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ABSTRACT

Complex fluids flow in complex ways in complex structures. Transport of water and various organic and inorganic molecules in the central
nervous system (CNS) are important in a wide range of biological and medical processes [C. Nicholson and S. Hrabétovd, “Brain
extracellular space: The final frontier of neuroscience,” Biophys. J. 113(10), 2133 (2017)]. However, the exact driving mechanisms are often
not known. In this paper, we investigate flows induced by action potentials in an optic nerve as a prototype of the CNS. Different from
traditional fluid dynamics problems, flows in biological tissues such as the CNS are coupled with ion transport. It is driven by osmosis
created by the concentration gradient of ionic solutions, which in turn influence the transport of ions. Our mathematical model is based on
the known structural and biophysical properties of the experimental system used by the Harvard group [R. K. Orkand, J. G. Nicholls, and
S. W. Kuffler, “Effect of nerve impulses on the membrane potential of glial cells in the central nervous system of amphibia,” J. Neurophysiol.
29(4), 788 (1966)]. Asymptotic analysis and numerical computation show the significant role of water in convective ion transport. The full
model (including water) and the electrodiffusion model (excluding water) are compared in detail to reveal an interesting interplay between
water and ion transport. In the full model, convection due to water flow dominates inside the glial domain. This water flow in the glia
contributes significantly to the spatial buffering of potassium in the extracellular space. Convection in the extracellular domain does not
contribute significantly to spatial buffering. Electrodiffusion is the dominant mechanism for flows confined to the extracellular domain.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0046323

I. INTRODUCTION

The theory of complex fluids deals with complex fluids in com-
plex structures.' * Here, we deal with the complex fluid of an ionic
solution” in a complex structure typical of biological systems in partic-
ular, the central nervous system (CNS). These structures are known in
some detail—both structure and function—because of the work of
generations of neuroanatomists, histologists, and neurobiologists.”” general.

The biophysical properties of membranes are also well known.” So we This paper is organized as follows: In Sec. 11, we present the bio-

of the central nervous system: the optic nerve of amphibian is an
experimentally accessible part of the central nervous system.

The analysis used here may also serve as a bridge and archetype
of how the theory of complex fluids can deal with what at first may
seem formidable challenges of structured biological systems in other
biological systems, e.g., kidney, blood-brain barrier, and epithelial in

can formulate a biologically significant problem in the language of the-
ory of complex fluids and use the methods of computational fluid
mechanics to analyze the system, here the optic nerve of an amphib-
ian. The results are of interest biologically because of the importance

logical background of the optic nerve and the tridomain mathematical
model in detail. The three domains, axon, glial and extracellular ones,
are coupled via transmembrane fluxes for three major ions, namely
sodium, potassium, and chloride, treated as reaction terms. Model
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calibration is discussed in Sec. I1I by matching extracellular potassium
concentration accumulation after the optic nerve is stimulated by a
train of electric current pulses. In Sec. IV, we present estimates using
order of magnitude analysis of transport of ionic and water fluxes cross
membranes. They provide useful insight into the mechanisms for
potassium clearance. Then in Sec. V, numerical simulations are carried
out. We investigate the role of water flow (convection) in ionic trans-
port during and after the stimulus of the optic nerve. Our analysis
shows that convection is very important within the glia. Water flow in
glia has an indirect but significant effect in clearing potassium from
the narrow extracellular space. This may be an important role for glia
wherever they are found in the central nervous system, and even in
structures of the peripheral nervous system. A discussion on the
parameters in the compartment models and field models are presented
in Sec. VI. In Sec. VII, we provide concluding remarks on the limita-
tion of our study and directions for future research.

Il. BIOLOGICAL BACKGROUND AND MODEL
A. Biological background

Recent experimental studies’ suggest that transport in the cen-
tral nervous system during sleep plays a critical role in maintaining
the health of brain tissue. Since the nervous system is densely packed
with neurons communicating with each other, question arises: how
is the state of steady internal conditions—known as “homeostasis” in
the biological literature—maintained. A few action potentials are
known to significantly alter ion concentration in the immediate
vicinity of peripheral and optic nerve cells'”'" and that change in
concentration acts on more than one axon, producing “crosstalk.”
The question is then how does the central nervous system deal with
changes in ion concentration produced by hundreds or thousands of
action potentials and maintain a healthy environment? How does the
central nervous system maintain concentrations in its narrow extra-
cellular space? What are the roles played by of glial cells and extracel-
lular space?

Complex flows in complex structures cannot be understood
unless the structure is understood. The central nervous system con-
tains nerve fibers and glia, separated by a narrow extracellular space.
We use three domains to describe the flow and diffusion of ions and
water in the optic nerve bundle of the central nervous system, hoping
to glimpse general properties by which the central nervous system
controls the concentration of ions in such narrow confines. The optic
nerve bundle contains paired cranial nerve bundled with cell bodies in
the retina. It reaches from the eye through the optic chiasma to the
cortex and transfers visual information from the retina to the vision
centers of the brain using digital (actually binary) electrical signals
(action potentials). The optic nerve is customarily separated into four
main regions:' >’ (1) intraocular nerve head, (2) intraorbital region,
(3) intracanalicular, and (4) intracranial. >'* In this paper, we mainly
focus on the intraorbital region, which occupies more than half of the
optic nerve.

There are about one million optic nerve fibers in the optic nerve
bundle. The ganglion cells that are the cell bodies of the axons are scat-
tered on the retina and form into a bundle at the optic disk. The bun-
dle passes through the mesh-like lamina cribrosa region into the
intraorbital region. Like almost all nerve cells, optic nerve fibers are
functionally isolated, nearly insulated one from another, without con-
nexins between them, so neither ions nor electrolytes can flow directly

ARTICLE scitation.org/journal/phf

from the interior of one nerve cell to another. Current flow down one
axon cannot flow into the adjacent axon or glia."”'® The “ephaptic
communication” of concern to pioneers in electrophysiology rare
occurs.

Glial cells wrap the nerve fiber bundles producing a narrow cleft
of extracellular space between nerve fiber and glia. Glial cells are con-
nected to each other through connexin proteins, called “gap junc-
tions,” and form an electrical syncytium (as do so many other cells, e.
g., epithelia, cardiac muscle, lens of the eye, liver, etc.) in which current
flow in one cell spreads into another with little extra resistance. In syn-
cytia like this, inorganic ions, and many organic molecules (typically
less than 2 nm diameter) can diffuse from cell to cell with hardly any
restriction and thus with mobility and ionic conductance similar to
that in cytoplasm. Thus, glial cells are thought to play an 1mp0rtant
role in accelerating K clearance from the extracellular space.’
Sometimes, central retinal blood vessels (CRVs, arterioles in fact) are
found in the center of the optic nerve bundle in the intraorbital region.
Here we consider the case where the blood vessel is not present, as in
the optic nerve of the mud puppy, the amphibian salamander
Necturus used in the experiments of Orkand et al.'*'°

The optic nerve bundles are surrounded by the meningeal sheath
which consists of dura mater, arachnoid mater, pia mater, and cere-
brospinal fluid (CSF) in the subarachnoid space (SAS)"*" [also, see
Fig. 1(a)]. The pia mater and dura mater are thin deformable shells,
with mechanical properties important in glaucoma.”” ** Andrew
et al” and Killer et al””* show that the dura mater contains lym-
phatic vessels that drain CSF out of SAS.”**” Pia mater forms a macro-
scopic semipermeable membrane made of many cells, not just one
lipid bilayer.”> Many layered epithelia have been characterized as
“semipermeable membranes” in low-resolution studies of epithelia for
more than a century. Filipidis et al.”” have written a most helpful
review that identifies analogous leptomeningeal structures important
in the physiology of “like pleura,”® ** peritoneum,”* * pericardium,”’
fetal membranes,"”*' and leptomeninges,”** We imagine that a gen-
eral tridomain model may help understand many of these tissues.

(@)

Sclera

Trabeculae

i Dura mater
Ganglion

Pia mater
cells

Eye ball Axon

Lamina Glia cells

cribrosa

Subarachnoid
space

FIG. 1. Optic nerve structure: (a) longitudinal section of the optic nerve and (b)
cross section of the optic nerve.
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B. Mathematical model

The model is first proposed in Ref. 43. Here in order to make this
paper self-contained, we summarize the model. The model deals with
two types of flow: the circulation of water (hydrodynamics) and the
circulation of ions (electrodynamics) in the glial compartment Qg
axon compartment Q,, and extracellular space Q,,.

The glial compartment and axon compartment are limited to
the optic nerve bundle, while extracellular space exists both in the
optic nerve bundle QY” and in the subarachnoid space Q5 (see
Fig. 2),

Qop = Qe UQu UAY,  Qgug = O35,
The model is mainly based on the law of mass conservation,” in
Q, l=uax, gl, ex

)+ - (09 +5 =0, w

where 7, is the volume fraction of I compartment, f; is the concen-
tration of given substance, J; is the flux inside compartment, and S
is the source term induced by the pumps and channels on the
membranes.

We first introduce the following notations used in the paper,
where i = Na™, K*, Cl~ for ion species, | = ex, gl, ax for extracellular
space, glial compartment, and axon compartment, and k = gl, ax for
glial or axon membrane in the optic nerve. The summary of notations
is listed in the Nomenclature.

In each domain, we assume electroneutrality such that

Mgl Z zic;l + zgliqugl =0, (2a)
i

Nax Z 2+ 2N Age = 0, (2b)
i

Zz"c;C =0, (2¢)
i

where A; > 0 with | = ax, gl is the density of proteins in axons or glial
cells with valence 2, | = gl, ax. The 4, and 14 are the volume fraction
of axon and glial compartments in the optic nerve and 7", and Mg are
the resting state volume fractions.

ARTICLE scitation.org/journal/phf

1. Water circulation

The conservation of mass in each domain yields

M yaum 45 —0, inQ 3
E‘Fe/ gUg + V- (gug) =0, in LQop, (3a)

0 0
& + ‘/%“xUtZlc + 5 (naxuzx) =0,

ot % in Qop, (3b)

0 .
V' (Ngtg) + V- (Mxlex) + % (Maxtily) =0, in Qop, (3¢

ngl + Hax + Hex = 17 in Qv (3d)

where the transmembrane water flux is proportional to the intracellu-
lar/extracellular hydrostatic pressure and osmotic pressure differences,
i.e., Starling’s law on the membrane,

— gk T(Og — Ocx))
Or)).

The glial cells are connected to each other by connexins and
form a syncytium, while the axons are separate, more or less parallel
cylindrical cells that do not form a syncytium (see Fig. 1). Then, we
assume that glial cells are isotropic and axons are anisotropic. Here, u;
and p; with | = gl, ax, ex are the velocity and pressure in the glial cells
and axons and extracellular space, respectively. kzTO; is the osmotic
pressure’”** defined by

Ui =L (Pgt — pex
U:j( = L;nx ax — Pex — yakaT(Oax -

) ) nte
Oex:ZCi,X, OZ:ZC;_‘—AIVILI’ l:gLW@
i i

where A; nﬂ—;g > 0 (I = gl, ax) is the density of the permanent negatively
charged protein in glial cell and axons that vary with the volume (frac-
tion) of the region.

The relation between the hydrostatic pressure p; and volume frac-
tion 17 (I = ex, gl, ax) is connected by the force balance on the mem-
brane k(= g, ax),”"’

Kgl (ngl - 7];?) = Pg = Pex — (Pg *P;i)v in QOP7 (4a)

(Pix — Pex)  in Qop, (4b)
where K (k = gl, ax) is the stiffness constant related to Young’s mod-
ules and Poisson’s ratio. The pj* (I = gl, ax, ex) is the resting state
hydrostatic pressure.

