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We present and discuss a modified version of reaction rate theory (RRT) to describe the passage
of a positive ion through a biological ion channel. It takes explicit account of the non-equilibrium
nature of the permeation process. Unlike traditional RRT, it allows for the non-constant transition
rates that arise naturally in an archetypal model of an ion channel. In particular, we allow for the
fact that the average escape time of an ion trapped at the selectivity filter (SF) can be reduced
substantially by the pair correlations between ions: the arrival of a second ion at the channel
entrance significantly reduces the potential barrier impeding the escape of the ion from the SF. The
effects of this rate modulation on the current-voltage and current-concentration characteristics of the
channel are studied parametrically. Stochastic amplification of the channel conductivity by charge
fluctuations is demonstrated and compared with the results of Brownian dynamics simulations.
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I. INTRODUCTION

Ion channels are pathways down the centers of proteins
embedded into the membranes of biological cells [1, 2].
Their purpose is to facilitate the diffusion of ions across
the cell membranes. To support life, channels have to
be precise, often selecting between similar ions with an
accuracy of 1:1000 [3], yet still able to deliver millions of
ions per second, i.e. almost at the rate of free diffusion. In
recent years impressive progress has been achieved both
in understanding the structure of ion channels [4] and
in modeling their properties [5]. Yet the mechanism that
enables channels to be highly selective between alike ions,
while still passing millions of ions per second, remains a
tantalizing paradox.

Reaction rate theory is one of the oldest and most
widely accepted theoretical tools used to account for the
operation of ion channels. It can reproduce some impor-
tant channel properties, including their conductivity and
their selectivity between alike ions. It treats the chan-
nels as a set of states, with fixed transition rates between
them. The current consensus views the transition rates,
and often the states themselves, merely as convenient fit-
ting parameters of the model without having any direct
physical meaning. The rationale behind this view is the
complexity of real channel dynamics, in which transition
rates are modulated by many different factors, including
long range interactions with ions in the electrolytes, inter-
actions with fixed charge on the channel wall, the effects
of hydration and dehydration of ions within the channel,
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and wall vibrations. Given this situation, equilibrium re-
action rate theory (RRT) with a large number of states
and fixed transition rates between them, serves as a first
order approximation to the complex non-equilibrium re-
ality.

At the same, the validity of the assumption of constant
transition rates, and their lack of physical significance,
have often been questioned [6]. It was shown for exam-
ple that the use of constant rates is inconsistent with ex-
periment [7], and that the modulation of transition rates
due to random fluctuations in the electric potential can
be used to extract useful work from the energy of non-
equilibrium fluctuations [8], e.g. to transport molecules
in molecular motors [9].

We seek to account for, and understand, the non-
equilibrium stochastic phenomena associated with ionic
permeation though an open ion channel. A possible the-
oretical approach is based on an extension of RRT that
takes the above-mentioned interactions into account ex-
plicitly, using the standard results of stochastic theory.
Within this framework it may become possible to recon-
cile the parameters of the RRT model with the actual
properties of the channels and, in particular, with the
shape of the channel potentials as obtained from molec-
ular dynamics (MD) simulations. These latter can then
be used in Brownian dynamics (BD) simulations.

In this paper we review briefly some recent results de-
rived by this approach and consider its application to the
analysis of conductivity in an archetypal open ion chan-
nel. We show that the transition rate is modulated by
long range pair correlations of the ionic motion, and that
this modulation may result in stochastic amplification of
the channel conductivity. The predicted stochastic am-
plification is compared with the results of BD simula-
tions.
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FIG. 1: (Color online) (a) Geometry of the model system
under consideration (see text). (b) The total potential energy
is made up from a sum of several different contributions. The
curves represent (from top to bottom at x = 0): the self-
potential; the potential due to the externally applied voltage;
the total potential energy; and the potential due to the fixed
charge. The ends of the channel are at ±15 Å as indicated by
the vertical alignment with the schematic of the model in (a).

The paper is organized as follows. We present in Sec-
tion II a modified archetypal model of the channel. Sec-
tion III develops a simple generalization of RRT that
takes into account the ion-ion interactions. Parametric
studies of the model are described in Section IV. Predic-
tions based on it are compared with the characteristics of
real channels, and with the results of BD simulations, in
Section V, where it is shown that non-equilibrium inter-
actions can amplify the current through the channel. Fi-
nally, we summarise the main results, draw conclusions,
and outline our perception of future perspectives in Sec-
tion VI.

