular dynamics simulations.2 The crossover between th
barrier to nucleation via a single droplet or via a liquid tu
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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2797J. Chem. Phys., Vol. 114, No. 6, 8 February 2001 Nucleation in a slit pore
occurs for values ofS for which the height of the critica
droplet measured perpendicular to the wall is still consid
ably smaller than the width of the poreL* . For lower super-
saturations, nucleation proceeds through the formation
liquid bridge between the capillary walls.

For most supersaturations, the size of the two types
clusters that can form inside the capillary, as measured
the clusters’ excess number of particles

i e5E
2pRL

dr ~r~x,z!2ra~z!!, ~22!

is very different. The single droplet solution tends to
much bigger than the liquid tube except very close to

FIG. 2. Work of formationDV* of critical clusters~liquid tubes and drop-
lets on a wall! in a slit pore:L* 58.0,h* 52.0,Tr50.5, as a function of~a!
supersaturationS; ~b! sizei e . The arrow in~b! points out the size difference
between the two types of clusters at the point of intersection of their co
sponding energy barriers in~a!.
Downloaded 30 Jan 2001  to 128.196.184.108.  Redistribution subject 
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capillary spinodal. Results for the work of formation of th
critical clusters as a function of their sizei e in a slit pore
with L* 58.0 are shown in Fig. 2~b!.

For systems in which the value of the surface fieldh
favors partial wetting (0,uo<p/2), the work of formation
of the critical tubes decreases with decreasing wall sep
tion L at a given supersaturation, as illustrated in Fig. 4
the fluid with h* 52.0 ~where we have also included, fo
comparison, results for the work of formation of a drop
adsorbed to a single wall, and the energy barrier for hom
geneous nucleation in the reservoir fluid!. For the wider
pores, critical clusters corresponding to a single droplet o
wall do not exist for supersaturations much lower than tha
the intersection with the energy barrier for the critical liqu
tubes. As the width of the pore decreases, the capillary
odal and spinodal shift to lower supersaturations and ther
a critical value ofL below which the energy barriers fo

e-

FIG. 3. Density profilesr(r ,z) for critical liquid tubes in a slit pore with
L* 58.0 and h* 52.0 at Tr50.5. ~a! S51.60, DV* /kT555.55, i e

5169.0; ~b! S52.16, DV* /kT517.50, i e5101.0. Contours of constan
density are shown as projections on the~r * 5r /b1/3, z* 5z/b1/3! plane.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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nucleation of the liquid tube and the single droplet do n
intersect any longer. For pores narrower than the critical o
the liquid tube becomes the preferred path for nucleation
the stable phase inside the capillary at all supersaturatio

When the interactions of the fluid with the walls of th
capillary are such that partial drying is favored (p/2,uo

,p), the energy barrier for nucleation inside the slit po
starts increasing as the width decreases, particularly for
smaller pores at low supersaturations~see Fig. 5 for a system

FIG. 4. Work of formationDV* of critical clusters~liquid tubes and single
droplet on a wall! as a function of the supersaturationS* for slit pores of
various widthsL* ~h* 52.0,Tr50.5!. The energy barrier for homogeneou
nucleation in the bulk fluid is included in this figure~dotted line!.

FIG. 5. Work of formationDV* of critical clusters~liquid tubes and single
droplet on a wall! as a function of the supersaturationS for slit pores with
two different widths~h* 50.5, Tr50.5!. Results for the case of the singl
droplet on a wall should only be compared to those of a slit pore withL*
510.0; for the narrower pore, this type of cluster only exists over a v
limited range of supersaturations~very close to the spinodal!.
Downloaded 30 Jan 2001  to 128.196.184.108.  Redistribution subject 
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with h* 50.5, corresponding to a bulk contact angleuo

5132.41°!. In this type of pore, the energy difference at
given S between the barrier to nucleation of the liquid tu
and the droplet in contact with one wall tends to be sma
than the one observed under partial wetting conditions.
these more repulsive pores, the tube-like critical cluster d
not thin out in its middle section at high supersaturations
starts detaching from the walls. Close to the spinodal
work of formation of a ‘‘free’’ critical cluster in the middle
of the pore becomes smaller than the energy cost of form
a droplet on one of the walls~see Fig. 5!.

We have also explored the properties of critical bubb
formed in metastable liquids inside slit pores of vario
widths. Analogous results to those just described apply
this kind of system, where critical bubbles that resemble
por tubes connecting the two plates take the place of
liquid bridges, as supported by recent computer simulatio3

The behavior of critical bubbles~tube-like and adsorbed o
one wall! under partial wetting~partial drying! conditions
qualitatively resembles that of critical droplets under par
drying ~partial wetting! conditions.