Kax (Wax - nZex) = Pax — Pex —

r, Qs LA r, Remark 1. If we introduce the characteristic velocities u; in
I compartment, the characteristic transmembrane velocity U}, the
o characteristic time t*, the characteristic lengths r* in radius direc-
'§4° tion and z* in longitude direction, Eqs. (3a)-(3c) could be written
e as
2
Ezo e flor "2 a’7g/ ~m = -
5 + 01 Ug + 0,V - (nglugl) =0, (5a)
anax rym 8("“?61:[;()
' | % 5 r, 10 15 ot + 05U+ 04 0z =9 (55)
Z Longitude (mm)
- ~ . ~ O (Nl
FIG. 2. Domain of axial symmetry model. The optic nerve Qqp consist of axon V- (Heyllex) + 05V - (”/glugl) + 56507 =0, (50)
compartment Q,,, glial compartment Q and extracellular space ng . The sub-
arachnoid space Qgas only has extracellular space. where
Phys. Fluids 33, 041906 (2021); doi: 10.1063/5.0046323 33, 041906-3
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- 10(Fnuy) O (nyif)
\Y u) =— d —~ . =gl ex,
() P o =+ 0o 5 gl ex
and
V* * % ;t* gk
50:Z_*7 61:%gl glt ) 52:—7 53:'%(1):qut )
o=t s M
< uEX uex

Further scaling can be applied for velocity components in the r and z
directions when the cross membrane flux is absent due to incompres-
sibility. However, no such scaling is considered due to significant cross
membrane flux.

The water flows in glial, axon compartments, and extracellular
space are low Reynold number flows and the characteristic velocity is
around 1-10 nm/s due to the existence of connexin and high tortuos-
ity. Then the stationary Stokes equation is used

=V - (uVu) + Vp, = fi,

where f; is the body force density in different compartments, for exam-
ple, Lorentz force in the extracellular space.”® Next, since the tissues
have similar property as the porous media, The rigorous homogeniza-
tion theories””” or the control volume average methods’"”* yield
Darcy’s law is a good macro-scale approximation for the Stokes flow
in the porous media. For the sake of simplicity, we model flows in the
following as porous media flows by using Darcy’s law.**

a. Fluid velocity in the glial compartment. As we mentioned
before, the glial space is a connected space, where water can flow from
cell to cell through connexin proteins joining membranes of neighbor-
ing cells.

The velocity of fluid in glial syncytium uy depends on the gra-
dients of hydrostatic pressure and osmotic pressure,

r_ KTy (Opg 90
g =T <W - yglkBTW . (6a)

B Kglfgl 6pg, 80g1
M;l = _T <E — yglkBTW . (6b)

The boundary conditions of fluid in the glial syncytium are as
follows:

uy -t =0, on I'y,
Vpg -2 =0, on Iy, @
Vpg -2 =0, on I,
uy -t =0, on 7.

b. Fluid velocity in the axon compartment. Since the axons are
only connected in the longitudinal direction and the fluid velocity in
the axon region is defined along the z-direction as

u =0, (8a)

ax
o Fax Opas
ax M az N

(8b)

Dirichlet boundary conditions are used to the fluid velocity in
axons

ARTICLE scitation.org/journal/phf

Vpax -z = 0, on Fz U 1"6. (9)

c. Fluid velocity in the extracellular space. The extracellular space
is narrow, and the extracellular velocity is determined by the gradients
of hydro-static pressure and electric potential,

KexTex apex a¢ex
= = Ko Tex , 1
u, © or T o (10a)
z KexTex 8Pex 8¢ex
= —————— — k.Tey , 10b
Hex u 0z ! 0z (106)

where ¢,, is the electric potential in the extracellular space, 7., is the
tortuosity of extracellular region**”” and y is the viscosity of water, k,
is introduced to describe the effect of electro-osmotic flow,” ™ K, is
the permeability of extracellular space. Here the hydro permeability
Kex tortuosity 7., and electric-osmotic parameter k, have two distin-

guished values in the region Q% and Q54

ex

KgCP, in Qop, rgf7 in Qop,
ex = Kgf& in QSAS7 fer = ‘C??S7 in QSAS7
k o {kgp, in Qop,
¢ kgAs, in QSAS-

Since I'; UT'; are the far end of optic nerve away from eyeball and
next to the optic canal, we assume the hydro-static pressure of extra-
cellular is equal to the cerebrospinal fluid (CSF) pressure. On the other
hand, the intraocular pressure (IOP) is imposed at I'¢ where the extra-
cellular space is connected to the retina. At boundary I's, we assume a
non-permeable boundary. We are aware of the significance of the
pressures and flows at these boundaries for clinical phenomena includ-
ing glaucoma”” *” and will return to that subject in later publications.

The water flow across the semi-permeable membrane I'y is pro-
duced by the lymphatic drainage on the dura membrane, which
depends on the difference between extracellular pressure and orbital
pressure (OBP). We assume the velocity across the pia membrane I'y,
is continuous and determined by the combination of hydrostatic and
osmotic pressures. To summarize, the boundary conditions of the
extracellular fluid are

uex'f:()7 on 1"1,
Pex = PcsF, on [,UI5,
ullS £ =L (p3 — pose). on I'y,
U,y - =0, on I,
Pex = Picp, on r6»
u p=udsS. ¢
= L33, (b =P = 7k T(02 = O) ), on I,

(1m

where pcs is the cerebrospinal fluid pressure’” and p;cp is the pressure
in the eye and popp is the orbital pressure on the dura mater.

Remark 2. Substituting velocities (6), (8), and (10) into conserva-
tion law equation (3) yields Poisson equations of hydrostatic pressures
in different compartments. Equations (6), (8), and (10) mean that
velocities vary in both r- and z-direction, which depend on the gradient
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of the hydrostatic pressure, osmotic pressure, or electric field. The distri-
bution of velocity in radius direction during and after a train of stimuli
is shown in Appendix F, Fig. 17.

2. lon transport

The conservation of chemical species implies the following sys-
tem of partial differential equations to describe the dynamics of ions in
each region, for i = Na™, K", Cl™:

(o)
8 i
— o Mgl

o V- (ng,j;,> =0, inQp, (12)

O (axCh) 9
W) i 2 (1) =0 n0n 3
ot + ]ux +8Z n X]ux,z in Qpp ( )
0 nexcéx m.i m.i i )
( at ) — ﬂax]a); - vﬂgl]gl7 + AV (nex]ex) = ()7 in QOP7 (14)
where the last equation reduces to the following in the Qg region:
DeisAS
V. SAS — . 15
Tor TV e (15)

The transmembrane ion flux J;"* (k = gl, ax) consists of active ion
pump source J,, and passive ion channel source Ji;, on the k
membrane,

mi i i
Jo" = Tox + ek

On the glial cell membranes, ]Ci‘ d is defined as

. ggl :
zgl Zie (¢gl ¢ex_ ‘lgl)7

where the Nernst potential is used to describe the gradient of chemical

k=glax, i=Nat K" Cl.

i=Nat K" Cl, (16)

__ kT
ez!

potential E’ = "2-]og (CC%) and the conductance gél for ith ion specie
o

on the glial membrane is a fixed constant, independent of voltage and

time. On the axon’s membrane, J _is defined as

i
oue =585 (b = boe — EL). i=Na' K'.CL,

where

Na _ =Na,3 Na K _ -K_ 4 K cl_
8ox =8 M h+gleak’ gax =8 1 +gleuk7 8ax = 8leak-

The time-dependent dynamic of open probability, often loosely called

l(w(),(x 1

“gating” is governed by the Hodgkin—Huxley mode

scitation.org/journal/phf

likely do move ions and thus water in this system. They will be
included as experimental information becomes available.

In the case of the Na/K pump ]}i‘k (k = ax, gl), the strength of
the pump I; depends on the concentration in the intracellular and

0,62 -
extracellular space,””*” i.e.,

31k 21

]Pk: e ) ]Pk_777 ]Cl _0 k:glaaxa (18)

where

3 2
N
I = Iia % Co
’ CkNu + Kna1 Cgc + Kk

2
cNe K
I k ex k= 1. 19

Ii.; and Iy, are related to the maximum current of o;- and a,- isoform
of Na/K pump on the glial membrane (k=gl) or axon membrane

(k= ax).
The definitions of ion flux in each domain are as follows, for
i = Nat,K*+,Cl:

]; = cfu; — Dfrz (ch ks TclVd),) I =gl ex,

Zie Ci 8¢ax
kT ™ 0z )’

=

ji i ut — Di acax
ax,z axax ax\ 9y

For the axon compartment and glial compartment boundary condi-
tion, we have

¢ o=cr onT,UTs, (20)
and
j;l~f':07 on Iy,
cz,l :c;‘l”, on I UT, (21)
j;l -t=0, on Iy

where the Dirichlet boundary conditions are used at locations I, U I's
for axons and glial cell, and a non-flux boundary condition is used for
glial cells ions flux on pia mater I';.

For the extracellular space boundary condition, similar boundary
conditions are imposed except on the pia mater I';. The flux across
the pia mater is assumed continuous and Ohm’s law is used.”
Additionally, a non-permeable boundary condition is used at location
I's and a homogeneous Neumann boundary condition is applied at

dn the location of the dura mater I',,
E = an(l - 1’!) - ﬁnn7
i ~
dm Jex 1T =0, on I'y,
i o (1 —m) — B,,m, (17) é = Cisf’ on I, UT};,
%:Oth(l —h) —ﬁhh vcéx'fzov on Iy,
dt ' jiz2=0 on I's
ex ) ’
where 7 is the open probability of K™ channel, m is the open probabil- i = Cf—’ye’ on T,
ity of the Na™ activation gate, and 4 is the open probability of the Na*t G
inactivation gate. . JROP L = §iSAS ¢ = # (qb — p3S E;)m)a on I'y.
We assume that the only pump is the Na/K active transporter. ze
We are more than aware that other active transport systems can and (22)
Phys. Fluids 33, 041906 (2021); doi: 10.1063/5.0046323 33, 041906-5
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Remark 3. Suppose the Cz is the scale of i ion specie in the [ space
and Acl is the scale of r and thz-direction i ion specie concentration
variation in the [ space. If we define

ik
i _Aq
70T ix 0
G

i=Na" K" ClI", [=axgl ex

The ion fluxes could be written as
i; = Pe}ﬁ;",ifﬁz — (5;’1V~Ef + z’?}VEfbl) I =gl ex,

i ~i i 8‘: t 1a¢l
.]axz Pe 6 lcluz ( 7la~l+ €] a~)7
with Peclet numbers

up uj‘r*c;*

i i
’
D}’EIACt *

Pe e) = I =gl ex. (23)

“ DA
If we let g/, I = ax, gl be the characteristic membrane conductance,
"“’7T be the characteristic electric potential, the dimensionless form of
transmembrance flux is

=T T
where fori = Na™, K", Cl™, | = g, ax,
2
il gz i Jpie
¢ ¢ex - ] = ¥
cl ( k™ gl) pl kBTgl
The governing equations for ions become
8(’7glcgl) ~mi L~ ~i
—j5—7+%@’+%v-0@m)=m (24)
19} 0 ~i
% + 6’ 0]ax + 511 6 (na)c]ax,z) = 07 (25)
0 NexCex ioSi iosi g i 7 3
% - 512610]ax 51358]gl + 514V ' <nexJex) =0, (26)
where

10 (Fny") o(nii")
~ : 1 !
V- (nft) =2 g =g,
UnJi 7 oF ( ) 9z 8l ex
Mg ksT Dyt
B c;l*e2 T ()
M g kB ; D’ *
D L
Cixe (z)
X ik Cl * Dl t*
Oy = C%ﬂ 5113 ;gl*’ 5114 - :sz :
Céx Cex ()
Remark 4. In the rest of this paper, the symbol Af is used to

denote the variation of the variable f from its resting state value.

Multiplying equations in (12)-(14) with ze, respectively, sum-
ming up, and using the charge neutrality condition, we have the fol-
lowing system for the electric fields in ax, g, ex:

scitation.org/journal/phf

Zze%gl +EV (Zeﬂngz>= , (27)

S el + 3 (z"enaa;x,z) =0, (28)
Zziev : (nglj;l) + Z% <Zie;7uxjfzx,z) + Z V- (Ziei’]exjix) =0,
(29)

In the subarachnoid space Qg45, the extracellular equations reduce to
DIV () =0 (30)

The boundary conditions for electric fields ¢,,,, ¢ and ¢,, are given
below.
In the axon compartment:

Vo, -2=0, on I,
¢ax X 2 (31)
V. -2=0, on I,
In the glial compartment:
Vg -t=0, only,
Vo, ,-2=0, on Iy,
d)gl X 2 (32)
V(/)gl VAR 07 on Fg,
Vg -t=0, only,
and in the extracellular space:
Vo -t =0, on I'y,
Ve -2 =0, on I, UTj,
V(j)ex P = 0’ on r4’
Vo, 2=0, on I,
V- -2=0, on I,
PIEL AP L S
i
Z pta( ex i?s 7E;7iu>7 on I';.
(33)

In the rest of this paper, the full electric-diffusion-convection
model is defined by Egs. (3a)—(33). The electric-diffusion model is
defined by Egs. (12)-(33). The electric diffusion model is a reduced
version of the full model in which water is neglected.