II. MODEL

We will base our simple extension of RRT on a generic
model [1, 10, 11] of an ion channel, consisting of a water-
filled cylindrical hole through the protein in the cell mem-
brane, with a single binding site around its centre. The
channel is open to the bulk solutions on both sides of the
membrane, as sketched in Figure 1(a). In standard RRT
the channel is modeled as three potential barriers with
prescribed transition rates in each direction over their
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FIG. 2: (Color online) Potential energy along the channel
axis, for 200mV applied voltage. The full black line is the
potential of a single Na+ ion moving along the channel axis.
The dashed line is the potential acting on a Na+ ion mov-
ing along the channel axis when there is one Na+ ion at the
mouth of the channel. The vertical dash-dotted lines indicate
the positions of the ends of the channel. ω21 is the average
inverse time during which the potential remains deep (full
curve) before a Na+ ion arrives at the left entrance, making
the potential shallower (dashed); ω12 is the average inverse
time during which the potential remains shallow, before the
Na+ ion diffuses away from the channel entrance, thereby re-
turning the potential to its original deep configuration.

tops, and the rates are treated as fitting parameters in
applying the model to any specific kind of channel. To
extend this approach by including explicitly the modula-
tion of the rates due to ion-ion interactions, we modify
the model in two important respects.

First, we introduce two effective binding sites in the
form of hemispheres at each side of the channel as shown
in Figure 1(a). The physical significance of these sites is
related to the Debye screening of the ionic potential in
the electrolyte solutions. Thus, for a typical screening
length λD of order 5 Å, only ions coming within λD of
the channel entrance can influence the motion of an ion
within the channel. This influence can be quite signifi-
cant because the channel acts as an electrostatic amplifier
of the ion-ion interaction. The latter phenomenon can
readily be understood by consideration of two limiting
cases. For very large channel radii the effective dielec-
tric constant εeff of the channel approaches its value in
water, so that the interaction potential ϕcorr ∝ 1/εwr
decays fast. In the opposite limit of small channel radius
(R → 0), εeff approaches its value in the protein, and
ϕcorr ∝ 1/εpr then decays up to 40 times more slowly. In
narrow channels the εeff is expected to be close to the
protein value [12], giving rise to a strong amplification of
the ion-ion interaction.

Secondly, to characterize the ion-ion interaction we in-
troduce the following physical parameters. The rate at
which ions arrive at the left channel mouth is given by
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the Smoluchowsky rate 1/τar ∝ πRCLD, where CL is
the concentration of ions in the left bath and D is the
ionic diffusion constant. The rate at which ions leave the
hemisphere is given by the diffusion time τD ∝ R2/3D.
These estimates were confirmed in our earlier 3D BD
simulations [13, 14], where it was shown that the distri-
bution of random arrival times follows an exponential law
with the characteristic time given by the inverse of the
Smoluchowsky rate. In addition, the parameter charac-
terizing the strength of the interaction is introduced as
a change in the depth of the exit potential barrier for
an ion trapped at the binding site when the second ion
arrives at the channel mouth.

The change in the potential barrier at the channel exit
can be estimated by taking into account the almost linear
decay of the potential inside the channel [15]. For exam-
ple, if the second ion is located at a distance 1 Å from
the channel mouth and the local potential extrema at the
binding site are separated by 7 Å, the potential barrier
height is reduced by ∆U2 ≈ 1.5 kBT and the pair corre-
lations exert a leading order effect on ion motion through
the channel. These estimates can be further confirmed by
explicit solution of the Poisson equation for the single-ion
potential profile in the channel both with, and without,
the second ion at the channel mouth.

Solutions of the Poisson equation for a single ion are
shown in Figure 1 (bottom). The corresponding poten-
tial profile consists of the following components: the self-
energy due to the image charges induced in the protein
walls, the external potential corresponding to the ap-
plied potential difference across the cell membrane (i.e.
between the two baths), and the potential of the fixed
charge on the protein wall. The resultant total potential
is show by the full blue line in Figure 1 (bottom). It
exhibits a relatively deep potential minimum at the cen-
ter of the channel, corresponding to the binding site, and
two potential barriers impeding exit to the right and to
the left respectively.

With a second ion present at the left channel mouth,
there is an additional contribution due to the ion-ion in-
teraction which modifies the single ion potential as shown
by the dashed curve in Figure 2. It is evident that the
modified potential has a lower barrier impeding exit to
the right. The change Fcorr in the height of the potential
barrier, found by solution of the Poisson equation, is of
the order of 1.5 kBT in agreement with the above esti-
mates. For escape processes that occur on the timescale
of a few tens of nanoseconds, only the averaged posi-
tion of the second ion at the channel mouth has physical
significance. The corresponding fluctuations of U(x), av-
eraged in time, can be modeled as dichotomous noise.

Note that, without having introduced any fitting pa-
rameters into the model, we arrive naturally at a situa-
tion where the single-ion potential of the channel is flip-
ping between two states. The flipping rate to the state
with decreased potential barrier (state 2) is given by the
Smoluchowsky arrival rate ω21 = J l

ar, and the rate of
return to the single-ion state with the larger potential

barrier (ground state 1) is given by the diffusion rate
ω12 = klref . The two different potential barrier configu-
rations result in two different escape rates of the trapped
ion out of the channel. In order to describe this situation
we introduce in Section III a modified form of RRT that
takes into account the non-equilibrium modulation of the
escape rate.

