
A Continuum Variational 
Approach to Vesicle 
Membrane Modeling

Rolf J. Ryham*, Fordham University
Fredric Cohen, Rush University

Robert Eisenberg, Rush University
Chun Liu, Penn State University

March 7 2011, 12:30 p.m.
Membrane Fusion, Biophysical Society 55th Annual Meeting

Monday, March 7, 2011



Ultimate Goal: Modeling Shape 
Changes in Membranes

fusion ★ changes in topology ★
 rafts ★ adhesion ★

Derive kinetics explicitly--don’t assume 
intermediates.  Intermediate shapes 

and states are an output of the model. 

Kozlovsky,  Chernomordik, Koslov,  Biophys. J. 2002
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Assume Intermediates Calculate Intermediatates

fusion pore opens in a single bilayer (HD) and involves only
the lipids of the distal monolayers of the fusing membranes.
The choice among these three models boils down to two

questions: 1) the dependence of fusion pore formation on
the composition of different membrane monolayers and 2)
the existence and possible size of the HD. The effects of the
lipid composition of the distal monolayers are consistent
with the stalk-pore hypothesis. In particular, modifying the
distal membrane monolayers with lysophosphatidylcholine
(LPC), a lipid that promotes pore formation in a single
bilayer (Chernomordik et al., 1985), or with the pore-form-
ing amphiphile chlorpromazine, facilitates transition from a
hemifusion to a fusion pore (Chernomordik et al., 1995a,b,
1998; Grote et al., 2000; Melikyan et al., 1997). Estimates
of the possible dimensions of the hemifusion intermediates
differ dramatically depending on the experimental systems.
They can have macroscopic sizes for structures described in
fusion of two planar bilayers (Chernomordik et al., 1987) or
for influenza hemagglutinin (HA)-mediated fusion between
cell and planar bilayer (Melikyan et al., 1995). On the other
hand, hemifusion intermediates in exocytosis (Chandler and
Heuser, 1980; Olbricht, 1984; Ornberg and Reese, 1981)

and in HA-mediated fusion between cells (Frolov et al.,
2000) are too small to be detected (less than a few tens of
nanometers in diameter). This discrepancy can reflect dif-
ferences in the lateral tension driving expansion of the
fusion stalk and/or the problems of detection of labile hemi-
fusion intermediates. In brief, the data on the sizes of the
hemifusion intermediate remain inconclusive.
Given the absence of direct experimental evidence for or

against the existence of HDs, the theoretical analysis of the
structure and energy of hemifusion intermediates and the
conditions of their progression to a fusion pore acquires
critical importance.
Hemifusion structures have been analyzed using the elas-

tic models inspired by the strongly curved shapes of the
monolayers forming the fusion stalks and the rims of the
HDs. The models are based on the theory of bending elas-
ticity of membrane monolayers (Helfrich, 1973), whose
major concept is the monolayer spontaneous curvature, Js,
characterizing the intrinsic tendency of the monolayer to
adopt a bent shape. The structure and energy of the fusion
stalk have been modeled in a series of works over the last
two decades (Kozlov et al., 1989; Kozlov and Markin, 1983;

FIGURE 1 Pathway of membrane fusion. (a) Initial flat membranes. (b) Fusion stalk. (c) Circular hemifusion diaphragm. (d) Elongated connection. (e)
Fusion pore.
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Intermediate Goal:
Verification for a Simpler Problem

★ Growth and Shrinkage of a Lipidic Pore in a 
Single Bilayer from Osmotic Pressure ★
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Phase Field & 
Diffuse Interfaces

★ Encodes material property in smoothly varying phase field 
function φ.

★ Translates Helfrich energy of membrane into a Hamiltonian in 
terms of φ.

★ Does not assume a particular shape

★ Treats membrane as a bulk material (versus a mathematical 
interface)

Monday, March 7, 2011



Phase Field Hamiltonian

Q. Du, C. Liu, X. Wang, A phase field approach in the numerical study of the elastic
 bending energy for vesicle membranes, J. Comp. Phys. 2004

Q. Du, C. Liu, R. Ryham, X. Wang, Energetic variational approaches in modeling vesicle 
and fluid interactions, Phys. D. 2009

X. Wang, Q. Du, Modelling and simulations of multi-component lipid membranes and
 open membranes via diffuse interface approaches, J. Math. Bio. 2008
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Equations of Motion
Navier Stokes Equations

★ Flexible way to encode classical and new energies

★ Coupling with water is made easy (vesicle and water 
are one fluid)

★ Forces and time dependence, outputs, are strictly based 
on first principle physics

Navier Stokes Equations

ρ(ut + u ·∇u) +∇p = ν∆u+ f , (force balance)

∇ · u = 0, (incompressibility)

φt + u ·∇φ = 0, (membrane moves with fluid)
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Dynamics of a Lipidic Pore
Calculated Pore Radius as a Function of Time
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38 F. Brochard-Wyart et al. / Physica A 278 (2000) 32–51

Fig. 2. Fast leak-out regime – numerical simulations of Eqs. (5′) and (6′) for constant line tension Ĩ = 0:1
and di!erent low values of the leak-out parameter r̃L = 0:01–0.1–1–5–10: (a) pore radius r̃ versus time t̃;
(b) drop of vesicle radius ! versus time t̃; (c) surface tension "̃ versus time t̃; (d) liquid out"ow Q in the
early times.

Dynamics of a Lipidic Pore
Calculated Pore Radius as a Function of Time
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F. Brochard-Wyart et al. / Physica A 278 (2000) 32–51 35

Fig. 1. Typical experiment (a) time sequences of a transient pore in a giant vesicle stretched by intense
illumination; the membrane lipid is DOPC labeled as described in Ref. [6]; the solvent is a 71 : 29 w=w
mixture of glycerol and water, with a measured viscosity !0 = 32 ± 0:4 cP; the solutes are sucrose 0.1 M
inside, glucose 0.1 M outside; (b) corresponding measurement of pore radius versus time, showing four
stages in the pore dynamics.

Brochard-Wyart, de Gennes, Sandre, Physica A, 2000. 
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Dynamics of a Lipidic Pore
Calculated Surface Areas as a Function of Time
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Dynamics of a Lipidic Pore
Surface Tension and Line Tension as Pointwise 

Outputs
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Rapid Opening Phase (I) : Stretching Tension Dominates
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Reversal Phase (II) : Surface Area Equilibrates
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Slower Linear Closing Phase (III) : Line Tension Driven Motion
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Rapid Closing Phase (IV) : Line Tension Dominates
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Dynamics of a Lipidic Pore
Water Velocity as Pointwise Outputs
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Rapid Opening Phase (I) : pressure drives water near hole
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Reversal Phase (II) : stretching driven motion is fully developed-
vesicle becomes aspherical 
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Slower Linear Closing Phase (III) : motion of water not effected by vesicle
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Rapid Closing Phase (IV) : out flow during closure is quite small
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