Ill. MODEL CALIBRATION AND VALIDATION

In this section, we use the physiological and anatomical data in
Orkand et al."’ to calibrate the value of parameters, like membrane con-
ductance, capacitance, and structural parameters. We then validate our
model by computing results with these parameters and comparing the
computation with the experiment, which are designed to measure the
change in potential across the glial membrane produced by a train of
action potentials.

In the Orkand experiment, optic nerve has been put in bathing
solutions with three different K™ concentration (1.5, 3, 4.5mM) and
the resting potential across the glia membrane was measured. Then
the axon was stimulated simultaneously at both ends (see lines 5-6 of
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the Methods section of Orkand paper) to give a train of action poten-
tials. The action potentials increased K in extracellular space (ECS).
The accumulated K* then made the glia membrane potential more
positive.

In the simulation, we applied a train of stimuli with frequency
17/s for 1s to the axon membrane at z =2.25,13.5,0 <r <R,
=48 um. Each individual stimulus in the train lasted 3ms (as
Orkand’s paper indicated) and had strength 3 mA/m?. The stimulus
was large enough to exceed threshold and generate action potentials.
We set the ECS K™ to be 1.5, 3, or 4.5mM and record the largest
absolute value of the change in glial membrane potential in each case
as in Fig. 4. This number is loosely called “the depolarization” in most
laboratories. The blue symbols show experimental data, red ones are
the simulations results of electrodiffusion model and the green ones
are the full model. Figure 4 shows that both the full model and electro-
diffusion model could match the experimental resting potentials (solid
symbols) and depolarizations (open symbols) very well for the differ-
ent ECS K" concentrations.

Figure 3 shows the propagation of the axon action potential. The
membrane potential from axons at the center of the optic nerve bundle
is shown when different locations of the axon had been stimulated. In
both eye-end and two-end cases, the stimulus current was applied
from t = 1 ms to t = 4ms. In Fig. 3(a), the stimulus was applied near
to the optic nerve near the eye-end (z = 2.25mm). At t = 1 ms, the
discontinuity of stimulus current induces jumps of the axon mem-
brane potential in Fig. 3. At ¢ = 10 ms, the action potential completely

Stimulus
Current

potential (mV)

Axon membrane

Time (ms) Longitudinal direction (mm)

(b) Two-end stimulus

Axon membrane potential (mV)

Time (ms)

Longitudinal direction (mm)

FIG. 3. (a) Axon membrane potential profile when eye-end axon stimulated. The
built-in figure is the stimulus current profile. (b) Axon membrane potential profile
when two-end axon simulated.
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Experiment Depolarization Potential
Electric-Diffusion Model Resting Potential
Electric-Diffusion Model Depolarization Potential
Full Model Resting Potential
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-90
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FIG. 4. The comparison between the experiment'” and simulation on the effect of

nerve impulses on the membrane potential of glial cells. The solid symbols are rest-
ing potentials and the open symbols are depolarization potentials with different ECS
K™ concentrations.

has propagated and left the location near far-eye-end (13.5 mm). The
axon in the optic nerve of the mud puppy is unmyelinated. This speed
of action potential propagation in the model lies in the range of the
action potential speeds typical of unmyelinated axons, i.e., between
0.5m/s and 2.0m/s.”’ In Fig. 3(b), when the two ends of the axon
stimulated, the axon membrane potential has is more uniform spa-
tially at each time point in comparison to the single side stimulus case.
Orkand et al. used the dual stimulation to more closely approximate a
“space clamp.”

IV. EFFECTS OF WATER FLOW

In this section, when part of the nerve is stimulated, we estimate
the transmembrane fluxes and the resulting accumulation of ions in
the extracellular space and glial cells. Our main conclusion is that the
variation of osmotic pressure between extracellular space and glial cells
is the dominant mechanism that drives water flow, and water flows
are significant and many important flows occur in the glial region. It is
important to note that these flows can occur in the glia because it is a
syncytium of irregular but finite cells (ie., not long cylinders) that
allows easy flow from cell to cell. The circulation pattern and strength
of water flow in optic nerve are also presented.

To simplify our discussions, we focus our analyses on an ideal-
ized setting where the stimulus is applied at an inner part of the axon
compartment. As shown in Fig. 5, the stimulus was applied at 0 < r
< ryq; at a given location z = z;. This stimulus is within the optic
nerve, so ry; < R, = r* shown in Fig. 5. We distinguish the stimulated
region and the nonstimulated region in the optic nerve Qpp shown in
Fig. 5, since the electrical signal propagates in the z-direction in the
axon compartment. We do not put the stimulus everywhere in this
region, rather we only apply the stimulus at the location (z) within a
radial.

To understand the mechanism inducing the water circulation, we
first estimate the variations of ion concentrations from axon to the
extracellular space during a single action potential. Then we analyze
the different transmembrane current on the glial cells and identify the
dominant K™ current. Finally, we study osmotic pressure change after
a train of action potentials on axon.
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—-—=Stimulated region in QOP — =Transition region

—-—-Non-stimulated region in QOP = Stimulus applied on an

FIG. 5. Stimulated region and nonstimulated region in the optic nerve (Qop). The
stimulus is applied in the axon compartment where 0 < r < ry; at a given location
Z = 1.

A. Single action potential estimation

We first estimate the amount of ion exchange between axon and
extracellular space during a single action potential. We assume that
during the single action potential, the volume fraction 1, | = ax, gl, ex,
does not differ from their resting state. We find then that the variation
of Nat and K% in the stimulated extracellular region is the same to
leading order, and that agrees with experimental observations.”* *°
Although our estimation is based on the classic Hodgkin—Huxley
model, the methods are general and can be applied to systems with
other channels and transporters.

When an action potential occurs in the nerve, the equilibrium (or
steady state) balance between the ions and electric fields is lost and
resting state changes. We introduce notations to separate the resting
state variables (with superscript “re”) before the action potentials from
the variables during the action potentials (with superscript “dy”).

We introduce the current of ith ionic species through axon and
glial membrane as

i=Na®
k= gl, ax,

i oamij i .y
L) =7Ze], "7 = zle]%k + z‘e]c,k7

j=re,dy,

3 G

where ]| " consists of the active Na/K pump source ( I P k) and passive
ion channel source (] k) for ith ionic species on the axons (k= ax) or
glial cells membranes (k = gl) at resting state (j= re) before the action
potentials or during the action potentials (j = dy).

At the resting state, Na/K pump source ] % and ion channels
source J b ' on the axon membrane (k= ax) and glial membrane

(k= gl) satisty

Na,re __ 31]:e K,re _ ZIIZE Clyre __ 0
]Psk 787 p,k*_e7p,k*7
gt re
1= Zk, (V ”e), i=Nat,K",Cl", k=gl ax

where the membrane potential V;° at the resting state is

re __ re_ re
Vi = ¢

ex’?

k=gl ax.

The ijon channel conductance on the glial membrane is a fixed
constant,
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g”e —ggl, i=Nat K" Cl.

and the ion channel conductance on the axon membrane is defined as
in the classical Hodgkin—Huxley model

Na,re 5Na 3yre Na Kire _ =K (,re\4 K
8ax =& ( ) h +gleak7 gax =& (I’l ) +gleak7
Cl,re
8ax’ = gleak7

The kinetic variables m™, 1™, and n'® are measures of the resting state
open probability for the voltage-gated Na™ and K" channel on the
axon membrane. In addition, in the resting state, t_he ion fluxes
through the active Na/K pump ] and ion channel 77 in the glial
membrane (k=gl) or axon membrane (k=ax) are balanced in
magnitude

o(Ix1)

During action potentials, the ion fluxes through active Na/K pump
are

- o(uj;ﬁ), i=Nat,K",Cl", k=gl ax.

]Na,dy o 3(11?3 + AIk) ]K,dy - 2(1;;8 + AIk)

pk T o pk T T e ’

S k=gl ax,

where Al is the variation of current through Na/K pump in the mem-
brane due to the ion concentration changes. The ion fluxes through
ion channels can be written as

. i,dy idy .
]Zyi)’ _ 8k (V _ E’ re) gk (AVk AEL), k= gl7 ax,

Zle

where AXj = Xzy — X¥ is the deviation of X away from the resting
state value with X = V| E, I on the membrane k. For the conductance
on membranes, we have

4
s = g<n?)" + g,
i =Na®,K*,Cl,

3
g = g (m®) hY + gha

Cl,dy Cl.re idy i,re
Sax _gax ’ ggl _ggl ’

where m?, h%, and n” are governed by system (17). During a single
action potential, we claim that the variation of ion’s Nernst potential is
much smaller than changes in the axon membrane potential (see
Appendix A),

i=Na®

AE, = o(AV},), K, al,

At the same time, we estimate that

idy
=0 ( (vre - E;;e)>, i = Na*, K.

This is because the voltage-gated Na* and K™ channels are open dur-
ing the action potential and satisfy

g = o(g;‘fy), i=Na" K".

In addition, the increments of Na/K pump strength are limited since
the ion fluxes through the Na/K pump are controlled by its maximum
currents I, ; and I,y in Eq. (18).

In sum, during action potentials, we can approximate the axon
transmembrane current for each ionic species as
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I~ gt (Vie — i) 4 gl YAV, i=Na",K",Cl". (34)
In the next paragraphs, by using Eq. (34), we estimate the accumula-
tive Na™ and K* fluxes through the axon membrane during a single
action potential. This estimation helps us estimate the concentration
changes in the stimulated extracellular region.

The governing equation of the open probability for Na™ channel
m-gates in the Hodgkin—Huxley model is

dm¥
anz_ (1 — m?) — ﬂmmd}’, (35)
dt
where
1 25 — AVqy g —4 ( AVM) (36)
100 (25— AV, R AT

and AV, = VZ{ — V. The solution for Eq. (35) is

m® (t) = mg exp (Jt o (s) + ﬂmds>

0

N

+ J; i (5) exp ( Jt (1) + ﬁm(u)du> ds, (37)

with initial value m,,.

During a single action potential period [0, T%; ], we define two
distinguished time intervals based on the rapidly responding m-gates
open probability m? as shown in Fig. 6. The first period [0, t,,1] is
when the Na™ channel becomes fully open, and the action membrane
potential moves positive from its resting value to its most positive
value. The second period [ty1, T, = tyn + tmz] occurs when the Na*
channel closes and the action potential recovers from the peak value to
the hyperpolarization value.

200 T T

I 6Vax

= = LA of gV,
150 1

100

50

Axon membrane potential variation (mV)

P S ——

0 2 4 6 8 10
Time (ms)

FIG. 6. Two distinguished time intervals used in the estimation during a single
action potential. The blue line is the axon membrane potential variation
AV (= Vgl — V') during a single action potential. The dark dash line is the linear
approximation of the A V. tmy and ty, are the time parameters in Egs. (81) and (B2).
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In the first time interval [0, #,,1 |, we estimate that AV, increases
monotonically from 0 to EN4"® — V' where we approximate the peak
value of action potential by the Nernst potential of Na™ in the resting
state such that

ENa,re —yre

AV (t) = 2—t,  t € [0, t). (38)

tm1

where EN#™ — V¢ ~ 1.4 x 10°mV. In Eq. (38), the f, is an

unknown variable. The initial value of Eq. (37) is chosen when
AV,, = 0mV as

my = m" = m®(0),
where m is the equilibrium state of Eq. (35) depending on AV,

o (AV o)

m(AV,,) = o (AVar) + B, (AVar)

(39)

By using Egs. (36)-(38), we can obtain one equation for t,,; as
shown in Eq. (B1) (see Appendix B). Without loss of generality, we
assume the voltage-gated Na* channel is almost fully open when
t =ty and m¥ (t,,) = 0.95. The estimation from Eq. (B1) gives
tm1 =~ 0.67 ms.