III. NON-EQUILIBRIUM RATE THEORY

The model introduced above has three sites: the bind-
ing site at the center of the channel; and an effective site
at each of the channel mouths. The rate k2 at which ions
escape to the right from the binding site is a function of
the model parameters that characterize the interaction
between the ion at the binding site and ions arriving at
random at the left channel mouth. We will develop a
theory of the stochastic transition of ions through the
channel below, in two stages.

First, we neglect the ion-ion interactions and apply
standard RRT in Section IIIA to calculate the current J
through the channel using constant reaction rates, arriv-
ing at the simple formula J = k2P0. Secondly, in Section
III B, we include the interactions and calculate the de-
pendence of k2 on the model parameters ω12, ω21, and
∆U2. The results of these calculations are investigated
parametrically and compared with the results of BD sim-
ulations in Section IV.

A. Reaction Rate Theory for ion channels
conduction

The kinetic equations for the model presented in Sec. II
are given by RRT (cf. [10]):

Ṗ0 = k1Pl(1− P0)− (k−1 + k2)P0 + k−2Pr(1− P0),

Ṗl = J l
ar − klrefPl − k1Pl(1− P0) + k−1P0, (1)

Ṗr = Jr
ar − krdifPr + k2P0 − k−2Pr(1− P0).

Where J l,r
ar are the constant arrival rates at which ions are

injected respectively into the left and right volumes lo-
cated at the mouths of the channel. Pl,r are respectively
the occupation probabilities of the left and right volumes.
P0 is the probability of occupation of the charged bind-
ing site in the middle of the channel. Pl,r(1−P0) ensures
that an ion can only enter an empty channel from the
left or the right mouth. klref and krdif are respectively
the diffusive reflection rates at the left and right mouths
of the channel. The current from the left to the right, or
from the right to the left, mouth of the channel is given
by:

J = k1Pl(1− P0)− k−1P0 = k2P0 − k−2Pr(1− P0). (2)
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Looking for the steady state current, we write:

J l
ar − klrefPl − J = 0, (3)

k1Pl(1− P0)− (k−1 + k2)P0 + k−2Pr(1− P0) = 0, (4)

Jr
ar − krdifPr + J = 0. (5)

The ion injection rate on the left is given by: J l
ar =

2πRCLD. When the channel is closed, the occupation
probability of the left hemisphere at the channel mouth
is given by Pl = 2πR3CL, where R is the radius of the
hemisphere. The ion injection rate and the occupation
probability from the right mouth are written similarly.
The diffusive reflection rates at the left and right mouths
klref and krdif are calculated from the stationary solution

when the channel is non-conducting (J = 0); this leads
to

klref =
3D

R2
, (6)

krdif =
3D

R2
. (7)

Combining the elements of the steady state equation
leads to a second order equation in P0. The current can
then be calculated as:

J =
k1(1− P0)J

l
ar − klrefk−1P0

klref + k1(1− P0)
. (8)

The occupation probabilities of the left and right mouths
of the channel are given respectively by:

Pl =
J l
ar − J

klref
, (9)

Pr =
J

krdif
. (10)

We are interested in the particular case of unidirectional
current. The concentration on the right hand side of the
channel is therefore set to zero: CR = 0. Since there is no
backflow from the right bulk to the left bulk, we set k−2 =
0. For small values of the k2 parameter, corresponding
to J ≪ J l

ar, the channel binding site occupancy is given
by:

P0 =
k1J

l
ar

k1J l
ar + (k2 + k−1)klref

, (11)

and the corresponding current is given by:

J = k2P0. (12)

Note that the current through the channel in this strongly
asymmetric situation depends only on the two variables
k2 and P0. In standard rate theory k2 is constant and
the current is then expected to follow the well-known
Michaelis-Menten kinetics [1, 16], exhibiting saturation
of P0 as a function of J l

ar. However, if the interactions

between ions cannot be neglected, the escape rate k2 be-
comes a function of J l

ar and klref . As a result the cur-
rent through the channel may deviate markedly from the
Michaelis-Menten form, demonstrating stochastic ampli-
fication.

To seek further insight into the influence of the ion-
ion interaction on the permeation of the channel, we now
introduce in Section III B a non-equilibrium extension
of RRT by calculation of the dependence of k2 on the
interaction parameters.

B. Fluctuating Barrier Theory

To take account of ion-ion interactions, and to calcu-
late the escape rate k2 as a function of the flipping rates
and the corresponding modulation of the potential bar-
rier k2 = k2 (ω12, ω21,∆U2), we notice that the modula-
tion of the potential is strongly non-equilibrium. This is
because at least one rate ω12 is of the order of the inverse
diffusion time, which is close to the relaxation time of the
ion to the potential minimum.

Thus k2 has to be calculated using Chapman-
Kolmogorov theory [17] for mixed diffusion-jump pro-
cesses. Accordingly, we seek the probability density
Pi(x, t|y, t′ = 0) of the stochastic variable, starting at
t′ = 0 at position y, to exit the channel either at x1 or
x2, while the system displays mixed dynamics, jumping
with the rate ω(j|i, t′) between the potential states i and
j that have drift and diffusion coefficients Ai,j and Bi,j

respectively.

