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Abstract

Mathematical modelling of the microcirculatory hemodynamics in the retina is
an essential tool for understanding various diseases of the retina, yet remains
challenging due to the multiscale nature of the retinal vasculature and its cou-
pling to surrounding tissue. To address this, we develop a multiscale model that
couples retinal vasculature across scales with interstitial tissue. Our model com-
bines the one-dimensional (1D) model for arteries and veins with the coupled
Darcy equations for capillaries and tissue. The model uses an analytic solu-
tion for capillary-tissue coupled system that provides a simple interpretation
of the results along with much faster computation. The analytic solution im-
plies a dynamic coupling condition that links the capillary bed with upstream
arterial and downstream venous flows. The model is mathematically robust,
demonstrated through analysis of the solution’s truncation error and conver-
gence. Its predictive accuracy is verified against experimental data and other
models, making it useful in interpreting experimental results. Finally, the role
of various parameters in controlling retinal hemodynamics is explored.

1. Introduction

The retina is a thin and multilayered neural tissue lining the back of the eye
that plays a crucial role in visual function. Its function depends sensitively on
adequate blood supply, as retinal hemodynamics helps sustain the metabolism
that keeps the retina alive and functional [1]. Disruptions in the hemodynamics
can impair oxygen and nutrient delivery, contributing to various retinopathies
such as diabetic retinopathy (DR) [1], glaucoma [2, 3, 4] and retinal vascular
occlusion [5]. Understanding retinal hemodynamics is thus essential for under-
standing the life of the retina in health and disease.

Computational modelling serves as a crucial and powerful tool for exploring
retinal hemodynamics, integrating physiological processes that are difficult to
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measure in vivo [6, 7]. Different models have been employed in retinal heomo-
dynamics and oxygenation. Lumped parameter zero-dimensional (0D) models,
representing the vasculature as hydraulic resistor circuit [8], have helped to re-
solve the inconsistencies in clinical data [9]. The 0D accumulated model, in
which each segment is modeled as a resistor, is exploited in the simulation
of retinal circulation [10, 11]. More complicated models, including the one-
dimensional (1D) model, two-dimensional (2D) model and three-dimensional
(3D) model, have been used to reveal fundamental properties of oxygen trans-
port in retina [12, 13] as well as deal with properties of disease in specific patients
[14, 15, 16, 17]. Existing models provide valuable physiological and patholog-
ical insights, however, they focus on specific vascular compartments, including
simplifications such as constant capillary pressure or neglecting interactions be-
tween capillaries and surrounding tissue. Consequently, very few existing models
combine the arteries, veins, capillaries and tissue equally into a comprehensive
model. In other tissues, the general rule that all compartments interact with
each other has required a systematic structural analysis of flow [18], and the
same should hold true for the retina.

A central challenge in modelling the hemodynamics of retinal microcircu-
lation stems from intrinsic multiscale vasculature. Arterial and venous net-
works display hierarchical tree-like branching [14], while capillaries form an
interconnected mesh-like structure [11, 19]. Thus retinal microcirculation in-
herently constitutes a multiscale system, involving small scale details of flow
inside blood vessels and also the large scale layout of the blood vessels. These
issues can be addressed using existing methodologies for other organs or tissues
[19, 20, 21, 22, 23, 24], where continuum Darcy model for capillary flow is typi-
cally coupled to arterial and venous trees via point sources. Even with the point
source approximation, the computation is challenging because the Darcy model
has to be solved simultaneously with arterial and venous flows [20, 21]. A novel
alternative is to use the analytic solution for the capillary flow, which expresses
the pressure explicitly so that the Darcy model does not have to be solved in
the entire domain. The analytical solution provides significant physical insight
as well as much faster computation [19, 22, 23]. However in current analytic
methods the fluid exchange between capillaries and tissue is treated approxi-
mately. They describe the coupling of capillaries to surrounding tissues using a
far-field boundary condition, which serves as a reasonable first step, and a more
realistic description of this coupling may be useful.

Our work complements previous studies by developing a novel multiscale
model that fully couples retinal vasculature with interstitial tissue. Specifically,
the flows in arteries and veins are described by a 1D model [14], while those in
capillaries and surrounding tissue are treated as two coupled porous media using
Darcy models. The fluid exchange between the capillary and tissue is modelled
by source/sink of the two Darcy equations, one for capillary (drainage) and the
other for the tissue (feed). Moreover the vasculature is coupled with the capil-
lary in two ways: i) they form the point sources/sinks at artery-capillary and
capillary-vein interfaces for the capillary Darcy’s equation; and ii) the pressure
and flow rate at these point sources/sinks provide the exit conditions for the
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arterial vascular tree and the entry conditions for the venous vasculature. What
further distinguishes our modelling from others is its analytic solution for the
capillary-tissue system, which is derived on a finite domain with a physiological
boundary condition. We analyse the convergence and truncation error of the
analytical solution extensively to ensure its robustness and accuracy. The anal-
ysis of the solution’s convergence also reveals some interesting properties of it,
which might suggest a new modelling methodology for other tissues. The model
is validated against experimental data and other results from existing models.
Moreover we demonstrate our model’s capability by exploring the effects of pa-
rameter variations as well as pulsatile pressure boundary condition.

The rest of the paper is organized as follows. In Section 2 we describe the
models and methods, including the 1D model for arteries and veins, synthetic
vascular network model, the continuum formulation for the capillary-tissue sys-
tem, and the derivation of its analytic solution, with discussion on the truncation
error. The boundary and multiscale coupling conditions are also specified in this
section. In Section 3 the convergence of the solution is analysed extensively, and
multiple simulations are performed to assess the model’s accuracy and demon-
strate its capability. Section 4 consists of the conclusion and discussion.

