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We predict the sodium current through an ion channel of known structure—gramicidin A (gA)—using
an electrostatic model of the ion channel and an electrodiffusion model of ion movement. We use three-
dimensional (3D) spectral elements to represent the channel and macroscopic surrounding baths in a 3D
Poisson—Nernst—Planck (PNP) calculation that uses fine resolution only where needed in the channel
pore region. Diffusion coefficient and dielectric constants are estimated from a 1D PNP representation of
the experimental data. The 3D atomic structure and standard empirical partial charges of gA are used,
along with the diffusion coefficients estimated from 1D PNP. No adjustable parameters were used in the
3D PNP calculation. No attempts were made to improve fit by adjusting parameters. Our results show
that 3D PNP is an accurate description of charge transport in this channel system and thus a good place
to start investigation of other channels. We predict unreported experiments as a further test of the theory.

Introduction they span macroscopic and atomic length scales and a
Transport properties of biological ionic channels are time scale ranging over orders of magnitude as well.
difficult to calculate from their atomic structure, because Computing the macroscopic properties of a large biological

system with atomic details is impractical and may not
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on the atomic scale is likely to mislead, because macro-
scopic features of the system provide the sources of energy
and matter that keep the system away from equilibrium.
Most biological systems, especially transport proteins, only
work when they are far from equilibrium. Here we compute
the function of a system of considerable biological im-
portance, ionic channels, in atomic detail using an
electrostatic model of the channel and an electrodiffusion
model of ion movement. The well-known mathematical
technique of spectral elements of multiresolution in space
provides a practical approach to this channel system
because computation is focused on the channel region
where atomic detail is needed.

lonic channels, found in lipid membranes of living cells,
control the rapid passage of ions and the resulting current
of charge. lonic currentis used throughout living systems
to perform key physiological functions, for example,
signaling in the nervous system, signal transduction in
sensory organs, and coordination of muscle contraction.
Channels help control transport in nearly every tissue
and cell.?

Gramicidin A is a model ionic channel, which forms an
aqueous pore of 2 A in radius and 25 A in length across
a lipid membrane. It is a hydrophobic linear polypeptide,
formed by spontaneous dimerization of monomers into
the lipid bilayer, making a cation selective pathway.
(Anions do not permeate.) Each monomer of gramicidin
is composed of 15 amino acids alternating (nearly always)
between L and D stereoisomers, L-VAL-GLY-L-ALA-D-
LEU-L-ALA-D-VAL-L-VAL-D-VAL-L-TRP-D-LEU-L-TRP-
D-LEU-L-TRP-D-LEU-L-TRP. Because of its simplicity,
gA is well-studied both experimentally and theoretically.?™*

In the past, the permeation of ions across biological cell
membranes has been described by the constant-field
theory of Goldman, Hodgkin, and Katz (GHK)>% or by an
exponential theory of hopping over barriers reminiscent
of Eyring rate theory.”® Many efforts have been made to
predict gramicidin currents based on these two types of
models.® From both approaches, it appears that entry into
the channel is rate limiting when the channel is unoc-
cupied, exit is rate limiting (rather than translocation)
when the channel is singly occupied, but translocation is
rate limiting when the channel is doubly occupied. If an
arbitrary energy profile is builtinto GHK or Eyring models,
and a prefactor different from the Kramers prefactor®® is
used, many data sets can be fit; however, using arbitrary
energy profiles without structural correlates is unsatisfy-
ing when a real channel structure is available. The
apparent energy profiles are not easily correlated to the
structure of the channel, for example, to the locations of
its partial charges, or to the long-range electrostatic/
electrodiffusion forces of the transmembrane potential that
keep the system working, away from equilibrium.

Poisson—Nernst—Planck (PNP) and the present 3D PNP
calculations show that the potential profile for ion
permeation is not constant at all. The energy profile is a
sensitive function of ionic concentration in the bath and
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depends nonlinearly on the applied transmembrane
potential. Furthermore, the self-consistently calculated
potential profile very likely does not have a single high
barrier. Therefore, the usefulness of old theories (constant-
field theory and Eyring rate theory) is rather limited for
ion channel permeation.!!

