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ABSTRACT: We derive a continuum model, called the Poisson−Fermi equation, of
biological calcium channels (of cardiac muscle, for example) designed to deal with crowded
systems in which ionic species and side chains nearly fill space. The model is evaluated in
three dimensions. It includes steric and correlation effects and is derived from classical hard-
sphere lattice models of configurational entropy of finite size ions and solvent molecules. The
maximum allowable close packing (saturation) condition is satisfied by all ionic species with
different sizes and valences in a channel system, as shown theoretically and numerically.
Unphysical overcrowding (“divergence”) predicted by the Gouy−Chapman diffuse model
(produced by a Boltzmann distribution of point charges with large potentials) does not occur
with the Fermi-like distribution. Using probability theory, we also provide an analytical
description of the implicit dielectric model of ionic solutions that gives rise to a global and a
local formula for the chemical potential. In this primitive model, ions are treated as hard
spheres and solvent molecules are described as a dielectric medium. The Poisson−Fermi
equation is a local formula dealing with different correlations at different places. The correlation effects are apparent in our
numerical results. Our results show variations of dielectric permittivity from bath to channel pore described by a new dielectric
function derived as an output from the Poisson−Fermi analysis. The results are consistent with existing theoretical and
experimental results. The binding curve of Poisson−Fermi is shown to match Monte Carlo data and illustrates the anomalous
mole fraction effect of calcium channels, an effective blockage of permeation of sodium ions by a tiny concentration (or number)
of calcium ions.

■ INTRODUCTION

Biological ion channels are protein molecules that span cell
membranes and conduct ions through a narrow pore formed by
the amino acids and their side chains, some of which may mix
with the ions in some types of channels. Ion channels control a
wide range of biological functions from signal transfer in the
nervous system, coordination of muscle contraction, transport
of dissolved substances and water, to regulation of secretion of
hormones.1−3 Each of these functions has been so important
for so long that evolution has probably produced a nearly
optimal adaptation, within physical constraints, and conserved
it, using the same design principles again and again.
Calcium channels are vital to an animal because calcium

concentrations (in the range 0.01−1 μM) inside its cells are
used as a signal in almost all its tissues in the same sense that
the position of a gas pedal is a signal that controls the speed of
a car. Calcium channels preferentially and exquisitely conduct
Ca2+ compared to monovalent cations and exhibit the
anomalous mole fraction effect that effectively blocks
monovalent cations by a small concentration of Ca2+.4 For
example, the L-type calcium channel has a Ca2+ affinity of 1
μM. In 30 mM Na+, as little as 1 μM Ca2+ reduces the Na+

current measured in 0 Ca2+ by 50%.5,6 Calcium channels also
discriminate between ions with the same charge (e.g., Ca2+ vs
Ba2+ or Na+ vs K+).7,84

The theory that best describes experimental properties of
calcium channels is charge/space competition in the crowded
charge mechanism introduced by Nonner and Eisenberg to
describe the selectivity filter of calcium channels. This theory
produces micromolar Ca2+ affinity for the L-type calcium
channel,9−12 describes how different calcium channel subclasses
can have the wide range of Ca2+ affinities seen in experi-
ments,11,13,14 correctly distinguishes between monovalent
cations of different size,15−17 and uses the same small set of
adjustable parameterschannel diameter and one or two
dielectric coefficientsto account for the main selectivity
properties of calcium and sodium channels.10,11,15,18−21

Gillespie’s treatment of the ryanodine receptor is in the same
spirit and is even more successful. Gillespie’s treatment
accounts for and predicts current voltage relations in a range
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of solutions, including quantitatively predicting anomalous
mole fraction effects that were not anticipated (by the
experimental community) before they were measured.17,22−25