2. Models and methods

2.1. Network-based simulation for arterial and venous trees

2.1.1. One-dimensional model

The one-dimensional (1D) model is widely adopted to describe the blood
flow in the individual vessels of arterial and venous networks. The networks
exist in three dimensional space but are often analysed in a two dimensional
subset of three dimensional space following the usual conventions of electric
circuit theory. For all time t > 0 the flow within each vessel is characterized by
the flow rate q(s, t) and the cross-sectional area A(s, t) [14, 25], along the axis
s of the vessel, and their evolutions are given by

∂A

∂t
+
∂q

∂s
= 0,

∂q

∂t
+

∂

∂s

(
αcor

q2

A

)
+
A

ρ

∂p

∂s
= f,

(1)

where αcor is the Coriolis coefficient assumed to describe the velocity profile in
each vessel, p is the pressure, ρ is the density of blood and f is the friction term.
The coefficient αcor is set as αcor = 4/3 which corresponds to the parabolic
velocity profile that is consistent with the experimental data in retina [26, 13, 1].
The density is set as ρ = 1 g/cm3 from now on in this paper. The explicit form
of friction term is given by

f =


− 8π

η

ρ

q

A
, for arteries,

− 8π

√
A

A0

η

ρ

q

A
, for veins,

(2)
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where η = η(r) is the dynamical viscosity modelled as a function of the vessel
radius r to account for the rheological properties of blood.

The fluid-structure interaction in the problem is captured by following elastic
model [27, 28]:

p− pext = K

[(
A

A0

)β1

−
(
A

A0

)β2
]
, (3)

where pext is the exterior pressure, K is the rigidity being the intrinsic feature
of vessel, β1 and β2 are parameters depending on the vessel wall behaviour and
A0 is the neutral area of vessel. In the context of retinal vessels, the exterior
pressure is identified with the intraocular pressure (IOP), which is the fluid
pressure environment surrounding the vessels in the eye. The values of K, β1
and β2 varies with the vessel position and its function. The rigidity is

K =


4

3

π1/2Eh

A
1/2
0

, for arteries,

1

9

π3/2Eh3

A
3/2
0

, for veins.

(4)

with E the Young modulus and h the thickness of the vessel wall. The param-
eters α and β are given by

β1 =

{
1/2, for arteries,

10, for veins,
(5)

and

β2 =

{
0, for arteries,

− 3/2, for veins.
(6)

The apparent viscosity of blood decreases strongly with the decreasing vessel
radius from about 150 µm to about 5 µm, then increases below 5 µm. This
unique rheological behaviour is the F̊ahræus–Lindqvist effect. To characterize
blood’s rheological properties, we use an empirical relation developed by Pries
et al. that expresses viscosity as a function of vessel radius [29, 30, 31]:

η(r) = ηp

[
1 + (η45 − 1)

(
r

r − 0.55

)2
](

r

r − 0.55

)2

, (7)

where r is the vessel radius, ηp is the viscosity of plasma set as ηp = 0.012 Poise
and η45 is the relative apparent blood viscosity for discharge hematocrit of 0.45
given by

η45 = 6 exp(−0.17r) + 3.2− 2.44 exp
[
−0.06(2r)0.645

]
. (8)
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2.1.2. Finite volume method for 1D model

We solve the 1D blood flow model using the finite volume method (FVM)
[32, 33]. The governing equations are expressed in conservative form,

∂U

∂t
+
∂F

∂s
= S, (9)

where state, flux and source vectors are given by

U = (A, q)T , (10)

F =

(
q,

4

3

q2

A
+
K

ρ

(
β1

β1 + 1

Aβ1+1

Aβ1

0

− β2
β2 + 1

Aβ2+1

Aβ2

0

))T

, (11)

S =
(
0,−Cf

q

A

)T
, (12)

respectively. The friction coefficient Cf takes different forms for arteries and
veins,

Cf =


− 8π

η

ρ
, for arteries,

− 8π

√
A

A0

η

ρ
, for veins.

The vessel domain 0 ≤ s ≤ lv is discretized into Ns+1 spatial points at si = i∆s
with i = 0, . . . , Ns and ∆s = lv/Ns. The cell centers are located at si with 1 ≤
i ≤ Ns − 1 where the cells are Ci = [si−1/2, si+1/2] = [(i− 1/2)∆s, (i+1/2)∆s],
and the boundaries are at s0 = 0 and sNs

= lv, as shown in figure 1. The time
is discretized into steps tn = n∆t with 0 ≤ n ≤ Nt.The FVM is implemented
on Ci over [tn, tn+1] while boundary conditions are enforced at s0 and sNs .

We next describe the FVM for interior points. Integrating equation (9) over
the control volume Ci × [tn, tn+1] yields to∫ tn+1

tn

∫
Ci

S(s, t)dsdt =

∫
Ci

[U(s, tn+1)−U(s, tn)] ds

−
∫ tn+1

tn

[
F (si+1/2, t)− F (si−1/2, t)

]
dt. (13)

The integrals can be approximated as

Un+1
i ≈ 1

∆s

∫ si+1/2

si−1/2

U(s, tn+1)ds, (14)

F
n+1/2
i+1/2 ≈ 1

∆t

∫ tn+1

tn

F (si+1/2, t)dt, (15)

1

2

(
S

n+1/2
i+1/2 + S

n+1/2
i−1/2

)
≈

∫ tn+1

tn

∫ si+1/2

si−1/2

S(s, t)dsdt, (16)
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Figure 1: Spatial discretization of vessel.

where Un+1
i = U(si, tn+1), and similar notations are used for flux and source

vectors. Thus FVM equation becomes

Un+1
i = Un

i − ∆t

∆s

(
F

n+1/2
i+1/2 − F

n+1/2
i−1/2

)
+

∆t

2

(
S

n+1/2
i+1/2 + S

n+1/2
i−1/2

)
. (17)