Here, we use the well-known mathematical method of
spectral elements to perform a three-dimensional elec-
trostatic calculation of the structurally well-defined
gramicidin A (gA) channel.’>3 The electrostatics of the
protein and electrodiffusion of ions is described by the
PNP equations.'* Reaching beyond the GHK/Nernst—
Planck formulation, PNP includes the effects of permeat-
ing ions on the electric field, on the induced charge at
dielectric boundaries, and on interionic interactions
mediated by the mean field. PNP is the natural extension
of the (nonlinear) Poisson—Boltzmann theory®~1" to
nonequilibrium systems to predict currents and other
transport properties.

In PNP, the charge distribution in the channel protein
is used explicitly to determine the electrochemical po-
tential energy profile encountered by the permeating ion
in either a 1D or 3D paradigm. In 3D PNP, the structure
is represented by the positions and values of the partial
charges of the atoms of its independently known structure.
The latter form of the theory has recently been developed
in ref 18 and is implemented here with spectral elements.
In the 1D version of PNP, structural parameters are
determined by a fitting procedure described previously.1%2°
The charge distribution along a channel protein (in this
paper, gA) is assumed to be axially symmetric and is
represented by 10 parametric bins. A full account of the
1D PNP fit for gA will be reported elsewhere. 1D PNP is
used in the present paper only to estimate the values of
the diffusion coefficient for Na* and Cl~ and the dielectric
constant inside the gA pore. The charge distribution
determined by 1D PNP is not used in the present paper.

Method

Our starting point is the published structure of gA (coded
1MAG in the Brookhaven Protein Data Bank, as measured
by solid-state NMR and refined with the contribution from
the CHARMM force-field:'® Figure 1). A mesh of finite
elements, the spectral elements, represent the structure,
the lipid, and the baths (Figure 2). Small elements are
used in the channel and large elements in the baths. The
charge distribution of the channel (each atom or entire
chemical group) is assigned by the scheme in OPLS (a
force field widely used to simulate molecular dynamics of
protein molecules??). The charge distribution on the lipid
is assumed to be zero. The dielectric constant is assigned
to a fixed value throughout the entire space in our
calculation: the regions in space occupied by lipid and gA
are assigned to have a value of 2 (even though the charge
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Figure 1. The gA dimer structure (PDB structure 1IMAG).
Top picture is the view through the gA channel and lower picture
is the side view. The channel has an internal diameter of 4 A
andalength of 25 A. Amino acids are colored by residue number
from the N terminal (blue) to the C terminal (red), demonstrat-
ing the channel symmetry resulting from head-to-head dimer-
ization.

distribution is not zero where gA is); the bath and the
pore region to a fixed dielectric constant of 80. Water
molecules are not treated explicitly, but as a continuum
of a dielectric constant 80. The pore region is assumed to
be aqueous; therefore it takes a dielectric constant of 80.
We have found the bulk value of dielectric constant is the
best value in our 1D PNP least-squares fit to the same
data. The diffusion coefficients are assigned to the value
determined by 1D PNP least-squares fit, and no attempt
is made to vary them to fit the data better in 3D PNP
calculation. Specifically, the diffusion coefficient for
sodiumionsis D(Na"*) =4.67 x 1077, and for chloride ions
D(CI7) = 1.0 x 1078 cm?/s.

The OPLS charge distribution, diffusion, and dielectric
constants are the inputs to 3D PNP, without adjustable
parameters. We simply compute the current—voltage (I—
V) relations expected in a given experimental condition
by successively integrating the coupled Poisson and
Nernst—Planck equations in a Gummel iteration. An
initial guess of the profile of electrical potential is used
to compute a congruent initial guess of the ion concentra-
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tion profiles using the Nernst—Planck equation that
describes the probability of location of an ion. These
“concentration” profiles are then substituted back into
the Poisson equation to update the electrical potential.
This back-and-forth Gummel iteration?? is continued until
the solutions to the individual equations have converged
to a self-consistent overall solution. The PNP equation
reads:

’7V-(eavmVlI‘) = ijjeCj(X,y,Z) + P(xy.2),
J; = —D|[VC|(2) + 7eC;@)V¥(2)],
Ci(x.y,0) = C(L),

forj=1..N,
forj=1..N,atz=0,

l]:‘()(YyYO) = 01

Ci(x,y,d) = C(R), forj=1..N,atz=d,
W(xy,d) =V,

D 1)

where d the length of the box in our calculation, P(x,y,z)
is the charge distribution of the channel protein according
to the scheme in OPLS, Cj(L) is the concentration in the
left bath; C;(R) is the concentration in the right bath, €,
is the dielectric constant of the aqueous pore, ¢y, is the
dielectric constant in the region of lipid and the channel
protein (where P(x,y,z) = 0, and Cj(x,y,z) = 0), and Vpp
is the applied voltage. The electric current is then | =
Y ieziJi(z)A(z), where A is the channel cross-sectional area.
In addition, we assume W = 0 and no flux boundary
condition in all the surface of the box except two planes
atz=0and z =d.

