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Background and Overview

We propose a system of partial differential equations (PDE) that describe
electrodiffusion and osmotic water flow. From a physical standpoint, this is
a far-reaching generalization of the standard treatment of osmosis and
electrodiffusion in irreversible thermodynamics to spatially extended
systems®2. To the best of the authors’ knowledge, this is the first model in
which osmotic water flow and electrodiffusion with deformable and
capacitance-carrying membranes have been treated in a mechanically and
thermodynamically consistent fashion.

Systems in which both electrodiffusion and osmotic water flow are
important abound in physiology3. These include brain ionic homeostasis,
fluid secretion by epithelial systems, electrolyte regulation in the kidney,
fluid circulation in ocular systems, gastric protection, water uptake by
plants etc. We believe the proposed system will have wide-ranging

applications in the description of such physiological systems.

Model

Consider biological tissue as a three-
dimensional region demarcated by the
cell membrane [, separating the intra-
and extracellular spaces €2, and Q..
lonic concentrations ¢, satisfy the
following drift diffusion equation with
the Poisson equation in €2. and €2_. We
solve for u (fluid velocity), ¢, ¢
(electrostatic potential) in a self-
consistent fashion.

uc, o
extracellular region Q)

€

mem

u, ¢, @
Intracellular region Q.

(2

o,
actk Fu-Ver =V (e D Vi),

N
—V - (Vo) = Z G251 Ck
k=1

pr = kT Inc, + qzi @

The electrolyte fluid is assumed incompressible and u satisfies a fluid force
balance equation (e.g. Stokes equation). On I, we impose boundary
conditions on both sides of the membrane.

e Continuity of the electric flux density across and through the dielectric
membrane, thus including membrane capacitance.

* Continuity of the ionic flux, where the ions pass through the membrane
via ionic channels/transporters/pumps. Channel currents are driven by
voltage and concentration gradients, and transporter/pump currents may
be driven by energy supplied to the system (e.g. via ATP).

* Slip boundary conditions for the fluid velocity, taking into account the
transmembrane water flow. The membrane thus moves with the flow.

* A stress-jump boundary condition across the membrane. Mechanical
properties of the membrane are included.

Variational Structure and
Thermodynamic Consistency

An important property of this model is that it satisfies the following free
energy equality.
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(G ¢ : entropic contribution to free energy, E_.: elastic energy of membrane, E, . electrical

energy (capacitive and bulk), I : dissipation due to electrodiffusion and viscous fluid flow, .J.:
dissipation through passive transmembrane currents and transmembrane water flow, J :
energy generation through active transmembrane currents

Proof: Integrate by parts. Treatment of boundary terms is tricky due to the
nonlocal nature of electrostatic interactions and the fact that the
membrane is dynamic; a novel calculus identity is proved to overcome this
difficulty.m

Significance/Implications:

* We recover van t’Hoff’s law of osmotic pressure ([/=cR1 where 11 is the
osmotic pressure and c=2.c, ) as the Legendre transform of the entropic
free energy of ions.

* The free energy identity makes it straightforward to identify equality of
cross coefficients as dictated by irreversible thermodynamics'2.

* Osmotic effects are typically slow, in which case electroneutrality is a
very good assumption. The model can be formulated under this
assumption without destroying the variational structure. ¢ becomes a
Lagrange multiplier.

* Assumption of spatial homogeneity leads to a system of classical ODEs
used in the study of cell volume control®. In this context, the above serves
as a hitherto unknown Lyapunov function>, giving us a powerful tool to
study the stability of steady states.

Tissue Level Model

To describe tissue level physiological phenomena, it is important to
develop macroscopic models that do not track the biophysical details at
the cellular or subcellular spatial scales. Such a model can be obtained by
taking a homogenization limit of the cellular model. This procedure
parallels the derivation of the bidomain model in cardiac and lens
electrophysiology from three dimensional cable theory®’. The tissue level
model retains the variational structure of the cellular level model.

We are currently working to apply this theory to the study of ocular fluid
circulation®(cornea and lens) as well as to cortical spreading depression? in
the brain, a (patho)physiological phenomenon associated with massive
redistribution of ionic concentrations across the neuronal and glial
membranes.

Related Computations

We are in the course of developing numerical methods to simulate our
model, both at the cellular and tissue levels. Here, we present previous
work in which electrodiffusion (without osmotic water flow) at the cellular
level was fully simulated in a three-dimensional settingt®11,

We study the propagation of cardiac action potential under reduced gap-
junctional coupling. Due to the very narrow cleft space geometry between
cardiac muscle cells, there is a possibility, especially, under reduced gap
junctional coupling, that ionic concentration effects and field effects could
become important. A sample computational example of such a simulation
is shown below?!?:
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Abstract:

We propose a system of partial differential equations describing electrodiffusion and osmotic
water flow in a three-dimensional setting. We propose models at two spatial scales, the
cellular and the tissue level, the latter, a homogenization limit of the former. A salient feature
of these models is the presence of a variational structure. The model is a far-reaching
generalization of the classical treatment of electrodiffusion and osmosis using irreversible
thermodynamics. We expect that the models we propose here to have numerous
applications in various physiological systems/phenomena, including epithelial fluid secretion,
lens circulation, brain ionic homeostasis, etc.
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