The unknown interface variables F
n+1/2
i+1/2 , F

n+1/2
i−1/2 , S

n+1/2
i+1/2 and S

n+1/2
i−1/2 depend

on U
n+1/2
m with m = i ± 1/2, which can be determined by the Lax-Wendroff

scheme as [32]

Un+1/2
m =

Un
m+1/2 +Un

m−1/2

2
+

∆t

2

(
−
F n
m+1/2 − F n

m−1/2

∆s
+

Sn
m+1/2 + Sn

m−1/2

2

)
. (18)

2.1.3. Synthetic vascular network model

Next we construct a network from the individual vessels. We exploit a
Lindenmayer system (L-system) to generate synthetic arterial and venous trees
[34]. The model begins with the central retinal artery (CRA) and central retinal
vein (CRV), which are positioned at the center of the optic disc. Branches are
added iteratively and asymmterically to create bifurcations up to the fifth order,
with lengths given by lv = ξdv, where ξ is the length to radius ratio and dv is the
vessel diameter. At each bifurcation boundary one mother vessel is connected
to two daughter vessels, and two branching angles θ1 and θ2 are determined by
[34, 35]

cos θ1 =
(1 + v3a)

4/3 + v4a − 1

2v2a(1 + v3a)
2/3

, (19)

cos θ2 =
(1 + v3a)

4/3 + 1− v4

2v2a(1 + v3a)
2/3

, (20)

where va is the asymmetry ratio and normally-distributed noise is added to
branching angle values with a standard deviation of π/36. The vessel radii
follow asymmetric branching law

rγM = rγd1
+ rγd2

, (21)
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where rM , rd1 and rd2 are the radii of mother and two daughter vessels, respec-
tively, and γ is the junction exponent [34, 35]. Generated arterial and venous
trees are shown in figure 2(a), where the arterial tree is displayed in red and
venous tree is displayed in blue. For comparison, a real retinal vasculature from
the DRIVE dataset [36] and its manual segmentation are shown in figure 2(b)
and (c), respectively.

Arterioles and venules connecting to arteries and veins are constructed using
a structured tree model to set the resistive boundary condition [12, 16, 14]. This
boundary condition is defined by the Poiseuille equation for steady, viscous flow,
which describes the relation between flow and pressure, given by

pup − pdown = Rq, (22)

where pup and pdown are the upstream and downstream pressures, R is the
resistance and q is flow rate.

In the structured tree model arterioles and venules would grow from terminal
vessels until their radii are decreased to r = 6 µm, which is the characteristic
radius of capillary [37, 21], and the branching is performed similarly as that
in L-system [14]. Then the equivalent resistance of root vessels are calculated
recursively for resistive boundary condition. For a vessel M with its own resis-
tance RM and its daughter vessels with resistances Rd1,eq and Rd2,eq, the total
equivalent resistance is

RM,eq = RM +Rd,eq, (23)

where

1

Rd,eq
=

1

Rd1,eq
+

1

Rd2,eq
. (24)

The resistance of a vessel is given by

Rk =
8ηklk
πr4k

, (25)

where the viscosity ηk is computed by the Pries et al.’s model and the length is
lk = ξrk.

2.2. Continuum formulation for the capillary network and surrounding tissue

2.2.1. Capillary-tissue coupled system

The retina can be modelled as a porous medium since it is composed of cells,
fibres and interstitial space filled with a fluid. The capillary bed is distributed in
this environment, and it forms a dense plexus through which the blood can flow,
rather than being a collection of a few discrete, isolated branches. The compos-
ite structure of capillary bed and surrounding tissue is topologically analogous
to a porous material, where the solid matrix comprises tissue’s extracellular ma-
trix fused with capillary walls and the intravascular space of capillaries forms
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Figure 2: Synthetic and real retinal vasculature. (a) The arterial (red) and venous (blue) trees
in retinal tissue (black circle) generated using an L-system. (b) Fundus image from DRIVE
dataset [36]. (c) The manually segmented retinal vasculature for (b). Arteries and veins are
displayed in red and blue, respectively. The green denotes pixels classified as both artery and
vein and the white denotes the uncertain segment.

a continuous, interconnected pore space. Given bidirectional hemodynamic ex-
change between capillaries and surrounding tissue, the two systems should be
combined in the same way that electrical systems are combined in electrical
models of syncytial tissue [18]. We thus model the capillary bed and surround-
ing tissue as interacting porous media. The flow in both the capillary bed and
surrounding tissue is modelled as a Darcy flow [22, 19, 20, 21]. The Darcy flux
of capillaries ucap, i.e., volumetric flow rate per unit area (in unit cm/s), is given
by

ucap = − 1

µcap
kcap · ∇pcap in Ωt, (26)

where kcap is the permeability tensor (in unit cm2), µcap is the viscosity of
blood and pcap is the pressure of capillary network. The equation (26) states
that the flow in capillaries is mainly driven by the pressure gradient, which is
consistent with flow characteristics in retinal vasculature physiologically. The
capillary network is assumed isotropic and homogeneous [20, 38] such that the
permeability tensor is kcap = kcapI, where I is the identity matrix. Since the
blood is incompressible conservation of mass yields to

∇ · ucap = ψcap in Ωt, (27)

where ψcap is the source term (in unit s−1). Combining equations (26) and (27)
the flow in capillaries is characterized by following equation

− kcap
µcap

∇2pcap = ψcap(x) in Ωt. (28)

The source term should combine three key components: arterial inflow, venous
drainage and the fluid exchange between capillaries and surrounding tissue,
which is expressed as

ψcap(x) = ψac + ψcv − ψct, (29)
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where ψac, ψcv and ψct denote arterial inflow, venous drainage and fluid ex-
change between capillaries and the tissue, respectively. The contributions of ar-
terial and venous trees are modeled as the summation of discrete point sources:

ψac(x) + ψcv(x) =

Ncap∑
n=1

qnδ(x− xn), (30)

where Ncap is the total number of point sources, qn represents the flow rate
of source/sink at location xn and δ(·) is the Dirac delta function. The fluid
exchange between capillaries and tissue is mainly determined by their hydro-
static and osmotic pressures. Using the Starling’s filtration principle the fluid
filtration rate is given by [39, 21]

ψct(x) = Lh × S × [(pcap(x)− pt(x))− αr(πcap(x)− πt(x))], (31)

where Lh is the hydraulic conductivity of capillary wall, S is the surface area, pt
is the tissue pressure in retinal layers, πcap is capillary plasma osmotic pressure,
πt is interstitial fluid osmotic pressure and αr is the permeability of capillary
wall to proteins. Due to the tight junctions of the blood-retina barrier (BRB),
which make capillary wall largely impermeable to plasma proteins, the osmotic
term could be neglected and the term ψct can be modelled as a drainage system
[40]:

ψct(x) = α× (pcap(x)− pt(x)), (32)

where α = Lh × S is the drainage rate (in unit cm · s/g). This simplification is
also used by the models for other tissues that are more permeable to proteins
[21], and has been shown to produce physiologically consistent results. Similarly
the tissue pressure satisfies

− kt
µt

∇2pt = ψct, in Ωt, (33)

where kt is the tissue permeability and µt is the viscosity of interstitial fluid in
tissue. Thus the capillary-tissue coupled system is given by [38]

− kcap
µcap

∇2pcap =

Ncap∑
n=1

qnδ(x− xn)− α(pcap − pt) in Ωt,

− kt
µt

∇2pt = α(pcap − pt) in Ωt,

(34)

which is subject to following boundary conditions
− kcap
µcap

∇pcap · n = 0 on ∂Ωt,

− kt
µt

∇pt · n = 0 on ∂Ωt.

(35)
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Previous studies usually assume an idealized geometry of the tissue domain Ωt,
such as a sphere [7, 15, 17], a circular domain with radial cuts [11, 10], or a
circular disk [13], which is motivated by the spherical anatomy of the retina.
Following this precedent, we assume a circular domain of radius Rt for the
tissue, and it approximates the region of the tissue with small curvature where
retinal vasculature is distributed. The boundary conditions (35) are crucial.
Physiologically, neither blood nor interstitial fluid flows across the boundary
∂Ωt. For capillaries, the flux of blood across the boundary is described by
−(kcap/µcap)∇pcap·n, and enforcing this flux to be zero implies the physiological
no-flow condition, i.e., the first boundary condition. Implementing the same
requirement to the interstitial fluid in tissue yields the boundary condition for
pt. Moreover these two boundary conditions correspond to two fundamental
conservation laws. First, integrating the boundary condition for pt over ∂Ωt

yields to∫
∂Ωt

− kt
µt

∇pt · nds =
∫
Ωt

− kt
µt

∇2ptdx =

∫
Ωt

α(pcap − pt)dx = 0, (36)

which implies that ∫
Ωt

pcapdx =

∫
Ωt

ptdx. (37)

This equality states the tissue fluid homeostasis, where net filtration is balanced
by net reabsorption such that there is no pathological fluid accumulation in
interstitium. In other words, the areas where pcap > pt are balanced by the
areas where pcap < pt, which implies the conservation of fluid volume for the
tissue. Second, integrating the boundary condition for pcap implies

∫
∂Ωt

− kcap
µcap

∇pcap · nds =
∫
Ωt

ψcapdx =

Ncap∑
n=1

qn − α

∫
Ωt

(pcap − pt)dx, (38)

thus the boundary condition that −(kcap/µcap)∇pcap · n = 0 is satisfied only if∑
n qn = 0, which states the conservation of mass.

2.2.2. Solutions to capillary-tissue coupled system

To solve the capillary-tissue coupled system we begin with writing the equa-
tions in matrix form

−∇2

[
pcap
pt

]
= C

[
pcap
pt

]
+

[
1
a

∑
n qnδ(x− xn)

0

]
, (39)

where the matrix C is given by

C = α

[
−1/a 1/a
1/b −1/b

]
, (40)
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and a = kcap/µcap and b = kt/µt are the hydraulic conductivities for capillaries
and tissue (in unit cm · s/g), respectively. The system is decoupled via the
following transformation to new variables:[

pmean

pexch

]
= T

[
pcap
pt

]
, (41)

where pmean is the conductivity weighted average pressure, pexch is the exchange
pressure proportional to their difference, and T is the transformation matrix
given by

T =
a

a+ b

[
1 b/a
−1 1

]
. (42)

The resulting decoupled system is then given by
−∇2pmean =

1

a+ b

Ncap∑
n=1

qnδ(x− xn) on ∂Ωt,

−∇2pexch + λ2pexch = − 1

a+ b

Ncap∑
n=1

qnδ(x− xn) on ∂Ωt,

(43)

where λ =
√
α(1/a+ 1/b) and the system is subject to the boundary conditions{

∇pmean · n = 0 on ∂Ωt,

∇pexch · n = 0 on ∂Ωt.
(44)

Once the decoupled system are solved the capillary and tissue pressures can be
obtained through the inverse transformation that[

pcap
pt

]
= T−1

[
pmean

pexch

]
=

[
pmean − b

apexch
pmean + pexch

]
, (45)

where T−1 is the inverse transformation matrix given by

T−1 =

[
1 −b/a
1 1

]
. (46)

To solve the decoupled system, we solve its adjoint problems. The adjoint
problem for pmean is given by [41, 42]{