Reduced models9,10,12,15,26 of the calcium channel have been
used to develop the charge/space competition theory. In these
models, the side chains of proteins are treated as spherical
structural O1/2− ions confined to but movable in the filter that
interact with mobile ions Na+, Ca2+, and Cl− through volume
exclusion and electrostatics much as the mobile ions interact
with each other. The ions and side chains thus mingle together
in the selectivity filter of the channel. That geometry is simply
taken to be a doughnut shape, as shown in the cross-sectional
view in Figure 1, where H and R denote the length and radius

of the filter, respectively. The solvent and protein are
represented implicitly as dielectrics with the dielectric
coefficients εw and εpr, respectively. The solvent domain
consists of two baths and the channel pore which contains
the filter.
It is obvious, and was apparent to Nonner and Eisenberg

from the beginning that these simplified models are a gross
oversimplification of the real structure. The reduced model was
originally designed to deal with measurements in a broad range
of ionic mixtures needed to make the inverse problem of
identification of parameters well posed.26 Since then, many
structures of transporters and channels have been measured,
but understanding of selectivity and permeation has not been
an automatic result in a broad range of ionic mixtures, as
measured experimentally. Difficulties in dealing with channels
bathed in mixtures should come as no surprise, since mixtures
in bulk solutions (without biological complications) themselves
pose difficulty.27−31 It seems that the reduced models of these
channels are at least as successful as reduced models of ionic
mixtures in bulk solutions. Reduced models of these channels
seem to capture the (free) energies used by evolution to
control selectivity and permeation well enough to deal with
experimental data and biological reality (as far as they have
been tested).
Most of the above theoretical results were obtained by the

Monte Carlo approach. A few theoretical results are available
from continuum models, such as the energy variational analysis
model.32,33 However, continuum models that can yield results
in three dimensions, comparable to those of Monte Carlo, are
lacking.
We propose here a continuum model with steric and

correlation effects for which the entropic energy functional,

involving different sizes and valences of ionic species, is derived
from the hard-sphere lattice gas model in a mean-field
approximation.34,35 A physical decomposition is applied to
Coulombic interactions between ions with short, intermediate,
and long range components parametrized by the correlation
length.36,37 The resulting model is a fourth-order nonlinear
partial differential equation (PDE) called the Poisson−Fermi
equation37 in which the correlation effects are described by the
fourth-order term and a Fermi-like distribution. In contrast to
the Boltzmann distribution of the classical Poisson−Boltzmann
equation, the Fermi distribution in general (and the Poisson−
Fermi equation in particular) imposes a saturation condition for
all ionic species so that their concentrations are bounded by the
close packing of hard spheres. The unphysical divergence of the
Boltzmann distribution of crowded point charges at large
potentials has been a central problem in physical chemistry for
more than 100 years,38,39 as reviewed in refs 35 and 40−44 and
advertised in refs 45 and 46. The purpose of this paper is to
show that delicate phenomena such as the anomalous mole
fraction effect that occurs inside a calcium channel can indeed
be effectively and efficiently studied in three dimensions by the
Poisson−Fermi equation as well as by the Monte Carlo
method, which is computationally more expensive and
restricted to equilibrium. Most experiments and essentially all
biological function involves flow, away from equilibrium.
Variable dielectric permittivity is a new feature provided as an

output by the Poisson−Fermi equation. The variations of
dielectric permittivity play an important role in the mechanism
of permeating ions through channels. Two major effects are the
change in strength of pairwise ionic interactions and the
transition from aqueous hydration to channel solvation for an
ion as it enters the pore from the bath.
The details of dielectric interactions can determine

qualitative properties of the crowded charge, as shown in
Figures 8−10 of ref 19. The presence of a dielectric region
changes the sodium vs potassium selectivity of a sodium
channel model in a crucial way. It is important to get the spatial
dependence of the dielectric right: a wide range of engineering
devices can be made by spatial variation of ONLY the dielectric
coefficient.47,48 It is possible that evolution, as well as engineers,
have used this mechanism, e.g., to create large ion selectivity in
potassium channels.49 So far, this spatial dependence of the
dielectric can only be dealt with in a continuum treatment.50

The dielectric function resulting from the Poisson−Fermi
equation may provide a more reliable polarizable force field for
more accurate calculations of ion conductance and selectivity
than that of the Poisson−Boltzmann equation for which the
dielectric permittivity is usually treated as a piecewise constant.