The individual equations are solved using the spectral
element method, a finite-element method?324 of Galerkin
type that uses high-order orthogonal polynomials as basis
functions.?>26 The spectral elements discretize the partial
differential equations into a system of linear algebraic
equations, which (in our case) are conveniently solved
using the conjugate-gradient method.?”?® The spectral
elements provide a nonuniform mesh that focuses com-
putation efficiently, on the channel not the bath.

One weakness of this approach which has been criti-
cized? and deserves attention is that solvent and ions in
the pore are simulated by dielectric continuum and
probability density rather than explicitly, so interactions
may not be realistic in multiple occupancy situation.
However, a direct comparison of experimental 1—-V with
calculation will provide a stringent test of the practical
significance of this criticism.

The data selected for fitting were taken from ref 30. It
consists of 1-V relations for gramicidin A channels in
planar lipid bilayers formed with DPhPC in decane (20
mg/mL). It should be noted that the currents measured
in a different type of lipid (glyceryl monoolein) differed
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Figure 2. A schematic view of the central portion of the geometry used to solve the Poisson—Nernst—Planck (PNP) equations
for the gramicidin A channel. The channel is vertical in this picture. The yellow elements represent the actual hole through the
gramicidin dimer. Only the backbone and those atoms of the gramicidin dimer which have nonzero charge are shown: carbon in
black, nitrogen in blue, oxygen in yellow, and hydrogen in off-white. The reddish-brown regions at the ends of the dimer represent
“atrium” regions. In this computation the “atrium” regions have the same properties as the bulk of the bath, which extends above
and below the channel. The upper bath is essentially the three-dimensional extension of the solid medium-blue region at the top
of the figure, and the lower bath is the extension of the solid orange region at the bottom. The lipid bilayer is represented as an
impermeable region surrounding the channel and located between the two horizontal planes forming the outer borders of the
“atrium” regions. The atomic character of the lipid molecules is not taken into account in this simulation. The white lines show
the edges of some of the spectral elements. Each spectral element contains nearly a thousand basis functions, which are combinations
of high-order Legendre polynomials. The use of spectral elements allows extremely accurate calculation of the solutions to the PNP
equations. The color contour plot shows a cross section, extending through the center of the channel, of the electrical potential (the
contours inside the channel are hidden by the channel elements). Red indicates regions of high potential, and blue indicates low
potential. In this computation, the applied potential is +0 mV at the top (medium-blue) of the image and +200 mV at the bottom
(orange). The potentials inside the molecule are significantly larger in magnitude than the applied potential, ranging from —870
to +930 mV (as indicated by the more-saturated blue and red, respectively), and regions of positive and negative potential spiral
around the central axis of the channel exactly following the backbone of the gramicidin molecules. It is clear from the image that
the internally generated electric fields dominate and that the applied bath voltage causes only a relatively small perturbation of
those internal electric fields. A symmetric 100 mM NacCl ionic condition is used in the calculation.

from those used here. Future work with 3D PNP will
address the effect of the interfacial dipole potential on the
currents, but no provisions were made for the lipid
electrostatics in the computations presented here.

Result and Discussion

The data and the prediction of the 3D PNP calculation
are shown in Figure 3. NaCl concentrations are the same
on both sides of the bilayer, and the gA channel is
symmetrical as are measured current—voltage relations,
so only one limb of the 1-V relation need be shown. The
solid lines are the predictions of 3D PNP, and the symbols
are measured currents. Agreements in shape and mag-
nitude are very good (exceptin the 0.1 M salt), considering
thatall parameters were preset: nofitting was performed.

Our calculations show that 1-V values are slightly
superlinear (within physiological ionic strength), because

the increase in the applied voltage not only increases the
net driving force but also increases the sodium ion
occupancy inside the channel. An higher applied voltage
has a similar effect to increase the ionic strength in the
baths, shown in Figure 4.