V. CAPILLARITY APPROXIMATION

We will now compare our results to those generated b
simpler model based on the ‘‘capillarity approximation
~CA!. The basic idea behind this model is to treat even
small nucleating clusters as if they were macroscopic dr
lets with surface tension. Suppose a droplet of liquid is
contact with one or two of the pore walls as well as with
metastable vapor at pressureP; the work of formation for
this configuration@Eq. ~21!# can be expressed as

DV52VDP1Algg lg1Asl~gsl2gsg!1tLslg , ~23!

where DP5Pl2P is the pressure difference between t
liquid in the droplet and the surrounding vapor,V is the
volume of the droplet,Alg andAsl are the areas of condense
phase in contact with the vapor and the substrates, res
tively, andt is the line tension of the three-phase contact l
of lengthLslg .

In the particular case of a single droplet in contact w
one wall, the shape that minimizes the work of formationDV
is a spherical sector with a contact angleu given by19

gsl2gsg1g lv cosu1
t

R sinu
50. ~24!

The critical droplet that defines the barrier to nucleati
has a radiusR52g lg /DP, and the height of this barrier ca
be expressed as19–21

DVCA
drop5

16pg lg
3

3~DP!2 f ~u!1
2ptg lg sinu

DP
, ~25!

with

f ~u!5
~21cosu!~12cosu!2

4
. ~26!

For a critical liquid tube with cylindrical symmetry in
contact with two identical walls atz50 andz5L, the work

y

to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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of formation can be expressed in terms of the position of
liquid–gas interface,r (z), in the following form:4

DV@r ~z!#

2
52DPpE

0

L/2

r ~z!2dz12pg lg

3E
0

L/2

r ~z!~11~dr~z!/dz!2!1/2dz

1pr ~0!2~gsl2gsg!12ptr ~0!, ~27!

wherer (0) is the radius of the liquid bridge at contact wi
the walls. The shape of the critical nucleus can then be g
erated by solving the differential equation associated w
the extremumdDV@r (z)#/dr (z)50 under the boundary
conditions

~dr~z!/dz!z5L/250, ~28a!

gsl2gsg1g lv cosu1
t

r ~0!
50, ~28b!

with cosu5sinu(dr(z)/dz)z50 and @r (0)1r (L/2)#
52g lg /DP. The height of the barrier to nucleation for th
liquid tubeDVCA

tube can then be calculated by substituting t
solution to the Euler–Lagrange equationr (z) back into Eq.
~27!. For all practical purposes, the shape of the criti
nucleus turns out to be very close to that of a meniscus w
cylindrical symmetry and local curvaturek52/R ~semicircu-
lar shape!, whereR5L/(2 cosu) andu is given by Eq.~28b!.
Hence, the explicit expressions forDVCA

tube andr (0) that can
be generated assuming a semicircular shape for any c
section of the critical tube are very accurate.

In order to compare the results of our density functio
theory~DFT! with the predictions of the capillarity approx
mation for the van der Waals fluid, it is necessary to evalu
not only the different interfacial tensionsg lg ,gsl ,gsg , for
our model, but also the line tensiont associated with the
three-phase contact line. When the coexisting liquid and
phases in the bulk fluid are placed in contact with one s
strate, the line tensiont in a partially wet state is given by9

t5minr limRi j →`
E

As

daV@r~r !#2(
i , j

g i j Ri j , ~29!

where the distancesRi j are the lengths of the three differe
two-phase interfaces within the area of integration. The a
is chosen in a plane perpendicular to the three-phase co
line, with sides perpendicular to any intersecting two-ph
interface.22

Figure 6 shows the results of our calculations for t
work of formation of critical droplets inside a slit pore wit
L* 510.0 andh* 52.0 atTr50.5, using both DFT and CA
We include results for both types of clusters, liquid tube a
single droplet on a wall, at different values ofDP, taken as
a measure of the supersaturation. The inclusion of the ef
of the line tension on the work of formation of critical clu
ters seems to be crucial to generate reasonable predic
using CA ~compare with the predicted barrier height wh
the line tension is assumed to be equal to zero in Fig. 6!. The
line tension for this particular system is negative,t*
5tb1/3/KTc520.605, but similar results have been o
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tained in systems with positive values oft ~e.g., g50, h
.0!. As was the case in our study of heterogeneous nu
ation on a flat wall with a short-ranged potential, the pred
tions of CA for partially wetted systems follow closely thos
of DFT at low supersaturations when the line tension con
bution to the free energy is taken into account. However,
capillary approach becomes less accurate as one approa
the surface spinodals.