■ MODEL
Poisson−Fermi Equation. Using the hard-sphere lattice

gas model in mean-field approximation,35 the free energy for an
aqueous electrolytic system is

∑ϕ= −
=

F q N k T Wln
j

K

j j
1

B
(1)

where ϕ is the electrostatic potential, Nj is the total number of j
species ions carrying the charge qj = zje with the valence zj, kB is
the Boltzmann constant, T is the absolute temperature, and K is
the total number of ionic species. The last term describes the
entropy of the distribution of all ions and water molecules over
a total of N available sites in a system with

Figure 1. A cross section of the cylindrical shaped channel model. The
length and radius of the filter are H and R, respectively.
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W1 = N!/(N1!(N − N1)!) the number of combinations for the
distribution of N1 in all vacant sites N, W2 = (N − N1)!/(N2!(N
− N1 − N2)!) for the distribution of N2 in N − N1 vacant sites
after N1 being distributed, and so on. After all the ions are
distributed, there are N − ∑j=1

K Nj = NK+1 sites that will be filled
by water molecules, the last species K + 1 of particles in the
system. Using the Stirling formula, lnM! ≈M lnM −M withM
≫ 1, for the mixing entropy,31,48 the chemical potential of ionic
species i is
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from which we deduce global probabilities pi = Ni/N for all
ionic species and pK+1 = 1 − ∑j=1

K pj for the molecules of water.
By introducing local probabilities pi(r) = viCi(r), the chemical
potential can be written as a local function
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where Ci(r) is the concentration function of spatial variable r in
the box domain shown in Figure 1 and vi = 4πai

3/3 is the
volume of each individual ion of species i with ai being the
radius. The volume of the site occupied by this ion is also vi; i.e.,
a site is a sphere and its volume changes with different species
of resident ions. The denominator indicates that the quantity γ
= 1 − ∑j=1

K vjCj(r) = vK+1CK+1(r) is the volume fraction
occupied byor the local probability ofwater molecules in
any unit volume. We treat the volume fraction γ as a single
entity without specifying the volume vK+1 of individual water
molecules and the water density CK+1. Therefore, γ represents
the continuum solvent surrounding ionic hard-sphere particles
in the unit volume. Globally, the NK+1 sites of water molecules
lump all water molecules into a continuum dielectric back-
ground. Equivalently, NK+1 sites correspond to the global
volume fraction (global probability) of water molecules in the
system. A single global volume fraction of water molecules is
equivalent to a local distribution of NK+1 water molecules, as we
now show. The number of combinations for distributing NK+1
water molecules in the remaining sites N − ∑j=1

K Nj is

=
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which is exactly the number of combinations for distributing a
single lumped water in the global volume fraction because

= !
! !

=+W
1

1 0
1K 1 (6)

Consequently, the local free energy or chemical potential of any
ionic species depends on its local entropy (the numerator in eq
4) and also on the local entropy of water molecules (the
denominator). And all water molecules are seen by each ion as
a continuum (global) dielectric.
Our derivation from eqs 1, 2, 5, and 6 to the global chemical

potential 3 and the local chemical potential 4 can therefore be
considered as a mathematical description of the primitive

model of electrolytes, which is used in most Monte Carlo
simulations of the L-type calcium channel and plays a key role
in density functional theory (DFT) and DFT-PNP (Poisson−
Nernst−Planck) models as well.
For a fixed total volume and a fixed temperature of the

system, the chemical potential is found to be μi = kBT ln(viCi
B/

(1 − ∑j=1 vjCj
B)) by setting ϕ = 0, where Ci

B denotes the bulk
concentration. Consequently, the concentration can be ex-
pressed by

∑βφ
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where βi = qi/kBT and Strc = ln[(1 − ∑j=1
K vjCj)/(1 − ∑j=1

K

vjCj
B)] is called the steric functional, which represents an excess

potentialdifferent for each ionic speciesbeyond that of the
ideal dilute solution. Note that the concentration of each
species depends on the excess steric potential which in turn
depends on the concentration of all species. “Everything”
interacts with everything else in crowded systems like this.
Interactions are produced by crowding of the ions themselves,
crowding of ions and side chains of the protein, as well as
allosteric properties and conformation changes of the
surrounding protein.
At large potentials such that −βiϕ ≫ 1, we have