∇′2fmean(x,x
′) = δ(x− x′) in Ωt,

∇′fmean(x,x
′) · n′ = 1/S on ∂Ωt,

(47)

where S = 2πRt is the length of the boundary ∂Ωt. To construct the solution,
a image point source is added at x′′ ∈ R2 \ Ωt, where x′′ = (R2

t /|x|2)x. The
general solution to the adjoint problem is then given by

fmean(x,x
′) =

1

2π
(log |x′ − x|+ k log |x′ − x′′|+ c) , (48)
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where k and c are the constants left to be determined. The normal derivative
is computed as

∇′fmean(x,x
′) · n′ =

1

2π

[
x′ − x

|x′ − x|2
+
k(x′ − x′′)

|x′ − x′′|2

]
· x′

|x′|

=
1

2π|x′|

[
|x′|2 − x · x′

|x′ − x|2
+
k|x′|2 − kx′ · x′′

|x′ − x′′|2

]
, (49)

and on the boundary ∂Ωt, where |x′| = Rt. The expression simplifies to

∇′fmean(x,x
′) · n′ =

1

2πRt

1

|x′ − x|2
[
|x′|2 + k|x|2 − (k + 1)x′ · x

]
. (50)

We can obtain the mean pressure by enforcing the boundary condition in problem (47)
to solve for k. The derivation is provided in appendix Appendix A.

The mean pressure pmean is given by

pmean(x) = − 1

a+ b

Ncap∑
n=1

qnfmean(x,xn) + pmean, (51)

where the boundary average pmean is given by

pmean =
1

S

∫
∂Ωcap

pmean(x
′)ds′. (52)

We write the variable pmean in polar coordinates as

pmean(r, θ) = − 1

a+ b

Ncap∑
n=1

qnfmean(r, θ; rn, θn) + pmean, (53)

where the function fmean(r, θ; rn, θn) is given by

fmean(r, θ; rn, θn) =
1

4π
log(r2n + r2 − 2rnr cos(θn − θ))

+
1

4π
log

(
r2n +

R4
t

r2
− 2rn

R2
t

r
cos(θn − θ)

)
. (54)

When implementing the solution for pmean, the conservation of mass should be
enforced explicitly, which is given by

0 =

Ncap∑
n=1

qn. (55)

That is, the total flow entering capillary bed from arterial tree equals to the
total flow drained into veins. To derive equation (55) we integrate pmean over
the boundary and obtain

pmean = − 1

S

1

a+ b

Ncap∑
n=1

qn

∫
∂Ωt

fmean(r, θ; rn, θn)ds+ pmean, (56)
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which implies the consistent condition for pmean that

0 = − 1

S

1

a+ b

Ncap∑
n=1

qn

∫
∂Ωt

fmean(r, θ; rn, θn)ds. (57)

This demonstrates that the total flow is balanced, with each qn weighted by its
respective boundary integral. In other words the boundary integral quantifies
how any local flow source disturbs the averaged pressure. Interestingly, evalua-
tion of the boundary integral shows it is independent of the source location:∫

∂Ωt

fmean(r, θ; rn, θn)ds = 2Rt logRt, (58)

and a detailed computation for the boundary integral is provided in appendix
Appendix B. Thus the equation (57) can be simplified to equation (55). The
identical value of boundary integral for each source demonstrates that each
connection to the larger vasculature, whether an feeding arteriole or a draining
venule, contributes equally to the balance, which is consistent to the physiolog-
ical situation that capillary plexus is highly interconnected.

The adjoint problem for variable pexch is given by{
∇2fexch(x,xn)− λ2fexch(x,xn) = δ(x− xn) in Ωt,

∇fexch(x,xn) · n = 0 on ∂Ωt,
(59)

whose solution enables to express pexch as

pexch(x) =
1

a+ b

Ncap∑
n=1

qnfexch(x,xn). (60)

The equation of adjoint problem in polar coordinates is given by

1

r

∂

∂r

(
r
∂fexch
∂r

)
+

1

r2
∂2fexch
∂θ2

− λ2fexch =
δ(r − rn)δ(θ − θn)

r
, (61)

and substituting the trail solution fexch(r, θ; rn, θn) = R(r)Θ(θ) leads to

r

R(r)

∂

∂r

(
r
∂R(r)

∂r

)
+

1

Θ(θ)

∂2Θ(θ)

∂θ2
− λ2r2 = 0 (62)

as (r, θ) ̸= (rn, θn), which yields to

d2Θ

dθ2
+m2Θ = 0, (63)

whose solution is composed of exp(imθ) and exp(−imθ). Together with the
Fourier expansion of δ(θ − θn) that

δ(θ − θn) =
1

2π

∞∑
m=−∞

exp[im(θ − θn)], (64)

13



we thus assume the solution is

fexch(r, θ; rn, θn) =
1

2π

∞∑
m=−∞

Rm(r) exp[im(θ − θn)], (65)

which yields to following eigenvalue problem

1

r

d

dr

(
r
dRm

dr

)
−
(
m2

r2
+ λ2

)
Rm =

δ(r − rn)

r
. (66)

The equation (66) is a modified Bessel equation and its general solution, which
must remain finite at r = 0, is given by

Rm(r) =

{
AmIm(λr), r ≤ rn,

BmIm(λr) + CmKm(λr), r > rn,
(67)

where Im(λr) and Km(λr) are the modified Bessel functions of orderm and Am,
Bm as well as Cm are the coefficients left to determine, and and a detailed com-
putation for them is provided in appendix Appendix C. The radial component
in equation (65) is given by

Rm,n(r) = Im(λrn<)

[
K ′

m(λRt)

I ′m(λRt)
Im(λrn>)−Km(λrn>)

]
, (68)

with rn< = min(r, rn) and rn> = max(r,rn). We assume the convergence of
this series solution, which will be addressed in following section. Plugging the
expression of fexch with equation (68) into equation (60) yields to

pexch(r, θ) =
1

2π(a+ b)