∂t′Pi(x, t|y, t′) = −Ai(y, t
′)∂yPi(x, t|y, t′)

−1

2
Bi(y, t

′)∂2
yPi(x, t|y, t′) (13)

+
∑
j

ω(j|i, t′)[Pj(x, t|y, t′)− Pi(x, t|y, t′)].

Following Gardiner [17] we seek the probability density
Pi(x, t|y, 0) for the stochastic variable, starting at t′ = 0
at position y, to exit the channel either at the left or the
right barrier top. Using the standard formalism [17] the
mean value of the exit time, the so-called mean first pas-
sage time (MFPT) τ(y), can be expressed via Pi(x, t|y, 0)
as

τ(y) =

∫ ∞

0

∫ x1

x0

Pi(x, t|y, 0)dxdt, (14)

where x0 is the potential minimum and x1 is the potential
maximum close to the right mouth.

To estimate the escape rate we analyze the case of the
two-state potential both without, and with, one positive
ion at the left channel mouth (as shown in Figure 2),
setting the ionic concentration in the right bulk solution
to zero (CR = 0). In this case the solution of the Eq. (13)
can be reduced [18, 19] to the analysis of the following
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system of equations [20]

τ ′1 = S1

kBT

mγ
S′
1 =

1

mγ
ϕ′
1S1 + ω21(τ1 − τ2)− 1

τ ′2 = S2 (15)

kBT

mγ
S′
2 =

1

mγ
ϕ′
2S2 + ω12(τ2 − τ1)− 1,

supplied with boundary conditions τ ′i(x = x0, t) = 0;
τi(x = x1, t) = 0. The escape rate k2 = 1/τ1 can now be
found as a solution of the boundary value problem (15).
We are now in a position to investigate non-equilibrium

phenomena associated with channel permeation for dif-
ferent sets of parameters.

IV. PARAMETRIC STUDY OF THE MODEL

As discussed above, the escape rate k2 is a function of
several parameters and, in particular: the ions’ arrival
rate ω21 = J l

ar; their diffusion rate ω12 = klref ; and the
strength of their mutual interaction ∆U2. We now con-
sider the effect of changes in each of these quantities.

A. Dependence on the flipping rates

To consider the dependence of the escape rate on the
flipping rates we note that the w21 = J l

ar ∝ πRCLD, so
that the dependence on w21 can be interpreted in terms of
concentration CL in the left bulk solution. On the other
hand the flipping-back rate w12 = klref does not depend

on the concentration (but, rather, corresponds to how
long the ion at the left mouth takes to diffuse away). In
real channels, however, the potential profile will depend
on the precise geometry and on possible additional small
fixed charge at the channel mouth. It is therefore of
interest to analyze the dependences of the escape rate
and current as functions of both w21 and w12.
Note that an increasing concentration leads to an in-

creasing w21 and more frequent modulation of the un-
perturbed potential. Since the modified potential barrier
is reduced by an increment ∆U2, it is expected that the
more frequent arrival of ions at the channel mouth may
result in a significant increase of the escape rate k2 and
thus of the channel current.
On the other hand, an increasing w12 means that after

arrival the ion will spend less time at the channel mouth,
and hence that the potential barrier will spend more time
in its unperturbed state. It is therefore expected that
the escape rate k2 and the channel current will both be
decreasing functions of the w12.
Calculations of the k2 as a function of w21 = J l

ar ∝
πRCLD are presented in Figure 3 for different values of
w12. It can be seen that, as expected, the escape rate
k2 is an increasing function of the concentration and a
decreasing function of w12.
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FIG. 3: Escape rate k2 as a function of the left-bath concen-
tration CL and reflection diffusion rate ω12 (shown in key) of
ions at the left mouth. The potential difference applied across
the channel was Vapp = 200mV.
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FIG. 4: (Color online) (a) The channel population as a func-
tion of the left-bath concentration CL and the average inverse
diffusion time w12 of the second Na+ ion away from the chan-
nel entrance. Here, ∆U2 ≈ 1kBT and the potential difference
applied across the channel was Vapp = 200mV. (b) The cor-
responding permeating current.

Another interesting feature evident in the figure is
that the k2 − C curves take the well-known sigmoid
shape also known as Hill’s curve [21, 22]. For example
Hill’s curve was found in the calcium-activated potas-
sium channel [23], in which an additional binding site
exists for Ca ions. Thus our theory offers an alterna-
tive derivation of Hill’s curve based on the fundamental
electrostatic properties of the channel.