α

α
=

− ∑

+
=

βϕ α− →∞ →∞

≠C
v C

v v
lim lim

1
1

i
i j i

K
j j

i i ii i (8)

with αi = Ci
B exp(−βiϕ)/(1 − ∑j=1

K vjCj
B); i.e., the concentration

cannot exceed the maximum value 1/vi. This means that the
density distributions (eq 7) are not of the Boltzmann type but
rather of the Fermi type, since these distributions have been
arranged in the finite N sites. These distributions reduce to
Boltzmann if vi = Strc = 0. This limit cannot be reached
physically, however, because it would lead to an infinite
concentration if −βiϕ → ∞. This fact was known to Stern51 in
1924.
The development of analytical formulas like eq 7 is quite

recent.35−37,52,53 Formula 7 is more general than the previous
formulations, since it permits any number of ionic species with
different valences and sizes in a system. A formula of this
generality is needed to deal with biological reality, since
biological solutions nearly always include a large number of
ionic species (as essential ingredients) that are important for
biological function and have a wide range of valences and sizes.
Interactions between many of these biological species are an
important determinant of the properties of channels and
enzymes and have been the subject of a large part of
experimental work in physiology and biochemistry, for more
than 75 years.
We use the Poisson−Fermi equation to describe correlation

effects

∑ε ϕ ρ∇ − ∇ = =
=

l q C( 1)
i

K

i iw c
2 2 2

1 (9)

proposed in refs 36 and 37, where lc is an electrostatic
correlation length and ε ̂ = εw(1 − lc

2∇2) is a dielectric operator
that approximates the permittivity of the surrounding material
and the linear response of correlated ions.37,53 The ionic
interaction potential described by eq 9 is a mean field due to
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continuous charge density ρ, which is in contrast to the mean
force employed by the Monte Carlo treatment primitive
implicit dielectric model of ions in solutions and channels.
This equation reduces to the Poisson−Boltzmann equation

when lc = 0. The correlation length lc determines not only the
strength of correlations37 but also the boundary between the
short and long range Coulombic interactions of all ionic
particles involved in the system.36 These physical properties,
generally inexplicable by the standard second-order Poisson−
Boltzmann equation,45,46 can be used to study sensitive
phenomena such as the interplay between overscreening from
short range correlations and crowding from finite size effects at
large potentials.37 Apart from the Poisson−Fermi approach, the
density functional (continuum) description of ion−ion, ion−
solute, or ion−water Lennard-Jones interactions has been
independently proposed and studied by our group32,33 and by
Wei’s group54 in recent years to deal with steric and correlation
effects.
The fourth-order eq 9 is reduced to a second-order PDE in

ref 55

ε ρ

ϕ

∇ − Ψ =

∇ = Ψ⎪
⎪⎧⎨
⎩

l( 1)w c
2 2

2
(10)

by introducing an additional unknown function Ψ with suitable
boundary conditions. Numerical methods to solve these
equations in three dimensions are developed in ref 55.
Dielectric Function. The solvent in an electrolyte is

represented by a dielectric constant in classical Poisson−
Boltzmann theory as in other primitive implicit dielectric
models of ionic solutions. In the Poisson−Fermi equation (eq
9), the dielectric coefficient ε ̂ = εw(1 − lc

2∇2) is an operator if
the correlation length lc ≠ 0. The operator is not a scalar and
cannot directly yield a single dielectric quantity. From eq 10,
the image of the function Ψ(r) under the operator ε ̂ is the
scalar function ρ(r). If lc = 0, then ε ̂ = εw, which is not an
operator but indeed a scalar, the dielectric constant of bulk
water. Thus, there exists an unknown dielectric function, say
ε̃(r), that is implicitly defined by the operator ε ̂ when lc ≠ 0.
We now derive a computable formula for ε ̃(r).
The polarization P of the solvent induced by the electric field

E = −∇ϕ is described by the Poisson equation54

ε ρ∇· = − ∇·E Pw (11)

where the polarization charge density η = −∇·P = −εwΨ − ρ
can be calculated, since the function Ψ = −∇·E and the charge
density ρ have been obtained by solving eq 10. Equation 11
means that the total charge density ρ(r) of ions is equal to the
density ρw(r) = εw∇·E = −εw∇2ϕ(r) minus the polarization
charge density η(r).
In a uniform homogeneous medium, the density function