Ncap∑
n=1

∞∑
m=−∞

qnRm,n(r) exp[im(θ − θn)]. (69)

With solutions to mean and exchange pressures capillary pressure is given by

pcap(r, θ) = pmean − b

a
pexch = − 1

a+ b

Ncap∑
n=1

qn(fmean +
b

a
fexch). (70)

We denote the modified Green’s function for capillary pressure as

G(r, θ; rn, θn) = fmean(r, θ; rn, θn) +
b

a
fexch(r, θ; rn, θn), (71)

and express the capillary pressure as

pcap(r, θ) = − 1

a+ b

Ncap∑
n=1

qnG(r, θ; rn, θn). (72)

Tissue pressure is given by

pt(r, θ) = pmean + pexch = − 1

a+ b

Ncap∑
n=1

qn(fmean − fexch). (73)
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Figure 3: The dependence of relative ratio Em,m+1 on the order m for rn = 0.25Rt. Solid
lines denote the values of relative ratio while dashed lines are the upper bound. Different
colours correspond to various values of radial coordinate. (a) Value of drainage rate is of
α = 2 × 10−9 cm · s/g. (b) Value of drainage rate is of α = 2 × 10−8 cm · s/g. (c) Value of
drainage rate is of α = 2 × 10−7 cm · s/g. Other parameter values are kcap = 2 × 10−9 cm2

and kt = 2× 10−12 cm2.

2.2.3. Numerical treatments of logarithmic singularity and infinite summation

Both of the logarithmic singularity and the infinite summation could lead to
numerical issues, and in what follows we show how to address the problems.

The singular behaviour of the logarithmic solution is resolved via local do-
main averaging. The average of the logarithmic function can be written as

⟨log |x− xn|⟩ =
1

An

∫
Ωn

f(x) log |x− xn|dx, (74)

where f(x) is the weight function, Ωn is the averaged domain and An is its
area. The simplest average could be the one with the circular domain and
weight function f(x) = 1, and the circular domain is centered at the position of
point source x = xn with vessel radius rv,n. The integral for this average could
be computed as follows:∫

Ωn

log |x− xn|dx = 2π

∫ rv,n

0

r log rdr = π

[
r2v,n log rv,n − 1

2
r2v,n

]
, (75)

where Ωn is a circular domain, thus the resulting averaged value is given by

⟨log |x− xn|⟩ = log rv,n − 1

2
. (76)

The finite order truncation of fexch is utilized in computations. The trun-
cation with order M is given by

fexch(r, θ; rn, θn) =
1

2π

M∑
m=−M

Rm(r) exp[im(θ − θn)], (77)

since the radial component is symmetric in m the truncation can be written as

fexch(r, θ; rn, θn) =
1

2π
R0,n(r) +

1

π

M∑
m=1

Rm,n(r) cos[m(θ − θn)], (78)
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and the truncation error is given by

EM =
1

π

∞∑
m=M+1

Rm,n(r) cos[m(θ − θn)]. (79)

We next explore the accuracy of this truncation by analysing the decay of higher-
order terms. To characterize it we analyse the the relative ratio between radial
components Rm,n and Rm+1,n, defined as

Em,m+1 =
|Rm+1,n(r)|
|Rm,n(r)|

, (80)

and for 0 ≤ r < Rt the term K ′
m(λRt)Im(λrn<)/I

′
m(λRt) can be neglected

compared to the term Km(λrn>) as m→ ∞, as discussed in appendix Appendix
D, thus the relative ratio asymptotically can be approximated as

Em,m+1 ≃
Km+1(λr

n
>)

Km(λrn>)

Im+1(λr
n
<)

Im(λrn<)
. (81)

Then using the inequalities that [43, Theorems 2 and 7]

Km+1(λr)

Km(λr)
<
m+ 1

2 +
√

(m+ 1
2 )

2 + (λr)2

λr
, m ≥ −1/2 (82)

Im+1(λr)

Im(λr)
<

λr

m+ 1
2 +

√(
m+ 1

2

)2
+ (λr)2

, m ≥ −1/2, (83)

we obtain that

Em,m+1 <
m+ 1

2 +
√
(m+ 1

2 )
2 + (λrn>)

2

m+ 1
2 +

√(
m+ 1

2

)2
+ (λrn<)

2

rn<
rn>
, (84)

thus for all r and significantly large m the ratio satisfies

Em,m+1 <
min{r, rn}
max{r, rn}

≤ 1. (85)

Figure 3 illustrates the dependence of relative ratio on the order m, where
solid lines represent the values of relative ratio and dashed lines are the up-
per bound min{r, rn}/max{r.rn}, and different colours correspond to vari-
ous values of radial coordinate. Results are shown for drainage rates of α =
2 × 10−9 cm · s/g, α = 2 × 10−8 cm · s/g and α = 2 × 10−7 cm · s/g. When m
increases, the relative ratio approaches to the upper bound but remains strictly
below it. As drainage rate becomes larger, as shown in figure 4, the conver-
gence of relative ratio toward the bound is slower, but the ratio is still less than
1, which demonstrates that the series term still decay exponentially. Thus we
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Figure 4: The dependence of relative ratio Em,m+1 on the order m for rn = 0.25Rt. Solid lines
denote the values of relative ratio while dashed lines are the upper bound. Different colours
correspond to various values of radial coordinate. The drainage rate is α = 2× 10−6 cm · s/g.