In the second time interval, we use the homogeneous property of
Eq. (35) and move the time interval [t,1, Ts, = ty + tma) to [0, to]
to simplify the notation. We assume that AV,, decreases monotoni-
cally from EN#™ — V' to EX:® — V" at second time period such that

ENa,re _ EK,re
AVax(t) — E;\?,re _ V;i _ Tax ax

ta te [07 th]a (40)
tma

where ENom — EK ~ 1.5 x 10> mV. We assume that the initial
value m, of Eq. (37) at the second time period is

my = mdy(tml).

The Na™ channel is in a nearly closed state when the AV, approach-
ing EX® — V7 and we estimate m% (t,;) = 0.1. In a similar way, by
using Egs. (36), (37), and (40), we could have another equation for f,,,
as shown in Eq. (B2) (see Appendix B). Based on Eq. (B2), we get
tma & 3ms.

In sum, based on estimated t,,; and t,,, in above, we obtain the
approximations for the AV,, and the h during a single action potential
period (¢ € [0, T, = tyn + tma)) as

ENuAre —yre

%n te [07 tm1]7
_ ml

AV’”‘ - Ei\;a,re _ Efx,re

Eﬁ?‘re — V:;fc — t (t - tm1)7 t € [tmb T:;x}'
m2
and
t
B (£) = ho exp _J o (s) + By (s)ds
0
t t
+J o (s) exp —J on(u) + B, (u)du |ds,
0 s
where
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) 7 ( AVM) P 1
( = ——eX — =
" 00P\ "0 )0 P 30 — AV, ’
T +1
with the initial value
0
hO _ hre(o) _ O‘h( )

o (0) + B1(0)

By using Eq. (34), we estimate the cumulative Nat flux equations
through the axon membrane during a single action potential [0, T7]
by

Tox
[ ]m.Nu,dydt
ax
JO
T, sNap,d dy\3 sNay,d dy)3
~ “g h}’(m y) T Na,r g h}’(m }’)
~ L i, Ve — ) + 5 AVl
~ —2 x 1072 mol/m?. (41)

In the next step, we estimate the cumulative CI™ flux through the
axon membrane during a single action potential [0, T*, ] by

s T gCIAY
J Jrdy gt J Sux o dt~ =37 x 107 mol/m*.  (42)
0 0 z-e

In Eq. (42), we use
150 = g (Vi — EEL) + g1 (AVer — AELD) ~ gliAVa

since both V¢ — ES" and AEY = 0(AV,,). In the next, we provide
the estimation of the cumulative K flux through axon membrane
during a single action potential. The governing equation of ¢, yields

9.
S e (luaie) = — M (B0 IS £ 199). (43)
i

At every location of the stimulated region, the duration of a single
action potential is T),. We introduce T}, for the electrical signal
propagation time, during which the signal propagates from one
end of the axon (near the optic nerve head) to the other end (far-
eye-side of the optic nerve) as shown in Fig. 3. By integrating the
right-hand side of Eq. (43) over space [0,L] and time [0, T}, we
have

T/:ll L
— Moy L L Nady Ky 4 16D grgy

I,
~ —/%axLJ Nady Ky o pCldy gy, (44)
0

where we use the propagation property of the action potential along
the z-direction, and only the axon firing period is taken into consider-
ation. By integrating the left-hand side of Eq. (43), we have

Tor (L .0 . bd
|7 [ X7 (ra)dedt = O penatt). )
o Jo 5 0z
We assume that the characteristic timescale of T7;, equals O(1073).
The scale of ion flux /¢ at left and right boundaries (z = 0, L) is dom-
inated by the diffusion term

ARTICLE scitation.org/journal/phf

= O(D:x A‘:E")
z

since the boundary conditions are ag% l,—o. = 0 and 14 (0) = ug (L)
= 0. The Ac}, is the characteristic difference between ion concentra-
tion at boundary value and the ion concentration inside the axon after
a single action potential. Based on the Na™ flux estimation in Eq. (41),
we estimate Ac;,. = O(107!). From Egs. (41) and (42), we get the fol-
lowing order of cumulative fluxes through axon membrane during a

single action potential time interval:
Tax
J ];?(,Cl,dy dt‘
0

T
J J;’;*N“‘dydt‘ ) (46)

0

oy < (ﬂ

<0 (ﬁaxL

In other words, based on Eqs. (44)—(46), it yields

T T
o(‘ L JiKd gt D = o(‘ L ]u"jcw"’dydt‘). (47)

Based on Eq. (41), the cumulative axon transmembrane K" flux dur-
ing a single action potential should be

T,
J JrKdy dt x 2 x 107 mol /m?. (48)
0

where [0, T% ] is the time interval enclosing a single action potential.

Remark 5. Equation (47) shows that for a single action potential,
the leading order of the cumulative K flux out of the axon to the
extracellular space equals the leading order of the cumulative Na™ flux
into the axon from the extracellular space. This estimation is consis-
tent with observations in the literature.”* *°

Next, we estimate the concentration variation in the stimulated
extracellular region due to a single action potential. The timescale t* of
a single action potential is in milliseconds and during action potential
the scale of g* is g™ In Appendix A, the scale of axon membrane
potential AV is

kgT
=o(1).
AV:e o(1)

Therefore, in Eq. (26) by taking 530 = w, we have

Oady O | o(1).
912010 91201

Hence, the cumulative ion fluxes through axon transmembrane
are the main source changes the ion concentration in the stimulated
extracellular region,

i Toc i
”exACex = <%ax ]ax7 ' ydt7
0

i=Na" K, (49)

where Ac._is the ith ion’s concentration variation from its resting state
and 7., is unchanged by Egs. (5a) and (5b) under timescale
t* = 107s. Based on Egs. (47) and (49), the absolute variation of
Na™ and K™ concentrations in the stimulated extracellular region due
to action potentials, can be written as
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M gx
ACsti =0
Hex

T, .
J ];'};"dydtD, i=Na",K*. (50
0

In the following discussion, we use Acy; describes the concentration
changes in the stimulated extracellular space after a single action
potential,

Acgyi = 0.12mM. (51)

B. Estimation of glial transmembrane potassium flux

In this section, we estimate the glial transmembrane current
when the K* and the Na™ concentration vary by Acy; in the stimu-
lated extracellular region. We also find that the electric field ¢
responds immediately to the glial K™ Nernst potential changes. In the
stimulated region, the variation of extracellular electric potential A¢,,
is small in comparison to the variation of glial electric potential Ag,;.

The dominant current through the glial membrane in the stimu-
lated region is through the passive K* channel, rather than the Na™
channel or the Na/K pump. At the same time, in the nonstimulated
extracellular region, almost the same amount of K" moves from the
glial compartment to extracellular space. In other words, both the glial
cells and extracellular space in the nonstimulated region participate in
the spatial buffering process to help potassium clearance.””**

In the stimulated region, the Nernst potential for K™ across the
glial membrane changes because of the additional potassium Ack in
the extracellular space,

ksT AK Acl
AES ="~ 1g<1+ Kre)—10g<1+,<—§i . (52)
zhe Cex Cgf

where AcK, | = g, ex are the variations of concentrations in the / com-
partment. The variation of K" concentration in the glial compartment
Acy is a result of the Acf, produced by the glial transmembrane K*
ﬂux Recall that the volume fraction (ng) of the glial compartment is
much larger than the extracellular space (nex) At the same time, based
on Eq. (50) and K" concentration at resting state, we get

AcKl AcK
A — o), K,i:o(K;:.

C ex

Therefore, AEg in Eq. (52) can be approximated by its Taylor
expansion,

kpT AcK.

zKe CKre .

AEg (53)
The variation of K Nernst potential in the stimulated region produ-
ces the changes of glial membrane potential AV and glial compart-
ment electric potential A¢,. We move on now to estimate the
variations of electric potentials in the stimulated extracellular and glial
regions.

From the governing equation for ¢

Z Zlev : (rlexj;x)

ex>

= Zzie%gz (][igl +]Z.gl)

el i) (59
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where

jix = Cixuex - Déxfex <VC +tr k T exvd)ex)

We claim that after the axon stops firing, the major current is through
glial membrane Kt channels (see Appendix C). Therefore, the right-
hand side of Eq. (54) can be approximated as

Z zie,%gz (]Iihgl + ]ng,> + Z Zetl o <];;W + ]é‘ax>
o (AVgI - AE;;,). (55)

Next, we integrate Eq. (54) over the stimulated region
Vs ={(r,z,0)|r € [0,r4], z € [0,L], 0 € [0,27]}, through which
the action potential propagates as shown in Fig. 5. By Eq. (55), we
have the approximation of the total current

JV Mgl (Avgl - AEg) dv ~ nr Ll gg (AVgl - AEj;l). (56)
N

In the left-hand side of Eq. (54), by the charge neutrality assumption
in Eq. (2), we naturally have

i
E z'ec, up = 0.
i

Based on Egs. (42), (47), and (50), we know that after a single action
potential the leading order of ion concentration variations in the stim-
ulated extracellular region are as follows:

AC;’? = 7Acsti7 AC{; = Acsth A - (ACS[,) (57)

Using Eqgs. (57) and (33), the diffusion term in the left-hand side of
Eq. (54) can be approximated as

ex

ACsti

re

—J Z Z'eV - (ﬂexDixTexVCix)dV ~ 2nr5,,'LenexD§ffrex
Vs i

(58)

where DI = DK — pDNa_Tn Eq. (58), we claim that the currents
through the left (z=0) and right (z= L) boundaries of the stimulated
region Vg are much smaller than those through the radial transition
region Sr. This is because (1) the ion concentration variations are in
the radial direction (between stimulated region and nonstimulated
region) and (2) the length scales in the z and r direction are different.
Therefore, the radial transition region Sy = {(r,z,0)|r = ry;,
z €10,L],0 € [0,2n]} has a much larger area than the left and right
boundaries of V.

Similarly, the integration of the electric drift term in the left-hand
side of Eq. (54) yields the approximation,

—_ AV D 7,
JVSZZEV (nex exr k T exv¢€x>

0. o)

"Q“«Z’ﬂrstiLﬂeerx e )

where g, = kaﬂ“; ;(z ) Di ¢ . From Egs. (56), (58) and (59), we get

ex ex
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ﬂgz r* %gl r*

Tsti

2 Ddiff ACoi A
il <r’exrexe ex Csti + NexOex ¢ex ~ gg (AVgI _ AEg) . (60)
At the same time, from the governing equation of ¢

Zz eV - (17g,]g,> Zz el 1( ol —Q—]Egl) (61)

where

. . . . Zie .
i i i i i
]gl - Cglugl Dglrgl (chl + kT Cglv¢gl> )
we obtain the following estimation in a similar way:

2 nglagl A¢gl

—_—_— )

AV, —AEK> 62
Tsti ~%gl r* gl< ¢ g ) ( )

where gy = kBT Z (z ) Diglcgl

tion terms in Eq. (61) because these terms require much longer time
to respond to the extracellular concentration change. Based on Eq.
(60) and Eq. (62), we have

We neglect the diffusion and convec-

Ddlff

g
ngl g = Acstr (63)

Tex€.

A¢ex = Ad)gl -

exOex ex

In Appendix D, by matching the orders in both sides of Eq. (62), we
claim that A¢,, = 0(Ady) in the stimulated region and therefore,

AVgI = Ad)gl - A¢ex = O(Ad)gl) (64)

In the next step, we approximate the K current through the leaking
K" channel on the glial membrane. Based on Egs. (62) and (64), we
get

Zrlglagl A¢gl

65
Tgillg T (65

& (A¢gz - AE;?) ~ gi (Avg, - AEg) ~

Hence, by Eq. (65), we obtain the relation between AEg and A¢g, as
AE? ~(1+ hS)A¢gl, (66)
where

217g,ag1
=—rt .
Tstidl g™ fot

Based on Eq. (65), it gives us the following approximation:

gghg K
1+ h,

g5 (Avgl - AE§> ~— (67)

Furthermore, from Egs. (63), (66), and (53), we get the approximation

Wgngsz Acf; . 68)

Ab A~ —— 878TET
Pex  NuOec(1 + hy)zKe CK re

The variations of electric field A¢,; in both stimulated and nonstimu-
lated regions are produced without delay by AE?Z in the stimulated
region, as described in the governing equation of ¢ in Eq. (27). The
K™ leaking current is the major current through the glial membrane
in the nonstimulated region as it is in the stimulated region because

scitation.org/journal/phf

the current through the ion channel is voltage ¢,; dependent and K*
conductance is one dominant ion conductance in the glial membrane

gu=o(gh), i=Na*, O

In the next steps, we introduce the superscript notation “S” for the
stimulated region variables and superscript “NS” for nonstimulated
region ones. For the glial transmembrane currents, we have the follow-
ing approximation:

S ety (+1%)
ZZE%gl<;,V§Z’+]NSI>

By integration of the ¢ Eq. (27) over the stimulated region Vs and
the nonstimulated region Vi, respectively, it yields

va Z Z'eV - (ﬂ;zjgii) dv ~ va/%glgg’f (A

JVNSZZieV’ ("gs]gsvdv %J Va M gl (AVNS AEZS’K).

i

Q

g (A

Hggli (AVAS — AEPX).