ρw(r) is a continuous distribution function of all ions
interacting whose dielectric permittivity is a single constant
εw over the solvent domain. Where the solvent is not a uniform
dielectric, the polarization charge density η(r) is induced in the
solvent by the electric field E, giving the varying dielectric ε̃(r).
Note that this polarization charge is in the solvent, not on the
surface of protein.
Assuming that the electrolyte is isotropic, ε̃(r) then satisfies

the Poisson equation ∇·ε̃E = ρ. By the approximation ∇·ε̃E ≈
−ε̃Ψ and η = −εwΨ − ρ, we then have the computable
dielectric function

ε
ε

η ρ
̃ ≈

+
r

r r
( )

1 ( )/ ( )
w

(12)

Chemical Potentials in the Filter. In the baths, the bulk
concentration Ci

B for each species i is related to its chemical
potential by

∑μ = −
=

k T vC v Cln[ /(1 )]i i i
j

j jB
B

1

B

(13)

However, in the filter region, the bulk value Ci
F is not known

and is not equal to Ci
B because we have additional oxygen ions.

An extra potential Vc is devised to keep these structural ions in
the filter, namely, C4 = C4

F exp(−β4ϕ + Strc + Vc) instead of eq 7.
Here, Vc is chosen to be the hard-wall confinement potential20

and ionic species Na+, Ca2+, Cl−, and O1/2− are enumerated by i
= 1, 2, 3, and 4, respectively. The confinement potential and C4

F

are implicitly and self-consistently determined by constraining
the total number of O1/2− to 8 at each Newton’s iteration. If the
water volume fraction γF = 1− ∑j=1 vj Cj

F is fixed in the filter,
the values of Cj

F are also fixed; i.e., the remaining volume
available to permeable ions is fixed. Neglecting C3

F since
chloride ions are completely depleted in the filter region by
O1/2− ions, we have

μ γ= =k T vC iln( / ), 1, 2i i i
F

B
F F

(14)

which thus establishes a relationship between Ci
F and μi

F. The
filter chemical potential μi

F is one of the two tuning parameters
used to match the Monte Carlo results in ref 20, while the
correlation length lc is the other one. We are aware that leaving
out co-ions altogether may be too drastic an approximation and
we intend to be less drastic in future work: trace concentrations
of minority carriers (another name for co-ions) have long been
known to be important in semiconductor devices56,57 and ion
exchangers.58

Instead of using ion activity in eq 13, we use the
concentration because it can be directly evaluated in eq 7.
Otherwise, the activity coefficient (defined by the relationship
between activity and concentration) would need to be
additionally determined in the variable ionic conditions that
change so much between the baths and the selectivity filter of
channels. Note that, for the case vi = 0 (reducing to Poisson−
Boltzmann), eq 13 should be written as μi = kBT ln[Ci

B/CK+1
B ],

since the denominator is vK+1CK+1
B and the ratio vi/vK+1 is a

constant before taking all particle volumes vj, j = 1, ..., K + 1, to
the limiting zero. For eq 7, this limiting reduction to the
Boltzmann distribution is still valid provided that the water
density is assumed to be constant in the entire solvent domain.

■ RESULTS

We first study the concentration profiles produced by Poisson−
Fermi for the case of [CaCl2] = 10−6 M and [NaCl] = 30 mM.
The parameter values R = 3.5 Å, H = 10 Å, a1 = aNa+ = 0.95 Å,
a2 = aCa2+ = 0.99 Å, a3 = aCl− = 1.81 Å, a4 = aO1/2− = 1.4 Å, εw =
80, and εpr = 10 in ref 20 are used here to compare with Monte
Carlo results. The oxygen ions O1/2− are confined in the filter
region by the hard-wall confining potential defined in ref 20
and illustrated in Figure 2. The O1/2− profile obtained by
Poisson−Boltzmann (without Strc) is shown by a dotted curve
and by Poisson−Fermi by a solid curve. From eq 8, the steric
functional Strc imposes a saturation condition on the oxygen
ions in the filter; namely, the following inequality
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π
≤ = =C

v a
r( )