The disagreement of this calculation with experiment
could be attributed to the fact that the lipid is not explicitly
included in the present calculation, whereas it is known
that the lipid can affect the 1-V significantly. Another
possibility is that activities not concentrations are used
in the calculation as the concentration boundary condi-
tions. We do not have any reason to believe that the activity
coefficients in the bulk could extend inside the gA channel
pore. Since water molecules are not modeled explicitly
either, the ignored hydration/dehydration energy could
change the calculated 1-V values.

Figure 4 shows the predicted occupancy of the channel
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Figure 3. Predicted current—voltage relations from the 3D-
PNP calculation for various symmetric NaCl salt solutions of
gramicidin Achannel in DPhPC lipid. The solid lines of different
colors are from the theoretical PNP calculation, and the symbols
(indicating different salt concentrations) are experimental
points. In the 3D PNP calculation, there is NO free parameter:
diffusion coefficients are from 1D PNP least-squares fit, and
the charge distributions are from the AMBER force field of
molecular dynamics simulation. Symbols are approximately 2
SEM in height.
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Figure 4. Calculated occupancies of sodium ions and chloride
ions in the pore of a gramicidin A channel. The calculations are
done with a holding potential of 60 mV for various symmetric
salt concentrations. The open squares are for sodium ions,
showing nearly constant occupancy. The filled circles are for
chloride ions, and their values are predicted to be 1 or 2 orders
of magnitude lower than the more permeant sodium ions.

by Na* and Cl~ at different concentrations when 60 mV
isapplied across the bilayer. The occupancy is the integral
of the Na* concentration over the pore region. The
occupancy changes little over the range of holding
potentials, because the contents of the open channel are
buffered by its effective fixed charge, as we have described
in previous publications;?® however, the Na*™ occupancy is
less than that expected from the gramicidin the litera-
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ture.®%2 CI~ is excluded from the channel even though
the protein is electroneutral overall. The spatial distribu-
tion of atomic charge is nonuniform in the channel protein,
and the resulting negativity in the channel’s pore excludes
anions, consistent with the historical literature.® This
fact, combined with its low value of diffusion coefficient,
makes the CI~ contribution to current negligible.

The quantitative success of this simple electrostatic/
electrodiffusion description in predicting the gA channel
current is striking. However, the predicted occupancies
are rather low. The model predicts that channel occupancy
isonly 0.37 at 1 M salt, indicating that the binding affinity
is <1 M1 Experimental estimates of the gA binding
affinity for a single Na* range from 1.43 to 100 M™%,
depending on the method of determination and lipid used.3*
TI1205 NMR competition studies yield 36.9 M~ in lyso-
lecithin micelles®* and water permeability inhibition in
planar glyceryl monoolein bilayers suggests 12.5 M~1,35
whereas kinetic models of -V relations generally yield
values of 3—4 M~1. Therefore, our predicted occupancies
are lower than that which would be predicted even by the
lowest binding affinities previously obtained. On the other
hand, our predictions are consistent with the common
assertion that double occupancy is unlikely in gA for Nat,3?
even though many lines of evidence indicate that double
occupancy is prevalent for the larger alkali metal cations.
Thus, complications due to inadequate treatment of double
occupancy do not confound the current computations
presented here.

The sensitivity of our calculation to parameters in PNP
theory was evaluated in several ways. First, consider the
diffusion constant of chloride ions D(CI~), which is hard
to estimate reliably in gA (as in other cation channels we
have studied?®), because chloride is strongly electrostati-
cally excluded from the pore and thus carries immeasur-
able current. The prediction of electrical current in both
1D and 3D PNP is insensitive to the value of D(CI) if
D(CI7) < D(Na"). Specifically, at a potential of 180 mV in
1 M symmetrical NaCl, the currentis 2.7 pA for negligible
D(CI7) = 1.0 x 108 cm?/s, compared to 2.8 pA if D(CI")
= 1.0 x 107% cm?s, due to the reduced occupancy for
electrostatic reasons. In 1D systems, we can show
analytically that the occupancy of the channel by co-ions
(i.e., CI7) is strictly independent of the value of D(CI"):
For a given holding membrane potential, it only depends
on the fixed charge distribution on the channel. However,
the calculated electrical current is proportional to the
diffusion coefficient of sodium ions, though we do not
attempt to vary it to achieve better fit. The value used in
the calculation is D(Na®) = 4.67 x 1077,