To obtain the current we note that, as shown above
in Sec. III, J = k2P0, where the channel population P0

is given by Equation (11), which is a nonlinear function
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of both Jar ∝ CL and k2. The channel population and
the resulting current calculated within formalism of non-
linear RRT are shown in Figure 4.
The main result of this analysis is the prediction of

a strong increase of the current through the channel as
a function of both ionic concentration and ionic resi-
dence time at the channel mouth. Note that there is
an important difference between this picture and the
standard knock-on mechanism, and between their predic-
tions. Here, the second ion does not, on average, enter
the channel at all.
The results of Figure 4 corroborate this picture by

showing that the current increase corresponds to the
plateau region where the channel population remains at
saturation level, with a single ion occupying the channel
nearly all the time. This fact is very important from the
point of view of applications. Consider for example a sit-
uation when the conducting ions are mixed with another
type of ion in the solution in the ratio 1:20. The mech-
anism proposed above suggests that the more-abundant
ions will arrive at the channel mouth at a rate 20 larger
than that of the conducting ions. Upon arrival they will
strongly modulate the single-ion potential for the con-
ducting ion occupying the channel, thereby facilitating
completion of the permeation process.
We conjecture that the proposed mechanism can he

used to extract useful work from the non-equilibrium
modulation of the fluctuating channel potential due
to the frequent arrival of the more-abundant non-
conducting ions. For example this energy can switch the
channel between different conformational or dynamical
states.

B. Dependence on the strength of the interaction

We now turn to an analysis of stochastic amplification
of the channel current, as a function of the interaction
strength. As discussed in Sec. II, the strength of the ion-
ion interaction in this system can be characterized by
the change ∆U2 in the potential barrier height for ions
exiting to the right from the binding site.
Within our electrostatic model of channel conductance,

the strength of the potential modulation is characterized
by: (i) the locations of the potential extrema; (ii) the
distance between the potential minimum and the right-
hand maximum; and (iii) the effective averaged position
of the second ion at the left channel entrance. The first
two factors are determined mainly by the distribution of
fixed charge on the channel wall. In the present case we
consider the latter distribution to be constant, and our
analysis is therefore restricted to the dependence of the
exit rate on the effective location of the second ion near
the channel mouth.
In real channels the location of the second ion can be

affected by various factors including the precise geometry
and the possible presence of weak additional charge at
the channel mouth. The effective location of the second
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FIG. 5: Escape rate as a function of concentration for different
values of channel’s exit barrier height, ranging from 0.91∆U2

and 0.99∆U2, as indicated in the key. The potential difference
applied across the channel was Vapp = 200mV.

ion at the channel mouth can also be a function of the
concentration. Indeed, when the concentration increases
the Debye screening length decreases as ∝ 1/

√
CL.

Even small variations in the effective location of the
second ion may result in marked changes in the strength
of the interaction. This is because the ion’s potential de-
cays as ∝ 1/d, where d is the distance between the ion
and the channel entrance plane. Because of this singu-
lar behavior we expect that even small (of order 0.5Å)
changes in the effective ion location will result in signif-
icant changes in the modulation of the potential due to
the ion-ion interaction. Furthermore, even small changes
in the amplitude of modulation will lead to substantial
changes in the current through the channel.

To illustrate this point we consider the dependence of
the escape rate k2 on the amplitude of the channels’ exit
barrier modulation ∆U2, for various concentrations of
ions in the left bulk solution. We restrict the changes
in the potential modulation to small values of a few %
between 0.91∆U2 and 0.99∆U2. The results of the cor-
responding calculations are plotted in Figure 5.

It can be seen from the figure that, in agreement with
the above considerations, above even a very small (less
than 1%) increase in the modulation depth of the ∆U2

results in a more than four-fold increase of the exit rate
and thus of the channel current.

To conclude our discussion of parametric studies, we
now consider the current-voltage characteristics of the
model for different concentrations of ions in the left bulk.
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C. Current as a function of the applied voltage and
concentration

In considering the current-voltage characteristics, we
recall that the contribution of the externally applied volt-
age to the total channel potential (see Figure 1) is a
linearly-decaying function. As a result the potential bar-
rier at the channel exit decreases linearly with applied
voltage. For example the height of the potential bar-
rier is decreased by ≈ 2kBT when an external voltage
Vapp = 200mV is applied across the channel.
If the ion-ion interaction is not taken into account, the

exit rate for an ion starting from the bottom of the po-
tential xa to reach the top of the potential barrier xb can
be estimated using Kramer’s formula

rK =
D
√
U ′′(xa)|U ′′(xb)|
2πkBT

exp(− (U(xa)− U(xb))

kBT
).(16)

It is thus expected to be an exponential function of ap-
plied voltage, and not to depend on the concentration.
In this case, according to Eq. (12), the current across the
channel will depend on the concentration only via the
channel population P0. This latter dependence is a satu-
rating function of concentration of the Michaelis-Menten
type.
When the ion-ion interaction is present it will reveal

itself in two respects. First, the escape rate will become
an increasing function of the concentration due to the in-
creasing rate of modulation of the escape potential. Sec-
ondly, the relative depth of the potential barrier mod-
ulation will increase with the applied voltage, because
the absolute value of the barrier will decrease, whereas
the change of the potential due to the ion-ion interaction
does not depend on the applied voltage. In other words,
we expect a super-exponential dependence of the escape
rate k2 on the value of the applied voltage.