The predictions of CA closely agree with those of DF
for different widths of the slit pore, as illustrated in Fig. 7~a!
for a surface fieldh* 52.0 (uo574.83°) at constant super
saturationDP. However, for systems with more repulsiv
walls, in which the work of formation of the critical tubes
not a monotonic increasing function ofL, CA fails drasti-
cally @see Fig. 7~b!, for the caseh* 50.5#.

The results depicted in Figs. 7~a! and 7~b! can be used to
determine the nature and magnitude of the additional so
tion force between the walls associated with the formation
the critical cluster at a given supersaturation. In this case,
solvation forceFsolv is given by

Fsolu52dDV* /dL. ~30!

In partially wetted pores the solvation force is always attr
tive and increases with the width of the pore at constantSor
DP. In more drying capillaries, like the ones illustrated
Fig. 7~b!, the force is only attractive (Fsol,0) for the wider
pores, as illustrated in Fig. 8 for a system withh* 50.5. As
we can see in this figure, the predictions forFsolv of CA are
quantitatively different from those of DFT for all values ofL
~the better agreement with CA in the limit oft50 is a mere
coincidence for this particular case!.

FIG. 6. Comparison of the work of formationDV* of critical clusters as
predicted by the density functional theory~DFT! and the capillarity approxi-
mation ~CA! at different supersaturationsS ~L* 510, h* 52.0, Tr50.5!.
Results for the case when the line tension contribution to the free ener
not included in the calculations are also shown in this figure~solid lines!.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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VI. DISCUSSION

Our density functional calculations predict a crosso
between two nucleation mechanisms for condensation~or
drying! transitions in slit pores. For large enough wall sep
rations, nucleation occurs on one wall and the presenc
the other is irrelevant; this limit reduces to the case of h
erogeneous nucleation on a planar substrate. For s
enough separations, however, the critical nucleus is a br
connecting the two walls. We have shown that the capilla
approximation provides a reasonable qualitative accoun
most of our results, but only if the line tension is incorp
rated; more quantitative aspects are not predicted by
macroscopic theory.

One useful role for density functional theory is to su
gest order parameters that can then be used in simula

FIG. 7. ~a! Comparison of the work of formationDV* of critical liquid
tubes as predicted by DFT and CA at different pore widthsL* and constant
supersaturation.~a! h* 52.0, DbP/kTc50.1; ~b! h* 50.5, DPb/kTc50.4.
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based approaches. The rarity of nucleation events unde
alistic conditions makes direct simulation difficult. Th
observational cluster method developed by Kusaka
co-workers23 for simulation of nucleation uses configuratio
biased umbrella sampling to explore states that would
often be seen in simple Monte Carlo simulations and thus
map out the nucleation path. A key ingredient is the select
of one or more order parameters, which emerge natur
from density functional theory, for biasing the Monte Car
steps. A similar observation applies to the transition p
sampling method of Bolhuis and Chandler.3 For example, in
the case of nucleation in a slit pore, where two differe
types of critical nuclei can be found for supersaturationsS
.1, the distinction between these two possible states co
be established by using the difference in the fluid density
each wall as an appropriate order parameter~i.e., the differ-
ence would be zero for a symmetrical liquid tube, but not
a single droplet attached to one of the walls!.

It will be interesting in the future to extend these calc
lations from slit pores to cylindrical pores. Because of t
change in symmetry, the nature of the critical nucleus
condensation and evaporation will be quite different in t
case. For a large enough cylindrical pore, the critical nucl
will be a cap on the inner surface of the pore, but for sm
pores it is not clear what the favored geometry will be. T
nature of the critical nucleus and its free energy in the sim
case of a single pore need to be understood before o
aspects of capillary condensation that depend on fluid
namics or pore topology can be explored. An additional
rection that can be effectively studied with density function
theory is the nucleation of condensation and bubble form
tion for fluid mixtures in pores.

FIG. 8. Solvation forceFsolv at different wall separationsL* for a surface
field h* 50.5 atTr50.5 andDPb/kTc50.4. The line tension of the bulk
fluid in contact with a wall is negative,t520.475, in this case. Results fo
DFT and CA are included in this figure.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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