The calculated electric current depends monotonically
but weakly on the dielectric constants chosen to describe
the lipid—protein, bath, and pore. The dielectric constant
in the baths has virtually no effect on the calculated
current. The lipid is described by a dielectric constant of
2. As the dielectric constant of the lipid is increased from
2 — (4) — 6, the calculated current increases by only 6%.
The pore region is described by a dielectric constant of 80,
because smaller values will not fit the data, using either
1D or 3D PNP. As the dielectric constant in the pore is
increased from 40 — 80, the net current increases from
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Figure5. Predicted current—voltage relations for asymmetric
NaCl salt solutions of 1 M vesus 0.1 M and 1 M versus 0.5 M.
The open squares are for 1 M vesus 0.1 M, and the filled circles
are for 1 M vesus 0.5 M NaCl solution.

1.46 to 1.88 pA. (The bathing solution was 1 M NacCl in
this calculation, and the lipid dielectric constant was 2.)
Although this result agrees with experimental estimates
of the properties of water in the channel,® theoretical
considerations3”%8 suggest that the dielectric properties
of water inside the channel should be more complex.

Our calculations will be most useful if they predict (and
thereby motivate) new experiments. Figure 5 predicts an
unreported result, the I-V relation of gA in asymmetrical
solutions. The predicted current—voltage relation for 1
M|]|0.1 M is shown as the open squares, and that for 1
M|]0.5 M is shown as filled circles, one representinga 10x
and the other a 2x concentration gradient. A new
experimentto confirm the calculation is being carried out,
which we will report elsewhere.

Kurnikova et al. have recently shown that three-
dimensional calculations of ions in channels are feasible
and give reasonable results even if the surrounding
solutionis described by an artificial boundary condition.8
The present work removes this boundary condition and
provides new results: we predict the properties of channels
embedded in macroscopic baths with neither adjustable
parameters nor arbitrary boundary conditions. More

(36) Finkelstein, A.; Andersen, O. S. J. Membr. Biol. 1981, 59, 155.
(37) Duca, K.; Jordan, P. Biophys. Chem. 1997, 65, 123.
(38) Roux, B.; Prodhom, B.; Karplus, M. Biophys. J. 1995, 68, 876.
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generally, we show how the mathematically well-known
method of spectral elements allows treatment of a
macroscopic system (baths) and channel, with an emphasis
in the channel pore region by putting finer elements (mesh)
there. Furthermore, our present calculation uses one set
of parametersin PNP theory to fit the |-V values obtained
in various ionic solutions. This calculation differs from
that of Kurnikova et al. by assigning physically more
reasonable diffusion coefficients to both sodium ion and
chloride ions and by fitting the same experimental data
via 1D PNP formulation. The present 3D formulation can
be further used to study surface charge effect, since the
entrance region of the channel pore opening is included
explicitly.

In PNP theory, electrostatics is the only interaction of
ions with the channel. No other specific interaction was
included. Nonetheless, our 1D PNP study (to be published)
of experimental data for both ion species shows that
electrostatic interaction is enough to account for the
different conductances between sodium ions and potas-
sium ion. The difference in the values of diffusion
coefficients (friction) for sodium ions and potassium ions
and the same electrostatic interaction is enough to account
for experimental data, without invoking other specific
interaction. That is to say, if sodium ions are replaced
with potassium ions in our calculation, the only change
needed to fit the experiment is the value of the diffusion
coefficient. Whether a specific interaction is needed to
explain the data in the mixture of electrolyte solution
remains to be investigated. One weakness in this con-
tinuum treatment is that the specific interaction of ions
with water molecules is ignored, since water molecules
are not treated explicitly. Water molecules are treated as
adielectric medium with a fixed dielectric constant in the
bath and in the pore region of the channel. Volume
exclusion of water molecules with ions and the ion
solvation/dehydration effect need to be investigated
further.

Conclusion

Insummary, the electrodiffusion of sodium ions through
gA can be predicted from the known structure of the
channel using an empirical description of the charge on
the atoms, if the prediction is made with spectral elements
and a three-dimensional version of PNP. Our results
suggest that electrostatics are a primary determinant of
ionic movement through channels. It would be interesting
to extend PNP to study other biological systems.
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