S,K
VS — AEj )

R

S,K
vy - AES),

(69)

Most of the current between region Vg and region Vg goes through
the radial transition region S7. By Eq. (69) and boundary conditions
for ¢ we obtain

J gzggl (AV AE;’K) dv =~ —J

Vs Vs

Mgl (AVYS = AEY ) dv.

(70)

Based on Eq. (70), the average K flux through the glial membrane in
the nonstimulated region leaks out to extracellular space with an
approximate strength

2
& (AVNS AEY) = 7%&’1 (Avs —Ag ). @D
zK 8 r2 —r2 zKe &

In summary, Egs. (70) and (71) show how the glial compartment in
the nonstimulated region serves as spatial buffers and helps clear
potassium from the extracellular space outside the stimulated axons.”

Remark 6. The glial compartment serves as an important and
quick potassium transport device to remove accumulated potassium
during the axon firing as shown in Fig. 7.

In the stimulated region, the change in the potassium Nernst
potential change makes the glial membrane potential more positive
and moves potassium through ion channels into the glial compart-
ment. In the nonstimulated region, since glia is an electrical syncytium,
the glial membrane potential simultaneously increases as it does in the
stimulated region. However, the glia potassium Nernst potential in the
nonstimulated region is not very different from that in the resting
state. These potentials produce an outward potassium flux from the
glial compartment in the nonstimulated region.

Interacting regions of this sort depend on spatial variables and
the properties of the glia as a syncytium. It is difficult to capture these
effects in models that do not include space as an independent variable.
Even if such compartment models capture these effects correctly in
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FIG. 7. (a) Schematic graph of the potas-
sium flux when inner part axon stimulated.
In the stimulated region, the potassium
takes the way of extracellular pathway
and through the glial compartment via glial
membrane. In the non-stimulated region,
the potassium leaks out to the extracellu-
lar space through the glial membrane. (b)
Schematic graph of the water circulation
when inner part axon stimulated. In the

S
NE T _ﬁ_GT_ 4
Extracellular Ij Glial
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region region

region

NS
TS I SPARRE N
Extracellular |
stimulated MS

stimulated region, the glial transmembrane
water flow goes from extracellular space
into glial compartment as the effect of
osmosis difference. In the extracellular
space, water goes from nonstimulated
region to stimulated region in radial direc-

Gl_ial tion. In the glia compartment goes in the
stimulated opposite  direction. This compartment
region drawing is given only to aid qualitative

understanding.

one set of conditions (because parameters are chosen to make the
description correct), they are unlikely to describe the effects of changes
in conditions consistently, including membrane potential.

C The water flow: Circulation and estimation

In this section, we discuss water circulation between the stimu-
lated and the nonstimulated regions. As extra KT is gradually cleared,
it produces an osmotic pressure difference between the intra- and
inter- domain, i.e., between the inside the glial compartment and the
extracellular space. This osmotic pressure variation drives transmem-
brane water flow and water circulation in the optic nerve.

Now we consider a train of stimulus stimulated with the fre-
quency f,, in the axon region (r < ry;, z = zp) during time [0, T].
The estimation depends on the K* and Na™ concentration variations
in the extracellular space and charge neutrality condition. The clear-
ance of extra amount of K (AcK) in the stimulated extracellular
space mostly goes through glial membrane and extracellular pathway
(see Appendix E),

dlneas) _ (i;,"K + Aﬁi)ACK

= 72)

where

mK _ 'nggghEkBT

1K __ 2’7engcr€x
1 e = —
g ZK(1 4 h,)e2 N

ex Tsit™ .

The /"L;';’K presents the effect of glial transmembrane K* flux and the
X describes the spatial effect of the extracellular K* transport
between the stimulated region and nonstimulated region. This spatial
communication is not negligible since 2% is comparable magnitude to
the ).;'l"K. The initial value of Eq. (72) starts with the first stimulus on
axon as

AKX (0) = Acy;,

ex

and at the beginning of each period T, there is an additional Acy; amount
of K™ accumulated in the extracellular space due to the axon firing

AR (iT) = AK (iT) + Acgi, i=1..n— 1,

where n (: ;—‘) is the total number of periods. In the above, we view

the extracellular K concentration changes due to axon firing as a
source term Acg;.

Remark 7. The concentration in the stimulated extracellular
region changes rapidly because of the transmembrane action poten-
tials, as well as the extracellular electric potential ¢,,. The effect of fluid
circulation is the cumulative result of the above AO,,. The fluid flows
from the nonstimulated region to the stimulated region are dominated
by the trans-glia-membrane flow. So, the convection in the extracellu-
lar reduces (i.e., flattens) the variation of osmotic pressure.

Remark 8. These effects make our spatially inhomogeneous
model quite different from existing ODE models,”*"” since those ODE
models either take the extracellular ion concentration as constant or
they do not consider the ion exchange between the extracellular space
and other compartments at all. In a recent work, Marte et al”! intro-
duce a compartment model similar to Eq. (72) by considering ion flux
between neuron, glia, and extracellular regions in both the dendrite
and soma region. It is always possible to take a field theory and
approximate its x dependence into compartments. However, it is quite
difficult to know how to describe the parameter dependence, and com-
partment inter-dependence in such models consistently, and it is prob-
ably impossible to describe the parameter dependence and
compartment inter-dependence uniquely. These issues are also consid-
ered in the Discussion Section.

Field theories show the interdependence as outputs of the analysis.
Because field models are consistent, and their solutions are unique,
parameter dependence and compartmental interdependence are unique.

In compartment models, different assumptions are possible and
difficult to compare. Analysis with different sets of assumed compart-
ments is likely then to give different results in the hands of different
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investigators, creating uproductive controversies, and slowing progress.
Field models have many fewer assumptions and are more productive.
However, they involve considerably more mathematical analysis**®
and numerical difficulties. Field models still contain many known
parameters (e.g., most structural parameters, capacitance of membranes,
conductivity of extra and intraellular solutions) and a number of not
well-known parameters, like the properties and distributions of mem-
brane channels (and their ensemble properties) and active transport sys-
tems. Direct experimentation is the best way to determine these
parameters and modern optical methods in particular, allow many such
measurements on scales much smaller than a cell diameter. However,
curve fitting to available data is often all that is possible, as in some cases
in this paper, with its unavoidable ambiguities.

The time course of Na™ variation (AcY?) in the stimulated extra-
cellular space is (see Appendix E)

d(neAc))
dr

with the initial condition

= = AN + AN ACK, (73)

ex’

A (0) = —Acy;.

There is Acy; amount of Na™t flux into axon compartment from the
extracellular space at the beginning of each period

Al (iT) = Acy? (iT) — Acy,

In Eq. (73), the )vgf’l describes the effect of extracellular diffusion and
JN*2 presents the extracellular electric drift between stimulated and
nonstimulated regions. In Eq. (73), we have

i=1...n—1.

a a a,re
Nat _ Do vap _ 2lg0gDey TexCef
ex T * ex T K,re*
Tt TstiOex (1 + hg )7 cox

In Appendix E, we present the solution of the coupled linear system of
(72) and (73). By the charge neutrality condition Eq. (2), the variation
of extracellular osmotic concentration is

AO, = 2(AK, + AL), (74)

where AcK and AcY? are written in Eqgs. (E14) and (E15).

Notice that sodium and potassium behave differently in the
extracellular space. In the extracellular space, the electric drift K" flux
has a much smaller magnitude in comparison to diffusive K" flux,
since the scale ratio RX between the electric drift term and diffusion
term for K™ is (see Appendix E)

K ngl Ggl

Ry = oL ) o(1). (75)

However, for Na™ in the extracellular space, the magnitude of electric
drift flux are comparable to diffusive flux since (see Appendix E)

G _ o(1). (76)

Na _ Ngi0¢  Cpy
. nexo—ex(l + hf) Cﬁi

In the next discussion, we estimate the scales of the glial trans-
membrane velocity, glial radial velocity, and extracellular radial veloc-
ity. The variation in osmotic pressure in the stimulated region is the
driving force for the water flow and circulation. Our estimation is

scitation.org/journal/phf

based on the equations governing fluid flow and the spatial variation
of osmotic pressure.
From the conservation of mass in glial compartment, we have

Mg\ yUm + - oy = 0. 77)
ot 8 gl (glg)

Based on Eq. (74), at t = Ty, we know there is cumulative osmosis
variation AO,y(Ty;) in the stimulated extracellular region. Since the
glial compartment volume fraction (1) is larger than the extracellular
volume fraction (1), we have

|AOg| < [AOQc.

Therefore, we view the AO,, is the driving force for hydrostatic pres-
sure variation. At the resting state, Eq. (77) yields

MLy (Pg — Pox — TgksT (O — Og)) + V- () = 0,
and by Eq. (77), we get
0Any
ot
+V. (A(ng,ugl)) =0. (78)

Mgy (Apg — Apex = gks T(AOg — AOx))

Based on Eq. (5a), the scale of the second term in Eq. (78) is much
larger than the third term, since

0 Kol T
2o ().
01 :u(r*) ﬂgngl

where we choose

* * * KglrglkBTO*
glikBTO? uglfT.

Therefore, Eq. (78) in the stimulated glial region can be approximated as

W + MLy (Apg — Apex) + MLy gksTAOex = 0,
(79)

with the initial condition

_ Apg(0) — Apex(0)

Kg

Angl(o) =0.

In Eq. (79), we have used the relationship between hydraulic pressures
pi, | = gl, ex and glial compartment volume fraction 1 in Eq. (42)

KglAngl = Apgl — Apex~ (80)
By using a linear approximation of extracellular osmotic concentration
variation AQ,,
_ Aoex(Tsti )
Tsti
the solution of A(pg — pex) in Eq. (79) can be written as

AO,(t) t, tel0, Twl,

Apalt) — 8pet) = (S exp (40) = 5 (exp (41) = 1) exp (~40)
(81)
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where

AOex ( Tsti)

sti

A= ,%gng;Kgl, B=— g"%gngl’VglkBT
Hence, we estimate the average glial transmembrane water velocity in
the stimulated region as

(1) = L2 (Apa(t) — Apes(t) +7gks TAO(2)),  (82)

and the scale of glial transmembrane velocity in the stimulated region
as

o = 1Ugt (Teai)|- (83)

In Eq. (82), the hydrostatic pressure variations Ap;, I = gI, ex passively
react to the osmotic pressure variation kgT - AO,, in the stimulated
region. Therefore, the direction of this glial transmembrane water flow
is determined by osmotic pressure variation kgT - AO,y.

In the next step, we estimate the glial radial velocity scale u; and
extracellular radial velocity scale u;. By the incompressibility condi-
tion, we have

O oty
0z

In Eq. (84), the dominant terms are the gradients in radial direc-

tion, because the length scale difference between r* and z* and the

osmotic pressure variation are both in the radial direction. Therefore,
Eq. (84) can be approximated by

V- (Mgrtigr) + Vo (MexUex) + =0. (84)

r r
o (”glr“gl) N 3(ng:4ex) o, (85)
The velocity boundary conditions at r =0,
“;z =1, =0,
and Eq. (85) yield
Ngithg + Nexlhge = 0. (86)

With the help of Eq. (86), we can rewrite 1 in form of
g = (1= 1y — 1=t (87)

where the y is defined as

Kglfgl

r=g—
ex
KexTex + KqlTgl

Mgl

By substituting Eqs. (6) and (10) into Eq. (87), we estimate the radial
velocity scale in the glial compartment as

. KgiTgl Apgl — Apex Kl Tgl AOgl
=(l—y) =22 = _ (1 —y)—=29 kpT —=
Uy '( %) . p (I=%) o Tk T
A
_Xnex kefex (riex (88)
ngl r t=Tg;i

In Eq. (88), the AQy is due to the changes of the volume fraction of
the glial compartment A#,, (see Remark 9) can be estimated as
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gl Ang
AO[ ~ & o _0¢ = — & re7
T A TS g Ay

where Ay can be written by using the Ap; as in Eq. (80)

Apgl - Apex
Angl = T .