1 3
4

144.475 M4
4 4

3
(15)

holds for the O1/2− concentration function C4(r) at all points r
in the domain. Ionic solutions with concentration greater than
144.475 M are impossible. At a concentration of 1/v4, the space
of v4 is a solid filled with charges.
The Poisson−Fermi equation with the steric functional

satisfies the saturation condition due to the Fermi distribution
property, whereas the Poisson−Boltzmann equation without
finite size effects fails to meet this condition near the walls (at x
= ±3.6 Å) of the confinement region, as shown in Figure 2.
This example clearly demonstrates the long-standing problem
of unphysically high concentration of ionic particles near
boundaries with large potentials predicted by the Gouy−
Chapman diffuse model. The problem arises because the model
does not consider steric effects. It is not surprising that the
Poisson−Fermi profile is flat due to the combined effect of the
crowded filter space and the saturation condition.
Figures 3 and 4 present Poisson−Boltzmann and Poisson−

Fermi profiles for Na+ and Ca2+. The numbers of Na+ obtained
by Monte Carlo, Poisson−Boltzmann, and Poisson−Fermi are
0.64 (estimated from Figure 8 in ref 19), 0.76, and 0.64,
respectively, whereas the corresponding numbers are 0.62, 0.57,
and 0.62 for Ca2+. We can match the occupancy estimated by
Poisson−Fermi almost exactly to that found by Monte Carlo by
tuning the two parameters mentioned above. For this model
(eq 7), as for all models of the Nonner−Eisenberg type, the
side chains of the channel protein are described by effective
values C1

F and C2
F. The utility of this class of models in fitting

large amounts of data (with a few unvarying parameters)
justifies the approach. We determine the values of these
constants by adjusting μi

F according to formula 14. From Figure
4, we observe that the Poisson−Fermi model (with steric and
correlation effects) predicts more Ca2+ ions compared to
Poisson−Boltzmann (without both effects), since Poisson−
Fermi includes finite size effects and Ca2+ has a valence
advantage competing with Na+ for the same space. Na+ and
Ca2+ ions have nearly the same size.
It is natural to have two peaks for both Na+ and Ca2+ outside

the filter, since the filter is modeled as a hard-wall confinement
and contains a net charge of −2.12e, which requires more
cations in the outside region than inside to provide charge

balance for the whole system. The Na+ peaks are more
pronounced, as shown in Figure 3, since C1

B = [Na+] = 30 mM
is much greater than C2

B = [Ca2+] = 10−6 M.
Dielectric Coefficient is an Output. A special feature

provided by the Poisson−Fermi equation is its description of
spatial variations in the dielectric coefficient of solvent in the
channel pore. This important feature must be emphasized
because important biological properties of the channel model
are known to be sensitive to the treatment of the spatial
variation of dielectric coefficient.18,19 The crucial biological
property of sodium vs potassium selectivity is found in a model
with a (relatively) high resolution treatment19 of dielectric
regions. Sodium vs potassium selectivity is not found in similar
models with fewer dielectric regions.18

The dielectric coefficient is an output of our Poisson−Fermi
calculations that is affected by the input parameters as described
in eq 12 which has a pleasingly simple interpretation. The
density of polarization charge and the density of ions of course
are also outputs of the calculation. Roughly speaking, the

Figure 2. The concentration profiles C4(r) of oxygen ions O1/2− by
Poisson−Boltzmann (PB) in dotted curve and by Poisson−Fermi
(PF) in solid curve.

Figure 3. The concentration profiles C1(r) of sodium ions Na+

calculated by Poisson−Boltzmann (PB) in dotted curve and by
Poisson−Fermi (PF) in solid curve. The corresponding numbers of
ions in the filter are 0.76 and 0.64, respectively, with [CaCl2] = 10−6 M
and [NaCl] = 30 mM.

Figure 4. The concentration profiles C2(r) of calcium ions Ca2+

calculated by Poisson−Boltzmann (PB) in dotted curve and by
Poisson−Fermi (PF) in solid curve. The corresponding numbers of
ions in the filter are 0.57 and 0.62, respectively, with [CaCl2] = 10−6 M
and [NaCl] = 30 mM.
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dielectric coefficient varies because the polarization charge
density η = −εwΨ − ρ = εw∇·E − ρ varies with the gradient of
the electric field E and the charge density ρ. The averaged
dielectric coefficient ε̃(r) along the channel axis decreases
significantly from its bath value εw = 80 to ∼42.5 at the center
of the channel pore, as shown in Figure 5, which is consistent
with well-known theoretical and experimental studies.59−61