Both of these characteristic features of the ion-ion in-
teraction can be seen in the calculated dependence of the
escape rate on the applied voltage, for different values of
the concentration, as shown in the Figure 6. The depen-
dence of the escape rate on the concentration can be seen
in the figure as an overall upwards shift in the k2(Vapp)
curves as the concentration is increased.

Finally, we note that in the absence of ion-ion interac-
tion the channel current was expected to be independent
of the concentration in the region of saturated channel
population, while non-equilibrium RRT predicts strong
increase of the current in this region. The results of these
latter predictions are shown in Figure 7. The strong in-
crease of the current in the region where population P0

is saturated is clearly evident.
To verify the predicted features of the ion channel cur-

rent in the presence of the ion-ion interaction we per-
formed BD simulations, as described below.

V. COMPARISON WITH BD SIMULATIONS

A. Model Equations

The BD simulations of the model described in Sec. II
and shown in the Figure 2 are based on the integration of
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FIG. 7: (Color online) The permeating current as a function
of the left-bath concentration CL and the potential difference
Vapp applied across the channel.
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the Langevin equations (17) for interacting ions moving
along the channel axis, coupled to simultaneous solution
of the Poisson equation (18) for the channel, consider-
ing both fixed and mobile charges in an axisymmetric
geometry.
The motion of interacting ions of mass m and charge

q through the channel is modeled using the overdamped
coupled Langevin equations

mγ
dxi

dt
= qEi + Fi,corr +

√
2mγkBTξi(t). (17)

The terms on the left-hand side represent Coulomb, fric-
tional, and random forces respectively. The latter is a
zero-mean, Gaussian, random force due to the fluctuat-
ing environment. It is related to the frictional force via
the fluctuation-dissipation theorem [24, 25]. E denotes
the electric field at the ion’s position due to the fixed
charge of the protein, the membrane potential, and the
surface charge induced at the protein-water interface.
The term Fcorr corresponds to the interaction of the

ion at the binding site with other mobile ions. This
term is always present in BD simulations (see e.g. [25]).
However, in the transition from BD simulations to fur-
ther theoretical approximations, such as RRT [10] or the
Poisson-Nernst-Plank (PNP) equation [24, 26], the effect
of this interaction on the escape rate from the binding
site is usually neglected.
The Poisson equation is given by:

∇ · [ε(r)∇ϕ̃(r)] = −

[
N∑
i=1

qj ñj(r) + p̃fx(r)

]
, (18)

where qj is the charge of the j-th ion and pfx is the fixed
charge distribution on the channel wall. The channel is
modeled as a cylindrical tube of length L and radius R
with a fixed charged ring at its middle, as illustrated in
Figure 1.

B. Coupled solution of Langevin and Poisson
equation using a lookup table

To solve Equation (18) we use a finite-volume method
discretized on a staggered rectangular grid. The solver is
able to accommodate the severe jumps in dielectric per-
mittivity typical of ion channels (εw = 80 and εp = 2 re-
spectively for water and protein) and allows one to calcu-
late the electrostatic potentials (see Figure 2) and forces
in ion channels, including the image forces acting on ions
near the water-protein boundary, the self-potential aris-
ing from the membrane protein, the contribution to the
potential due to the fixed charge located at the channels’
binding site, and the contribution of the external voltage
applied across the channel.
The BD simulation involves solving Poisson equation

for each time step of ions in Langevin equation. This pro-
cess is very time-consuming especially in the bulk where
ions spend most of the time during the simulation. To

facilitate the numerical integration, the potential energy
for a single ion was stored in a table for all locations of
the ion along the channel axis. To calculate the field for
an arbitrary number of ions in the system, the principle
of superposition was used.

C. Charge fluctuations and injection

Since our primary target is to calculate ion conduc-
tion due to ions crossing the channel a further reduc-
tion of the simulation time is possible by avoiding the
time-consuming simulation of the bulk solution. We have
shown numerically in our earlier work that such a re-
duction is possible because ionic arrivals at the channel
mouth from the bulk solution is governed by the Smolu-
chowski arrival rate [14] at the channel mouth. For this
reason, simulations in the bulk solution could be ne-
glected by, instead, injecting ions using the Smoluchowski
arrival rate near the channel entrance and allowed them
to diffuse on the axis. During this process, the major-
ity of the ions in the simulations diffused away from the
channel; occasionally a single ion entered the channel and
continue to fluctuate near the SF binding site. Eventu-
ally this ion exited the channel by hopping over the exit
potential barrier. The corresponding ion current was cal-
culated by counting the number of ions passing the chan-
nel per unit of time. Further details of the simulation and
the validation of the algorithm can be found in e.g. [14].