Furthermore, by Eq. (86), the scale of radial direction extracellular
region velocity scale (1) given by

o Mgt

= Ug. (89)
ex

ex

Figure 7(b) shows that the water flow exhibits circulation patterns
between the extracellular space and glial compartment. The water flow
in the glial compartment is from the stimulated region to the nonsti-
mulated region in the radial direction. In extracellular space, the water
flow in the radial direction is from the nonstimulated region to stimu-
lated region.

Remark 9. We assume the average total number of molecules
(not concentration) in the stimulated glial region does not change
since the major glial transmembrane ion flux in the stimulated region
is K flux and this K flux from the stimulated extracellular space
moves through the glial transition S; to the nonstimulated extracellular
space as Eq. (70).

D. The relative importance of ion flux components

In this section, we discuss the relative importance of ion flux
components, due to diffusion, convection, and electric drift in the glial
and extracellular regions, respectively. Our discussion focuses on the
radial direction since these are the dominant fluxes.

In the extracellular space, we characterize the relative importance
of electric drift and diffusion (of potassium and sodium) in the extra-
cellular space by the ratios RK and RN analyzed in Egs. (75) and (76)
r’gl (Tgl CN 4

ex

nexaex(l + hc)g .

ﬂglo-gl
NexGex(1 + h)

K

Na

’ ex

ex

For radial direction flux, the ratio between convection and diffusion in
the extracellular space is estimated by the Peclet number shown in
Eq. (23)

Pei _ ‘ C:zxu:xr*

: . i=Nat K" 90
ex Dlex'fexAClex ’ 9 b ( )

where we approximate radial diffusion flux scale in the extracellular
space as

A i
K ex
D, Tex —r*

, i=Na' K'.

In a similar way, we estimate the Peclet numbers shown in Eq. (23) in
the glial compartment as

Ci u* T’*
sd i=Nat K. 1)

i
Peg, =

* i
Dgl‘cglAcgl

Note that the Peclet numbers for Na™ and K™ are significantly differ-
ent due to their different concentrations as shown in Egs. (90) and

Phys. Fluids 33, 041906 (2021); doi: 10.1063/5.0046323
Published under license by AIP Publishing

33, 041906-15


https://scitation.org/journal/phf

Physics of Fluids

(91). In the glial compartment, the ratio between electric drift and dif-
fusion is

K
RE = | L @A e | 1 @A o
S+ h KAK | T 14k KA

where we have used Egs. (53) and (66). In Eq. (92), we estimate the
K" concentration change (Acg ) in the stimulated glial compartment
as

1m,K

A
AK ~ (ney — AK) -8 Mex (93)
gl ( sti ex) )L;;’K +/1§¢ ’1gl7

where A”;';’K and /lfx are defined in Eq. (72), and # is the number of
stimuli.
We estimate the Acg“ in the stimulated glial compartment as

3AL
A~ ——— A, (94)
g (Avg - AEgl>

where Aly are approximated by Taylor expansion as

KKII;-1 KKZI;’Z
A ex

Aly ~2 ( +
8
Kre(eh + Kir) e (57 + Kia)

In Sec. V, we carry out a numeric simulation as mentioned previously.
Furthermore, we compare the results between the electrodiffusion
model with the convection—electrodiffusion (full) model.

V. NUMERICAL SIMULATION

In this section, numerical simulations are used to confirm our
asymptotic estimations. The comparison between electrodiffusion
model and the full convection—electrodiffusion model is conducted to
understand how the nervous (neuron-glia) system interacts with the
extracellular space to create microcirculation.

(a) 6cg: in ECS stimulated region

(b) 5c in ECS stimulated region

ARTICLE scitation.org/journal/phf

A train of stimuli is applied to stimulate the axon membrane
near the left boundary ({(zo,7)|z0 = 1.875mmandr < ryq =1r*
=24 um}). Each single stimulus has current strength I =3
x1073 A/m* with duration 3ms. The frequency of the stimuli is
50Hz (T = 0.02s) and the duration is Ty = 0.2s. The obtained
full model is solved by using finite-volume method with mesh size
h=1/20 and temporal size t = 1/10 in dimensionless. The code is writ-
ten in the Matlab environment.

A. Estimation of velocity scales

We first estimate how large are the fluid velocities in extracellular
space and glial compartment generated by a train of stimuli. From
Egs. (E15) and (E14), the estimated concentration variations in the
stimulated extracellular region at t = Tg; are

AN ~ —1.06 mM, AcK ~0.89mM, AO, =~ —0.34mM.
The estimated glial transmembrane velocity by Eq. (88) is
Uy ~ 9.78 x 10~ nm/s.

From Egs. (88) and (89), the estimated scale of radial water velocities
inside glial compartment and extracellular space are

Uy, 7 1.56 X 10", uy ~3.90nm/s.

In Figs. 8(a)-8(c), we plot the computed average variation of con-
centrations in the stimulated extracellular region. These computed
concentration changes are consistent with the estimates presented pre-
viously. The change of concentration reaches its peak at the end of the
train of stimulus (+ = Ty;) and quickly returns to its previous equilib-
rium value.

In Fig. 8(f), we plot the computed average transmembrane water
flow through the glial membrane in the stimulated region. We see Fig.
7(b) that water flows into the glial compartment from the extracellular
space in the stimulated region. This transmembrane water flow

(c) 60ex in ECS stimulated region
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FIG. 8. Numerical results. (a)—(c) Average concentration variations in the stimulated extracellular region; (d) and (e) average radial velocity in the intradomain; (f) average glial

transmembrane velocity in the stimulated region (with normal direction points to ECS).
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(a) U;"I in non-activated region

(b) Non-stimulated region
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(c) Stimulated region
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FIG. 9. (a) Average glial transmembrane velocity in the nonstimulated region (the normal direction points from glial compartment to extracellular space). (b) and (c) Average
variation of the extracellular volume fraction in nonstimulated region and stimulated regions.

generates the water circulation between the stimulated region and
nonstimulated region in the radial direction. As in Fig. 7(b), in the
extracellular compartment, the water flow goes from the nonstimu-
lated region to the stimulated region and in the glial compartment,
water flows in the opposite (radial) direction. In Figs. 8(d) and 8(e), we
plot the computed average water velocity in the radial direction in the
glial compartment and in the extracellular space. The computations
are consistent with our estimation above.

In Fig. 9(a), we show the transmembrane water flow through
the glial membrane in the nonstimulated region as in Fig. 7(b).
This water flow to the extracellular space produces widening of the
extracellular space volume in the nonstimulated region, as shown
in Fig. 9(b). At the same time, the extracellular space volume
shrinks (in the stimulated region) as shown in Fig. 9(c). The
shrinkage is produced by the inward water flow through the glial
membrane in the stimulated region, as in Fig. 9(f). In Figs. 10 and
11, the variations of volume fractions of the extracellular space and
glial compartment in the whole domain are plotted at time
t =0.1s (during the stimulus), t = 0.5s (maximum variations)
and t = 2s (back to resting state). Our simulation is consistent
with the experiments in Refs. 72 and 73, where the extracellular
space becomes smaller in the middle cortical layers (where the
stimulus is applied) but widens in the most superficial and deep
cortical layers (where no stimulus is applied).

Remark 10. In Figs. 10 and 11, it is an illusion that there are
jumps in the contours of volume fractions for extracellular space and
glial compartment. By checking a line-plot at a fixed radius
r = 1.5um, Fig. 16 in  Appendix F illustrates that there are not jumps
rather than local extreme values at the zy = 1.875 mm where the stim-
uli are applied. These stimuli result in the local potassium accumula-
tion that decreases the osmosis variation in the extracellular space near
2o (see Appendix F, Fig. 18). Therefore, less shrunken of the extracellu-
lar volume fraction near z as Figs. 10 and 11 shown.

B. Importance of convection

In this section, we explore the importance of fluid convection
during potassium clearance in each region. We first examine the esti-
mated Peclet numbers for Na™ and K* in the extracellular and glial
compartments. By Eq. (90), the Peclet numbers (for the radial ion
flux) in the extracellular space are

K, x *
c, u,r _
Peéi:‘;x—exAK ~ 1.0 x 10 2,
Dex'fex Cex
A, % %
u,.r
Pelt = | —ex7ex |~ 3510 L
ex a Na
DNat, Ach

By Egs. (75) and (76), the ratios between electric drift and diffusion (of
the radial ion flux) in the extracellular space are

(a) Mo variation (t=0.1s)
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FIG. 10. (a)-(c) Extracellular space volume fraction (1) variation at time
t = 0.1s, 0.5s, 2s. The blue is the enlarged region of extracellular space and red
is the shrunken region of the extracellular space which is qualitatively consistent
with the results in Refs. 72 and 73. The stimulus current has been applied at
2y = 1.875mm as shown in Fig. 5, which induces ion concentration and osmosis
variation differ. The volume fraction changes depend on the hydrostatic pressure
difference which involves the osmotic pressure (see Fig. 18 in Appendix F ).
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(a) g, variation (t=0.1s) In the glial compartment, based on Eqs. (91), (93), and (94), we
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004 In Fig. 12, we plot the computed potassium and sodium fluxes (in
e 003 _ the radial direction) in the extracellular space and glial compartments.
§30 6 ;: In the extracellular space, the importance of different fluxes is
EPY g complicated because they depend on the ion species concentration as
© 001 8 p Y p p
& e shown in Eq. (90). For potassium, the diffusion flux is dominant as

o
=)

shown in Fig. 12(a), upper panel. Except for sodium [Fig. 12(a), lower
B 4 & m ” " a panel], the three fluxes, diffusion, convection, and electric drift, are

Longitude (mm) comparable with the electric drift flux being somewhat larger. These
simulation results agree with our estimations above. In the extracellu-
lar space, the potassium’s Peclet number PeX and the ratio RX are in
O(107%), while the sodium’s Peclet number Pel’® is order of O(107!)

o
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e

FIG. 11. (a)(c): Glial compartment volume fraction (1) variation at time
t=0.1s, 0.5s, 2s.

. g0l ., and the ratio R is in O(1).
R = NexGor(1 + 1y ~6.2x 1077, In the glial compartments [Fig. 12(b)], the situation is different
o o from the extracellular space. The electric drift is dominant, and con-
gcﬂ = &7 ~ 2.3, vection flux comes as second in importance for both sodium and
NexOex(1 + ) c potassium. The water flow has a more important effect on potassium
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FIG. 12. (a) Average radial direction fluxes components in the extracellular space. (b) Average radial direction fluxes components in the glial compartment (radial direction as
normal direction).
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(c) Total K* flux via K* channel on glial membrane
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FIG. 13. (a) Potassium and sodium flux variation through Na/K pump and ion channels on the glial membrane in the stimulated region. (b) Potassium and sodium flux variation
through Na/K pump and ion channels on the glial membrane in the nonstimulated region. c: the total potassium flux through potassium channel on the glial membrane.

in the glial compartment than in the extracellular space. The maxi-
mum of the convection flux occurs after the stimuli, since it takes that
long for osmotic pressure to accumulate. Also, it lasts longer time
when the effect of electric drift has diminished.

In Figs. 13(a) and 13(b), the potassium and sodium flux through
the glial membrane are presented and the results are consistent with
our estimates. The major current through the glial membrane is
through the potassium channel in both stimulated region and nonsti-
mulated region. Figure 13(c) compares the stimulated and nonstimu-
lated region by showing the total potassium flux through potassium
channels (integrated over all the glial membrane). The total potassium
flux has different direction in the stimulated region and nonstimulated
region, as shown in our estimation in Eq. (70). The strength is the
same, but the direction is different.

Figure 14 compares the potassium flux in the electrodiffusion
(ED) model and convection—electrodiffusion (full) model. In the full
model, the water circulation between the stimulated and nonstimu-
lated region in both extracellular and glial compartments have an
important role in the circulation of potassium. The water circulation

(a) ECS Transition RegionCumulative K* flux

1

08¢ z=

pmol

0.4r

0.2r —-—-ED model
——Full model

0 0.5 1
Time (s)

has an important role in buffering potassium in the optic nerve bun-
dle. The water circulation increases the potassium flow through the
glial compartment.