For the selectivity of the L-type calcium channel, numerical
results obtained by the Poisson−Fermi equation with the
correlation length lc = 0.577 Å are in excellent accord with
those of Monte Carlo, as shown in Figure 6, which shows that

occupancy of the selectivity filter changes from Na+ to Ca2+ as
the concentration [CaCl2] increases from 10−7 to 10−2 M at a
fixed background electrolyte in the baths with [NaCl] = 30
mM. As far as we know, this is the first three-dimensional
continuum result that matches Monte Carlo occupancy data
almost exactly by tuning only two parameters lc and μi

F.
The correlation length lc is an effective length scale over

which the electrostatic interaction energy is comparable in
magnitude to the thermal energy scale.36,53 Its value is not
precisely known51 and depends primarily on the valences and
sizes of all ionic species involved in the system. The adjustment
of lc to fit the Monte Carlo data is arbitrary in the present work.
The fitting curve as shown in Figure 6 is not drastically sensitive
to this adjustment. However, the value of lc directly affects the
dielectric profile shown in Figure 5, which essentially represents
a mean effect of complex physical properties such as correlated
interactions, screening, ion size and valence, ionic strength,
dipoles and their orientations, and polarization charge density,
etc., in the system. Because of this kind of averaging, the ion
size is simply taken to be constant throughout the entire
domain from bath to pore. The precise size of ions may be
crucial for molecular dynamics or Monte Carlo simulations. It
does not dramatically affect the mean field approximation, again
due to the averaging effect. The overall binding phenomenon as
shown in Figure 6 would not change significantly if the radius
of oxygen ions were changed from 1.4 Å (ionic radius) to 0.7 Å
(covalent radius), since the correlation length can be adjusted.
The dielectric profile as an averaged output may be used to
validate the Poisson−Fermi equation and its adjustable
parameters by comparing with simulation data or even
experimental data if that becomes available. The dielectric
profile may prove to be an intermediate scale reduced variable
more robustly determined by biological data than (for example)
ion or channel “diameters”. In classical biological language, the
dielectric profile may be a phenotype as important as the profile
of permanent charge.
From eqs 13 and 14, we observe that the parameter μi

F varies
with bulk concentrations Ci

B, ion volumes vi, and the water
volume fraction γ in a complex way. The values of μ2

F are given
in Table 1 for various C2

B. The value of μ1
F is for C1

B = 30 mM.
The water volume fraction γ = 1 − ∑j=1

K vjCj(r) is almost fixed
at about γF = 0.65, as required by eq 14.

■ CONCLUSIONS

The Poisson−Fermi equation presented in this paper is a
decomposition of Coulombic interactions of correlated ions in
the mean-field theory using a hard-sphere lattice gas model for
entropic free energy. The Poisson−Fermi equation provides an
effective steric functional that modifies classical Poisson−
Boltzmann theory to deal with the reality of saturation of
concentration, produced by the finite size of ions. The
saturation condition is satisfied by all ionic species with various
sizes and valences. The saturation condition is of great
importance in ion channels, where the number density of
ions is very large, often >10 M. The Poisson−Fermi model
predicts the anomalous mole fraction effect of real calciuim

Figure 5. The dielectric profile ε̃(r) in the solvent domain obtained by
the Poisson−Fermi equation.

Figure 6. The average number of Ca2+ and Na+ in the selectivity filter
varies with increasing [CaCl2] added to a fixed [NaCl] = 30 mM
background electrolyte. The MC curve is reproduced from Figure 6c
in ref 20.

Table 1. Values of μ2
F and γ

C2
B in M 10−7 5 × 10−7 10−6 5 × 10−6 10−5 10−4 10−3 10−2

μ2
F/kBT −29.99 −28.25 −26.62 −25.01 −23.32 −21.02 −17.61 −15.31

γ 0.647 0.649 0.651 0.652 0.651 0.652 0.652 0.650
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channels. The model also yields a useful formula for the
dielectric permittivity as an output of the calculations. The
Poisson−Fermi equation can be embedded in the Poisson−
Nernst−Planck theory to provide better prediction and
description of complex fluids in a great variety of physical,
chemical, and biological systems.
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