D. Comparison with gA channel

Before illustrating the phenomenon of stochastic am-
plification in the BD simulations, we first demonstrate
that our proposed non-equilibrium version of RRT is in-
deed an extension of standard RRT, and can reproduce
its results for corresponding values of the model param-
eters. ln doing so we also wish to demonstrate that non-
equilibrium RRT is capable of reproducing the experi-
mentally measured current-concentration (I − C) char-
acteristics of real ion channels. To this end we compare
the model predictions with the experimentally measured
I − C characteristic of the gA channel [20].

The results of the comparison are shown in Figure8. It
can be seen that, for the parameters of this channel, the
theory is in reasonable agreement with the experimental
data, as well as with the BD simulations, and that it
demonstrates standard Michaelis-Menten kinetics.

We now apply BD simulations to verify the possibil-
ity of stochastic amplification predicted in the current
research.

E. Stochastic amplification of the channel current

We have performed BD simulations of the current
through the open ion channel for the selected model pa-
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FIG. 8: (Color online) Permeating current I of Na+ ions in
the gA channel, as a function of left-bath concentration CL,
with a potential difference of 200mV applied across the chan-
nel. Experimental data from Andersen et al. [27] are plotted
as circles. The lozenges represent calculations based on the
modified rate model; and the stars are from the BD simula-
tions.

rameters: length L = 30Å; radius R = 4Å; and fixed
charge at the binding site −0.81e. BD simulations of
the current-concentration dependence for an applied volt-
age of 200mV are shown by the blue circles in Figure 9.
These results dependence exhibit saturation, with stan-
dard near Michaelis-Menten kinetics, up to a concentra-
tion CL ≈ 200 mM. For higher concentrations a strong
stochastic amplification of the channel current can be
observed. The BD simulation results are compared with
those from non-equilibrium RRT (see Sec. IVC) as shown
by the grey surface. The deviations of the current from
Michaelis-Menten kinetics above 200mM were predicted
by the parametric studies discussed in Sec. IVA and il-
lustrated in the Figure 3.

However, an unexpected additional stochastic ampli-
fication of the channel current was observed in the BD
simulations. It can be seen in the figure as a deviation
of the BD results (blue circles) from the red line corre-
sponding to the predictions of non-equilibrium RRT. We
attribute this additional amplification to the shift with
increasing bulk concentration in the effective (averaged)
position of the 2nd ion at the channel mouth. This effect
can readily be understood on the basis of the paramet-
ric studies in Sec. IVB, where it was shown that a small
shift in the ion’s location near the channel mouth results
in a small change in depth of the potential modulation
∆U2, leading in turn to a marked increase in current.

We are able to observe the corresponding small shift
in the averaged ion location in the BD simulations. This
shift is clearly seen e.g. in the conditional PDF shown in
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FIG. 9: (Color online) The permeating current I as a function
of the left-bath concentration CL and applied voltage Vapp,
calculated by modified RRT (the grey surface). The results
of BD simulations (blue circles) are shown with Vapp = 200mV
for comparison; the red line is a smooth curve drawn through
their projection onto the surface, as a guide to the eye.

the Figure 10 (see below).

The prediction of our modified RRT, taking account
of small shift in the location of the second ion at the left
channel, is shown by the dashed blue line in Figure 9:
the agreement is clearly very good, and we conclude that
theory is then able to describe accurately all the charac-
teristic features of the current-concentration dependence
that appear in the BD simulations.

We now discuss in detail how the proposed mechanism
of stochastic current amplification differs from the well-
known knock-on mechanism of channel conductance, and
illustrate how this difference can clearly be detected in
the BD simulations.

F. Conditional escape PDF and comparison with
standard knock-on model

An equilibrium distribution function ρst(x) is usually
employed to characterize the ion’s location in the sys-
tem. It gives the time-averaged probability of finding an
ion at a given location in the system. The corresponding
distribution for our model is shown in Figure 10(a) for
different concentrations. It is evident that the ion within
the channel is sharply localized near the binding site at
x = 0, while the ionic distribution outside the channel
is broad and nearly uniform. It can also be seen from
the figure that the channel occupancy, i.e. the averaged
probability of finding an ion at any location within the
channel, increases with concentration until it reaches its
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FIG. 10: (Color online) (a) The occupancy as a function of
position x, for different values of the left-bath concentration
CL, ranging from 0.002M (bottom curve) to 4.5M (top). (b)
The conditional probability distribution for the position of the
second ion at the moment when the first ion escapes over the
exit barrier (see Figure 2, for the same set of concentrations.
The vertical dashed lines indicate the positions of the ends of
the channel.

saturation value ≈ 1. Note also that at any concentra-
tion the total number of ions outside the channel in our
simulations is . 1.

However, the time-averaged distribution of ions within
the system does not allow one to characterize the strength
of the ion-ion interaction or its effect on the escape of ions
from the binding site.

To measure ion-ion pair correlations in the BD simula-
tions we have introduced a new quantity – the conditional
probability distribution ρ(x) = P (x2 = x|x1 > xex) that
gives the probability of finding a 2nd ion in the system
at location x at the time instant t when the 1st ion is
exiting the system, i.e. is located near the top of the exit
potential barrier xex. The conditional PDF ρ(x) is nor-
malized by the total probability of finding ions anywhere
in the system.