(a) (b)

Figure 5: Two different bifurcation boundaries.

obtain Rm,n(r) ≤ R0,n(r)(min{r, rn}/max{r, rn})m and following estimate for
the truncation error:

EM ≤ 1

π

∞∑
m=M+1

|Rm,n(r)| ≤
1

π
|R0,n(r)|

∞∑
m=M+1

(
min{r, rn}
max{r, rn}

)m

. (86)

For any r ̸= rn the series
∑∞

m=M+1(min{r, rn}/max{r, rn})m converges, then
the truncation error satisfies

EM ≤ 1

π
|R0,n(r)|

(min{r, rn}/max{r, rn})M

1− (min{r, rn}/max{r, rn})
. (87)

Thus the exponential decay of relative ratio ensures high accuracy even with
only a few terms. Although a larger drainage rate slows the convergence of
relative ratio to the upper bound, the ratio remains strictly below 1 as well, and
|R0,n(r)| is relatively small, as a result, the truncation for large drainage rate
with only a few terms could also have high accuracy.

2.3. Boundary and multiscale coupling conditions

It remains to specify the boundary conditions for the 1D model, as well
as the coupling conditions at the interfaces where arterioles and venules are
connected to the capillaries. The following sections describe these conditions
and their numerical implementations.
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2.3.1. Boundary conditions for vascular trees

The pressure boundary conditions are imposed at the CRA inlet and CRV
outlet. While the pressure at CRA could be constant or time-dependent, that
at CRV outlet is set constant. At the CRA inlet, the area An+1

CRA,0 is determined
by solving the equation

pin,CRA(tn+1)− pext = K

(An+1
CRA,0

A0

)β1

−

(
An+1

CRA,0

A0

)β2
 , (88)

where pin,CRA(tn+1) is the prescribed inlet pressure at CRA. The corresponding
flow rate is computed by discretizing the mass-conservation equation [44]

(An+1
CRA,0 +An+1

CRA,1)− (An
CRA,0 +An

CRA,1)

2∆t
+
qn+1
CRA,1 − qn+1

CRA,0

∆sCRA
= 0, (89)

which yields the following

qn+1
CRA,0 = qn+1

CRA,1 +
∆sCRA

2∆t

[
(An+1

CRA,0 +An+1
CRA,1)− (An

CRA,0 +An
CRA,1)

]
. (90)

Similarly, at the CRV outlet, the area An+1
CRV,0 is computed from

pout,CRV − pext = K

[(
ACRV,0

A0

)β1

−
(
ACRV,0

A0

)β2
]
, (91)

where pout,CRV is the CRV outlet pressure. The mass-conservation equation
combined with the constant CRV outlet pressure implies that ∂q/∂s = 0, and
the flow rate at CRV outlet is thus determined by

qn+1
CRV,0 = qn+1

CRV,1. (92)

The bifurcation boundary conditions are governed by following equations
[45]: 

qM − qd1
− qd2

= 0,

pM − pd1
= 0,

pM − pd2
= 0,

∂AM

∂t
+
∂qM
∂sM

= 0,

∂Ad1

∂t
+
∂qd1

∂sd1

= 0,

∂Ad2

∂t
+
∂qd2

∂sd2

= 0,

(93)

where the subscriptsM , d1 and d2 denote the mother and two daughter vessels,
respectively. These conditions are identical for different shapes of bifurcation
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Figure 6: The dependence of radial component Rm,n on the order m for rn = 0.25Rt. Circles
are the exact values of radial component computed by equation (68) while lines denote the
approximation (126). Different colours correspond to various values of radial coordinate.
(a) Value of drainage rate is of α = 2 × 10−9 cm · s/g. (b) Value of drainage rate is of
α = 2 × 10−8 cm · s/g. (c) Value of drainage rate is of α = 2 × 10−7 cm · s/g. Other
parameter values are kcap = 2× 10−9 cm2 and kt = 2× 10−12 cm2.

boundary, as shown in figure 5. The mass-conservation equations are discretized,
which yields to following system at t = tn+1, and the boundary condition at
t = tn+1 is [44, 45]

Y (xb) = [Y1(xb), Y2(xb), . . . , Y6(xb)] = 0, (94)

where

Y1 = qn+1
M,Ns

− qn+1
d1,0

− qn+1
d2,0

, (95)

Y2 = pn+1
M,Ns

(An+1
M,Ns

)− pn+1
d1,0

(An+1
d1,0

), (96)

Y3 = pn+1
M,Ns

(An+1
M,Ns

)− pn+1
d2,0

(An+1
d2,0

), (97)

Y4 =
(An+1

M,Ns
+An+1

M,Ns−1)−(An
M,Ns

+An
M,Ns−1)

2∆t +
qn+1
M,Ns

−qn+1
M,Ns−1

∆sM
, (98)

Y5 =
(An+1

d1,0+An+1
d1,1)−(An

d1,0+An
d1,1)

2∆t +
qn+1
d1,1−qn+1

d1,0

∆sd1
, (99)

Y6 =
(An+1

d2,0+An+1
d2,1)−(An

d2,0+An
d2,1)

2∆t +
qn+1
d2,1−qn+1

d2,0

∆sd2
, (100)

and the pressures pn+1
M,Ns

(An+1
M,Ns

), pn+1
d1,0

(An+1
d1,0

) and pn+1
d2,0

(An+1
d2,0

) depend on the
corresponding areas through elastic model. The unknown variables are

xb = [An+1
M,Ns

, qn+1
M,Ns

, An+1
d1,0

, qn+1
d1,0

, An+1
d2,0

, qn+1
d2,0

]T , (101)

while the interior variables of each vessel such as An+1
M,Ns−1 and qn+1

M,Ns−1 are
obtained by integration along each vessel. This system is solved at each time
step to determine the bifurcation boundary variables.

2.3.2. Multiscale coupling condition

We denote the vectors of pressure and flow rate of source points at t = tn+1

as

pn+1
cap = [pn+1

cap (x1), . . . , p
n+1
cap (xNcap

)]T , (102)

qn+1 = [qn+1(x1), . . . , q
n+1(xNcap

)]T , (103)
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respectively, where pn+1
cap (xi) and qn+1(xi) are the pressure and the flow rate

at x = xi respectively, and Ncap is the number of upstream vessels connected
to arteriolar and venular trees. We assume the Poiseuille flow in arterioles and
venules, thus qn+1(xi) is also the flow rate in arteriolar or venular trees, which
is connected to capillaries at x = xi. We introduce the matrix R, which is
composed of the equivalent resistances of arteriolar and venular trees, given by

R =



Ra,eq(x1)
. . .