Figure 14(b) show how water flow increases the potassium flux
through the glia in the transition region between the stimulated and
nonstimulated region. The potassium flux moves back to the stimu-
lated extracellular region from nonstimulated extracellular region
through the extracellular pathway, as shown in Fig. 14(a). The time
rate of change of the cumulative K™ flux through the extracellular
transition region decreases after stimulus.

Multiple trains of action potentials strengthen the effect of water
flow on the transport through the glial compartment. In Fig. 15, three
trains of action potentials occur with 0.2s resting period between
each. Figure 15(b) shows that water flow increases 25% of the amount
of cumulative potassium flux through the transition region in the glial
compartment, beyond the potassium flow in the electrodiffusion
model. Consequently, the amount of cumulative potassium flux
through the transition region in the extracellular space is around 15%
less than in the electrodiffusion model [see Fig. 15(a)].

(b) Glia Transition Region Cumulative K* flux
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FIG. 14. (a) Cumulative K™ flux on extracellular transition region. (b) Cumulative K™ flux on glail transition region (radial direction as normal direction).
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(b) Glia Transition Region Cumulative K* flux
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FIG. 15. Multiple trains of action potentials. (a) Cumulative K™ flux on extracellular transition region. (b) Cumulative K* flux on glail transition region (radial direction as normal

direction).

VI. DISCUSSION

Biological systems, like engineering systems, are complex, involv-
ing many components connected in specific structures, using a range
of forces to perform specific functions, often that can be defined by
quantitative measurements and relations. These systems are defined in
textbooks of physiology and some in more mathematical detail
elsewhere.

Many parameters are involved that need to be known if function
is to be understood and predicted. What is not so well known is how
these parameters are determined. In one extreme, the circuits of elec-
tronic devices all parameters—every one—are known by independent
measurements. Curve fitting is not involved at all. Indeed, it is hard to
imagine how a computer of some 10" devices that interact with each
other some 10° times a second could function if parameters were not
definite and known to the designer of the circuit. Thus, complexity in
itself does not prevent definite understanding.

A crucial help in dealing with electronic circuits is the universal
and exact nature of the Maxwell equations that govern electronic cur-
rent flow in these structures. The same equations are true for biological
systems for ions, but the mechanical response of the system to the
charges and their movement when electric fields change (loosely called
“polarization”) is not so well known. Measurements of the physical
and electrical structure of tissues are, however, sometimes possible giv-
ing some of the certainty to fortunate biological systems that the
Maxwell-Kirchhoff equations bring to electronic systems. It is natural
to try to simplify the electrical and then the electrodiffusional and
osmotic properties of biological tissues with compartment models, in
which spatial variables and differential equations in space and time are
replaced by compartments and ordinary differential equations in time.
These compartments can be derived in some cases by well-defined
perturbation procedures (some of which we use here) but the accuracy
of the perturbation scheme and reduced models is difficult to deter-
mine, to put it mildly, given the large number of parameters that affect
that accuracy, particularly as conditions change. The compartments
introduce a level of uncertainty that is hard to resolve and is likely to
impede agreement among investigators and thus the progress of
knowledge. In some fortunate cases, biological systems are known
well. Then field equations can be written and solved that are general

and quite independent of the choice of compartments, as we have tried
to do here. The system of long cylindrical nerve fibers, ionic channels,
and membranes—particularly their capacitance—that conducts the
signals (action potentials) of the nervous system is known quite well.
Independent measurements of every component are available.
Parameters can be measured of almost all components in several inde-
pendent ways that give indistinguishable results. Thus action potential
propagation can be computed with little ambiguity.

Some syncytial tissues are known almost this well. The lens of the
eye has been studied by impedance spectroscopy and morphometry so
the structure and structural parameters are well known. Flows have
been directly measured and also pressure, sometimes with spatial
dependence, in Mathias group more than anywhere else In the case of
the lens, the biological system is nearly as well determined as the elec-
tronic system. The optic nerve is not so well known. Here we have
good structural information but limited knowledge of parameters.
Membrane capacitance and extracellular and intracellular resistivities
are known. Conductance of voltage-activated channels and connexins
is known but the spatial distribution of connexins and channels is not
known, and even the identity of the channels is not known. Thus cali-
bration of our optic nerve model is incomplete, as we have tried to
explain in detail in the text, and so validation is limited as well. What
is needed for calibration in the optic nerve more than anything else is
experimental measurements of the type and spatial distribution of
pumps and channels. What is needed for validation is experimental
measurements of the spatial distribution of potentials, concentrations,
and pressures. The theory can easily be extended to compute those
quantities not already included. Indeed, this process of calibration and
validation is what is needed, in our view, to understand the role of
water flow, ion migration, and diffusion in other systems in the central
nervous system. Understanding the glymphatic flows in the central
nervous system requires a field theory in the spirit of that presented
here. It requires calibration with the spatial distribution of pumps and
channels. It requires validation by measurement of the spatial distribu-
tion of concentration, electrical potential, and pressure. A validated
and calibrated theory can then predict and understand the glymphatic
flows so important in biological processes like sleep and pathological
situations like migraine and epilepsy.
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VIil. CONCLUSION

This work provides a comprehensive set of estimates and compu-
tations, showing the water circulation in the optic nerve. The water
flow is generated by the osmotic difference between the glial compart-
ment and extracellular space. Through the estimation, we show that in
the stimulated region, the extracellular osmotic changes are not
induced by ion fluxes from the axon compartment when the axon is
firing. Indeed, based on the analysis, we found that the leading order
of potassium flux out and sodium flux into the axon is the same during
the action potential, which is consistent with the literature.”"®> The
osmotic difference is generated due to the sodium and potassium con-
ductance difference in the glial membrane. In other words, more
potassium leaks into the glial compartment, and less sodium leaks out.
As a result of this glial transmembrane water flow in the stimulated
region, it forms a water circulation in the radial direction between the
stimulated region and the nonstimulated region.

Our estimation of the velocity scales in the glial compartment
and extracellular space shows that this water flow has a considerable
effect on potassium flux in the glial compartment. By comparing the
full model (including water) with the electrodiffusion model (exclud-
ing water), we validate that water circulation through the glial pathway
helps clear potassium from the extracellular space and enhances the
glial buffering effect. With additional numerical simulations, we show
that the repetitive activity of the nerve fibers further increases the
importance of water flow and the water flow contribution to glia buff-
ering, which is likely to dramatically dominate pathological situations
of repetitive activity.

Besides, through our analysis, we show that the electrical syn-
cytium property of the glial cells is critical for clearing potassium
(from the extracellular space) when the neuron fires. Based on the
governing equation of glial electric potential, we explain why the
inward glial transmembrane potassium flux in the stimulated
region is almost the same as the outward potassium flux out to the
extracellular space in the nonstimulated region when axon firing.
This is because the electric potential spreads through the connected
cells in the glial compartment. The glial electric potential in the
nonstimulated region becomes more positive in response to the
depolarization of the glial electric potential in the stimulated
region. This electric property for the glial compartment always
exists as long as there exist two distinguish stimulated region and
nonstimulated region. The glial wraps the axon like a faster potas-
sium transporter, which quickly removes the extra potassium (in
the extracellular space) from the stimulated region to the nonsti-
mulated region.

Finally, we would like to point out that the coupling of ionic
and water flows is not unique to the optic nerve. It is ubiquitous in
many parts of the mammalian body and other biological tissues.
Our analysis of the model for the optic nerve is just a first small
step toward the understanding of the mechanisms of various trans-
port processes and the consequences of a disrupted process under
pathological conditions.
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NOMENCLATURE

A;  Negative charged protein density in [ region
¢ Ton i concentration in the [ region
g, Conductance of k membrane for ion i
8ar  Leak conductance of axon membrane for ion i
g'  Maximum conductance of axon membrane for ion i
', Passive transmembrane source of k membrane
Active ATP based ion i pump on k membrane
« Stiffness constant of k membrane
k;  Water permeability of [ region
L}  Membrane hydrostatic permeability of kK membrane
My  Membrane area k in per unit control volume
O; Osmotic concentration in / region
pr - Hydrostatic pressure in [ region
w;  Fluid velocity inside of the / region
2 Valence of the ion i
1, Volume fraction of [ region
u  Fluid viscosity
7, Tortuosity of / region
¢;  Electric potential in / region

APPENDIX A: COMPARISON BETWEEN
MEMBRANE POTENTIAL AND NERNST POTENTIAL
ON AXON MEMBRANE

The classical Hodgkin—Huxley analysis of a single action poten-
tial”* assumes that changes in concentration of ions are much less
important than current flow in determining the shape of the action
potential. In other words, the change in the Nernst (i.e., equilibrium)
potential is much less than the change in the membrane potential. In
this section, we show that the variation of the Nernst potential for
Na™, K™ and CI~ on the axon membrane is much smaller than the
axon membrane potential changes during action potentials,

AE, =o(AV}), i=Na" K" Cl.
During action potentials, the scale of the AV, can be approximated
by the Na* and K™ Nernst potential difference at the resting state,

AV = O(EN®™ — EKr). (A1)
We take the CI™ Nernst potential for example. By the charge neu-

trality condition in Eq. (2), we have

A~ Tex A O (A2)

ax

Therefore, the variation of CI~ Nernst potential on axon membrane
yields
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Cl,re Cl Cl,re

"+ Ac o

AEG, = V* [ log | -2——=) —log | &
e 1 AC Cl,re

Cax + Acyy Cax

. A A
~ V*| log (1 + Ti) —log (1 e Tl | (A3
Cex axCax
where
* kBT‘ 1 -2 n -2
Vi=T, s 0(1072), = 0(1072).
Cex axCax

In addition, the characteristic time for a single action potential T,
is in millisecond level (O(107%)), so the scale of Ac¢ in the stimu-
lated region is

T* M oGV AV,

A = A + Ak < O
e’//ex

) =0(1), (A4)

where we use charge neutrality condition and maximum conduc-
tance of the voltage-gated Na™ channel. Therefore, Eq. (A3) yields

ex N axCax

1 n
Cl A o]
AEux ~V < Clre + eél,re) Acex7 (A5)
Based on Egs. (A1), (A5), and (A4), and the fact that % =o(1),
we have AEY = o(AV?*). In a similar way, we can get

AE,, =0o(AV},), i=Na" K" (A6)

APPENDIX B: ESTIMATIONS OF t,; AND ¢,

In this section, we provide estimations on t,,; and t,,. For the
first time interval parameter t,,;, by substituting Egs. (36) and (38)
into Eq. (37), we obtain

184, —70
m® (t,1) = mg exp ( 351 (exp (T) - 1)

+t1m—41 {Liz(exp (X)) + xIn (1 — exp (x)) _ Exz

—11.5
:| 2.5 )
ti [*“*5 s . 186 ( 70
_ b X xo (2
14 ),s exp(s) — 1P 35 \"P\ 77
25 — 10 t [
— exp (— 45)) + 1—41 {le (exp (x))

18
—11.5
)ds, (B1)

N

+xIn (1 —exp (x)) — %xz}

Based on Eq. (B1), we present the estimations of f,,; by choos-
ing different open probabilities value for m®(t,;) in Table I

TABLE I. Estimation of t,.

m¥ () 0.93 0.95 0.97

[ 0.57 ms 0.67 ms 0.92 ms

scitation.org/journal/phf

TABLE II. Estimation of t,,.

mY (tyr) 0.15 0.1 0.05

t 2.44 ms 3.00 ms 4.01 ms

Table I shows that the estimation of t,,; through Eq. (B1) has con-
sistent results. In the similar way, for the second time interval
parameter f,,, by substituting Eq. (36), Eq. (40) into Eq. (37), we
obtain

36t,, ~70 5
mdy(tmz) = mg exp < = 2 <exp (T) —exp <§)>

+t1m—52 {Liz(exp (%)) +xIn (1 —exp (x)) — %xz}

—11.5
35 )
twa [*° 36t —(35-10
+ —ZJ s exp ( m2 (exp <7( S))

15 ) _15exp(s)—1 75 18

Cexp (g)) 4 %2 {Liz(exp (x)) +x1In (1 — exp (x))

_ lxz}
2
In the second time interval, we choose m¥(t,,;) = 0.95 as the
initial value myg in Eq. (B2). Table IT shows the consistent estimation
of the t,,, when different value for m® (tm2) has been chosen.
In sum, based on the results in Tables [ and II, we confirm that

by using Eqgs. (B1) and (B2) to estimate the time parameter #,,; and
t2 for AV, have robust results.