The conditional probability introduced above allows
us to determine the location of the second ion during the
escape and thus to discriminate between different escape
mechanisms. ln particular, we can distinguish clearly be-
tween the standard knock-on mechanism (see e.g [28, 29])
and the mechanism for enhancement of the channel cur-
rent proposed here. The standard knock-on mechanism,
proposed by Hodgkin and Keynes [30], assumes that the
second ion enters the channel, lowering the exit poten-
tial barrier for the first ion; the first ion then leaves the
system, while the second remains in the channel. Ef-
fectively, therefore, the second ion pushes the first one

out and takes its place at the SF. Some features specific
for the standard knock-on mechanism are that: (i) it in-
volves a step when both ions are in the channel; (ii) the
second ion remains in the channel when the first leaves
it; and (iii) for selective conduction both ions must be of
the same type.

In contrast, the mechanism proposed here does not re-
quire the second ion to enter the channel; neither does it
require both ions to be of the same type. In terms of con-
ditional escape probabilities the two mechanisms can be
clearly distinguished as follows. Because the traditional
knock-on mechanism requires that the second ion enter
the channel and remain there during the escape by the
first ion, the conditional PDF ρ(x) should display a peak
at the channel binding site, indicating that the 2nd ion
is located at the binding site when the 1st ion is exiting
the channel. In our proposed mechanism, the 2nd ion can
stay outside the channel during the whole escape process.
Accordingly, the conditional PDF ρ(x) should display a
peak at the channel entrance, indicating that the 2nd ion
is as likely to be located outside of the channel as inside
it at the moment when the 1st ion is crossing the exit
barrier.

Figure 10(b) exhibits a clearly resolved peak in the con-
ditional PDF ρ(x) at the channel entrance. It appears at
CL ≈ 0.5M and is increasing as a function of concen-
tration, indicating that exit over the potential barrier is
strongly correlated with the presence of the 2nd ion at
the channel mouth.

Interestingly, a transition to the standard knock-on
mechanism is also clearly captured by measurements of
the ρ(x). It can be seen from the figure that a second
peak in the conditional escape PDF is appearing at the
binding site (x = 0) for concentrations above 3M . It
clearly indicates that the standard knock-on mechanism
is also possible, with the second ion to entering and re-
maining in the channel during the escape event.

VI. DISCUSSION AND CONCLUSION

In this review we analyze the influence of ion-ion inter-
action on the rates at which ions permeate open ion chan-
nels. Of special interest to us is the situation that arises
when one ion is bound at the selectivity site while the
second ion is freely diffusing outside the channel. This
situation is quite general, and we have shown that it leads
naturally to a strong modulation of the transition rates.
To take this modulation into account we introduced a
non-equilibrium extension of reaction rate theory, and
we performed parametric studies of the channel charac-
teristics on this basis.

We found that the rate at which an ion exits the chan-
nel can be strongly enhanced by the concentration, ap-
plied voltage, ion location at the channel mouth, and
diffusion time of the (external) ion away from the chan-
nel mouth. We observed a corresponding enhancement of
the channel current as a function of concentration in our
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Brownian Dynamics simulations, and was showed that it
was in good agreement with the theory.
In addition, we found from the BD simulations that the

mechanism by which the channel current and be stochas-
tic amplified is distinctly different from the well-known
knock-on mechanism, except at the highest concentra-
tions. To distinguish clearly between the two mechanisms
we introduced a novel conditional escape PDF. We were
thus able to establish that both mechanisms are possible,
that they correspond to two different peaks in the con-
ditional PDF, and that a transition occurs between the
two mechanisms when the concentration becomes high
enough.
The distinguishing feature of stochastic amplification

is that, unlike conventional knock-on, the second ion does
not on average enter the channel, which means that it can
be of a different type from the conducting ions.
This distinction carries interesting implications for the

selectivity vs. conductivity paradox, partially resolving
it. The paradox can briefly be formulated as follows:
strong selectivity requires deep potential wells; but deep
potential wells imply low conductivity. The proposed
mechanisms resolves this contradiction in the following
way. Because the ion arriving from the bath does not

need to enter the channel in order to reduce very signifi-
cantly the escape time of the ion at the selectivity filter,
conduction can be enhanced by the presence of different
species of ions. So if there are e.g. two types of cations,
Na+ and K+ in the ratio 20:1, the very presence of the
Na+ ion will enhance the conductivity of the K+ ions
without the Na+ ion needing to enter the channel.

In conclusion, we have studied the dynamics of ions
permeating an archetypal model ion channel. We showed
that a modulation of the transition rates arises naturally
in ion channels due to long range pair-correlations of the
ions. The resultant strong current enhancement occurs
prior to the possibility of conventional knock-on taking
place place, i.e. the second ion does not have to enter the
channel before the exit of the first occurs, so that it is
likely to be more widespread and universal.
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