) ds. (B2)
5

3.

APPENDIX C: ESTIMATION OF TRANSMEMBRANE
CURRENTS

After the axon stop firing, we assume that voltage-gated Na™
and K* channel’s conductance on axon membrane have returned
to their resting state in the stimulated region,

idy ~ .ire . + +
gaxngax7 i=Na", K"

At this stage, we have ion channel conductance on the glial and
axon membrane as

(g, e, g &4 8} C 0(g§)~ (cn
Similar to Eq. (53), we claim in the stimulated region,
AE, = O(AEg), i=Na*,Cl", k=glax, (C2)
since Eq. (57) and

CK,re _ O(Ctlre)7

ex ex

i=Na" ClI".

In addition, for the increase current through Na/K pump in Eq.
(54), we have

zN“eAfﬁf,‘j + zKeA]Ifk =AL, k=gl ax.
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By the Taylor expansion, we approximate the increase current through
the Na/K pump due to the extracellular K concentration changes as

K Ire,l K Ire,Z
K1 K2 ) ACK

AIk%z(KVE(Kre

K,re; K,re
Cex (Cex +KK1) Cex (Cex +KK2

(C3)

ex?

where I" and I[* are the resting state current through o;— and
o, — isoform of the Na/K pump on glial membrane (k = gl) or axon
membrane (k = ax).

By comparison between Egs. (53) and (C3), we have

Al = o(gglAE ) k = gl, ax. (C4)

In all, based on the estimations in Egs. (C1), (C2), and (C4), we
claim the dominated term in the right-hand side of Eq. (54) is

e )+ e o)
~ Mgy (Ang - AE?’)’

where we use the fact that at the resting state, the transmembrane
currents in both axon membrane and glial membrane are negligible
in comparison to the source term gg AEg .

APPENDIX D: COMPARISON BETWEEN A¢,,
AND Ad,,

In this section, we show that the scale of the glial electric
potential variation A¢y is much larger than the scale of the extra-
cellular electric variation A¢,, in the stimulated region. Based on

Eq. (63), we know
. pdiff
O(M) — 102, o(f“e—“Acm —10° (D)
NexOex Oex

If the A¢p,, # o(A(ﬁg,), then based on Egs. (63) and (D1), we should
have

O(A¢g) < 107°.

Therefore, the right-hand side of Eq. (62) becomes

% (AV fAEK) gg’ AES| = 0(107%). (D2)
e

where we use the estimation of AE?Z (= 0(107%)) in Egs. (53) and

(50), and
O(AVy) = O(Ady — Ad,,) < 107°.
At the same time, the left-hand side of Eq. (62) gives
2 1,00 A
21999 8| _ oy, (D3)
Tsti <ﬂgl rr

In Eq. (62), based on Egs. (D3) and (D2), the order of the right-
hand side does not match with the order of the left-hand side.
Therefore, we conclude that

Ad)ex = O(Ad)gl) .
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APPENDIX E: ESTIMATION OF EXTRACELLULAR
Na‘* AND K* TRANSPORT

For the K clearance in the stimulated extracellular region in
Eq. (72), based on Egs. (53) and (67), the effect of average glial
transmembrane K™ flux in the stimulated region is

mK eﬂglgghskB

= (E1)
¢l ZK(1 + hy)e2ch™”

For K flux through the extracellular pathway, we only consider
the effects from diffusion and electric drift terms in the radial
K" flux. The fluid flows in the extracellular space from the non-
stimulated region to the stimulated region. So, the convection
flux in the extracellular is a consequence of the osmosis and
flattens the variation of osmotic pressure in the stimulated
region.

The scale of the radial diffusive K™ flux in the extracellular
space can be approximated as

d DKz,
o( DX1,, ;;x) rf AK. (E2)

The scale of the radial electric drift Kt flux in the extracellular space

is
Dﬁrexe dg,,
O(_ ks T oo dr)

DKrexeCK A,
kgT % r*
nglo-nggc‘[ex K
———————Ac,,
NexOex(1 + he)r

(E3)

where A¢,, used the estimation from Eq. (68).

Based on Egs. (E2) and (E3), we note that the electric drift
K" flux is in the opposite radial direction to the diffusive K*
flux in the extracellular space. At the same time, the electric
drift K* flux has a much smaller magnitude than the diffusive
K" flux because the ratio RK between the electric drift and dif-
fusion terms is

Ng10gl
RE = 55— (1) (E4)
“ r]exafx(l + hb) ( )
Therefore, in Eq. (72), the average effect of the K' transport
through extracellular pathway can be approximated as
7K = MeLoTa (E5)
Tstil”
where we used the ratio between volume Vg and the effective radial
surface.
In Eq. (73), we first look for the effect of Na™ fluxes through
the extracellular pathway. Similar to Eq. (E2), the scale of the radial
diffusive Na™ flux in the extracellular space is

DN“rex

r*

o) ( DNu dcgca)

3 —ex AN (E6)

The scale of the radial electric drift flux for Na™ in in the extracellu-
lar space is
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O(* Dgalca‘cexe CNa d¢ex) — Dﬁ‘,’frme CNu A¢ex
kBT ex d}" kBT ex r*
gaDNT cNa
~— nglgl ex EX*E_;ACEC (E7)
ﬂeerx(l + hs)r Cex
For Na™ in the extracellular space, the radial electric drift Na™ flux
is in the same direction as the radial diffusive K™ flux since Acgf is
negative in the stimulated region.

The scale of the radial diffusive Na™* flux is at the same level as
the radial electric drift Na® flux in the extracellular space. From
Egs. (E6) and (E7), the ratio Rg’f is
CNa

& = 0(1), (E8)

Na __ nglo—gl Cex
* NeOex(1+ hy) K

since A and AcK is at the same leading order. The Na* flux
through glial transmembrane is much smaller than the Kt flux
such that

AN = o(;gﬂK). (E9)

This is because of the conductance on the glial membrane
ggl}’“ =0 gg). The effect of Na™ flux through glial transmembrane can
be neglected in Eq. (73), since Eq. (E9), and the diffusive fluxes in Egs.
(E6) and (E2) are in the same magnitude. In sum, for Eq. (73), we get

DNa Na Na,re
ANuA,l o Znex ex Lex yNa2 _ 2’7g10'ngex TexCox
ex T Pt : ex B K.re"
sti rstio—ex(l + s)r Cex

where we used the ratio between volume Vs and the effective radial
surface.

In the end of this section, we consider the solution for the cou-
pled dynamical system of (72) and (73)

4 (A —A Ace (E10)
dt Acgca - Acgf )
where
A, 0 —(AE 2K /e
A_|: 11 _ (gl + ex)/rlex ) (Ell)
Aa A R A

In the system (E10), we assume that 7,, keeps at its resting state
(n%¢) and the initial condition is

Acggo - ACSt,'
Acﬁfj‘“’ - —Acy; '

The solution for system (E10) in the time interval t € [0, T] is

(E12)

AcK (1) = Acyiexp (Ant),
AyA sti
ANe(p) = 205

Ma(t) = (exp (A11t) — exp (Ant)) — Acyiexp (Ant),
A — Ay

(E13)
where T is the time interval between each single action potential in
the axon compartment. There are n (= %) stimuli in the time

interval [0, Ty; = nT], we have

scitation.org/journal/phf

AR (iT) = AK (iT) + Acyi, A (iT) = ANS(iT) — Acy.
i=1l.n—1,

In the above, we view the extracellular K™ and Na™ concentration

immediately changes due to axon firing. By using Eq. (E13), we have

exp (A T) —exp ((n +1)A; T)

A T :Asi )
CecnT) ot 1—exp (A T)

(E14)

and

ACZ“(nT) = iw (exp (A1 T) — exp (AnT))

x exp ((n —i)AnT) — Acst,-z exp (iAnT), (E15)
i=1
where
1—exp((j+1)AnT)
1-— exp (AHT)

ACK (]T) = Acsti

o j=0,1,..n—1

APPENDIX F: SPATIAL DISTRIBUTION OF VELOCITY
AND OSMOTIC PRESSURE

Figure 16 shows longitudinal direction changes of volume frac-
tions of extracellular space and glial compartment at r=1.5 um.

7., variation
ex
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FIG. 16. Longitudinal direction changes of 7e and 7y at r=1.5um at
t =0.1s,0.5s, 2s.
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FIG. 17. Spatial distribution of velocity in radius direction during and after a train of
stimuli.
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TABLE lll. Parameters in optic nerve model.
Parameters Value Parameters Value
R, 4.8 x 10> m (Refs. 16 and 75) u 7 x 1074 Pas (Ref. 76)
R, 6 x 10°m (Ref. 77) cgg;m 111 mM (Ref. 16)
L 1.5 x 107 m (Ref. 16) CEif eye 3mM (Ref. 16)
e 1.69 x 107 A s cg"‘*re 7.57 mM*
kg 1.38 x 1072 J/K cg’re 100.84 mM® (Ref. 16)
T 296.15 K (Ref. 16) Nare 10.17 mM*
ne 5 x 107! (Ref. 16) Kire 100.04 mM*
My 4 x 107" (Ref. 16) A g 105 mM*
e 1x 107" (Ref. 16) L3ed 0.16 (Refs. 51 and 76)
M oy 5.9 x 10 m™! (Ref. 78) 7548 1
My 1.25 x 107 m~! (Ref. 78) Tg 0.5
ZNaK 1 Pesk 1.3 x 10° Pa (Ref. 57)
¢ -1 pice 4 x 10% Pa (Ref. 57)
Zuxgl —1° Posp 0 Pa (Ref 57)
Vaxgl 1 (Refs. 51 and 76) Dha 1.39 x 1072 m?/s (Ref. 76)
Vpia 1 (Refs. 51 and 76) Df;,ax 2.04 x 1072 m?/s (Ref. 76)
KNai Na2 2.3393 mM (Ref. 46) D¢ . 2.12 x 1072 m?/s (Ref. 76)
Kx1 1.6154 mM (Ref. 46) Dg“ 1.39 x 107! m? /s (Ref. 76)
Kka 0.1657 mM (Ref. 46) Dy 2.04 x 10" m? /s (Ref. 76)
L 4.78 X 107* A/m>" (Ref. 46) DY 2.12 x 107" m? /s (Ref. 76)
Li» 6.5 x 107> A/m>" (Ref. 46) Kor 1.3729 x 1078 m?/ - s (Ref. 51)
Txa 9.56 x 10~* A/m>" (Ref. 46) kSas 0m?/V-s'
T 1.3 X 107* A/m2" (Ref. 46) Ky 1.67 x 10° Pa (Refs. 22 and 79)
gg” 2.2 x 1072 S/m? (Ref. 76) Ky 8.33 x 10° Pa (Refs. 22 and 79)
o 2.1 S/m? (Ref. 76) Ly 8.89 x 107> m/Pas (Refs. 46 and 51)
ggcll 2.2 x 1073 S/m? (Ref. 76) Ly, 8.89 x 10713 m/Pas (Refs. 46 and 51)
e 4.8 x 1072 S/m>" (Ref. 80) Ly 1.34 x 107" m/Pas (Refs. 46 and 51)
o 2.2 X 10728/m>" (Ref. 80) L 7.954 x 107 m/Pas (Ref. 81)
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TABLE lll. (Continued.)

ARTICLE scitation.org/journal/phf

Parameters Value Parameters Value

ghe 1.357 x 101 S/m>" (Ref. 80) K 9.366 x 107 m? (Refs. 46 and 51)
gk 2.9455/m>" (Ref. 80) Kax 1.33 x 1071 m? (Refs. 46 and 51)
g 1.5 x 1071 S/m?* K9P 3.99 x 10716 m>" (Refs. 46 and 51)
Gk d 3S/m2" K54S 1.33 x 107 m2" (Refs. 46 and 51)

“Estimated or induced from the concentration balance.
Deducted proportionally from reference.

Figure 17 shows the spatial distribution of velocity in radius direc-
tion during and after a train of stimuli. Figure 18 shows the spatial
distribution of osmotic pressure changes from resting state during
and after a train of stimuli. Table IIT shows all values of parameters
used in the simulations.
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