Ra,eq(xi)
Rv,eq(xi+1)

. . .

Rv,eq(xNcap)


, (104)

where Ra,eq(xi) denotes the the equivalent resistance of an arteriolar tree con-
nected to capillary at x = xi and Rv,eq(xk) denotes that of an venular tree
connected to the capillary at x = xk. The capillary pressures at source points
are given by

pn+1
cap = M capqn+1 + p11, (105)

whereM cap is the resistance matrix with elementM cap
iw = −(1/(a+b))G(ri, θi; rw, θw),

while the Poiseuille equation for arterioles and venules yields the following

pn+1
cap = pn+1 −Rqn+1, (106)

where the pressure vector of arteries and veins pn+1 is given by

pn+1 = [pn+1
1,Ns

, . . . , pn+1
Ncap,Ns

]T . (107)

Thus the coupling condition is given by

pn+1
cap = M capqn+1 + p11,

pn+1
cap = pn+1 −Rqn+1,

pmean =
1

S

∫
∂Ωcap

pmeands,

pmean(r, θ) = − 1

a+ b

Ncap∑
i=1

qif1(r, θ; ri, θi) + pmean,

Ncap∑
n=1

qn = 0,

(108)

where the pressures pn+1 are governed by following equations in terminal vessels
∂Ak

∂t
+
∂qk
∂s

= 0, k = 1, . . . , Ncap,

pk − pext = K

[(
A

A0

)β1

−
(
A

A0

)β2
]
, k = 1, . . . , Ncap,

(109)
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Figure 7: The dependence of radial component Rm,n on the order m for rn = 0.25Rt. Circles
are the exact values of radial component computed by equation (68) while lines denote the
approximation (126). Different colours correspond to various values of radial coordinate. The
drainage rate is α = 2× 10−6 cm · s/g.

and Ak and qk denote the area and flow rate of the terminal vessels connected
to arterioles or veins, respectively.

Solving the system (108) directly is challenging due to the integral term,
the conservation of mass and the nonlinear dependence of pressure on area. To
simplify it, we begin with combining the first two equations in system (108),
which yields the following pressure-flow relationship:

pn+1 = Rcapqn+1 + pmean1, (110)

where Rcap = M cap +R. Solving for the flow rate vector yields to

qn+1 = (R+M cap)−1pn+1 − pmean(R+M cap)−11, (111)

and then imposing the conservation of mass leads to

0 = 1T (R+M cap)−1pn+1 − pmean1
T (R+M cap)−11,

which implies that

pmean =
1

scap
1T (R+M cap)−1pn+1, (112)

with scap = 1T (R +M cap)−11. Substituting the expression of pmean into the
equation (110), we obtain

pn+1 = Rcapqn+1 +
1

scap
1T (R+M cap)−1pn+1, (113)

which consists of two unknown vectors pn+1 and qn+1. The mass-conservation
is discretized as that for CRA inlet and bifurcation boundary such that for each
artery or vein,

qn+1
k,Ns

= qn+1
k,Ns−1 −

∆sk
2∆t

[
(An+1

k,Ns−1 +An+1
k,Ns

)− (An
k,Ns

+An
k,Ns−1)

]
, (114)
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where k = 1, . . . , Ncap. Given that flows in arterioles and venules are assumed
as Poiseuille flow, the flow rates in arteriolar and venular trees are equal to
those at boundaries of terminal vessels, that is qn+1(xk) = qn+1

k,Ns
. This enables

to express qn+1 as

qn+1 = −B
[
(An+1

Ns
+An+1

Ns−1)− (An
Ns

+An
Ns−1)

]
+ fn+1, (115)

where area vectors are given by

An+1
Ns

= [An+1
1,Ns

, . . . , An+1
Ncap,Ns

]T , (116)

An+1
Ns−1 = [An+1

1,Ns−1, . . . , A
n+1
Ncap,Ns−1]

T , (117)

An
Ns

= [An
1,Ns

, . . . , An+1
Ncap,Ns

]T , (118)

An
Ns−1 = [An

1,Ns−1, . . . , A
n+1
Ncap,Ns−1]

T (119)

the matrix B is given by

B =

∆s1/(2∆t) . . .

∆sNcap
/(2∆t)

 , (120)

and fn+1 is given by

fn+1 = [qn+1
1,Ns−1, . . . , q

n+1
Ncap,Ns−1]

T . (121)

The numerical implementation for capillary-tissue coupled system is thus given
by
pn+1(An+1

Ns
) = −RcapB(An+1

Ns
+An+1

Ns−1 −An
Ns

−An
Ns−1) +Rcapfn+1 + pmean1,

pn+1
k,Ns

− pext = K

(An+1
k,Ns

A0

)β1

−

(
An+1

k,Ns

A0

)β2
 , k = 1, . . . , Ncap,

(122)

where the boundary average is given by equation (112). This system is solved at
each time step to obtainAn+1

Ns
, from which qn+1 is computed using equation (115).

3. Results

In the followings, we first analyse the convergence of the series solution
for exchange pressure, which together with the analysis for its truncation error
ensure the robustness and accuracy of the model. Second, the model is simulated
with a constant baseline CRA pressure and the results are validated against
experimental data and established models. Third, effects of crucial parameters,
including permeabilities and drainage rate, are explored with constant CRA
inlet pressure. Parameter values for model validation and the exploration of
crucial parameters are summarized in Table 1. Finally, we simulate the pulsatile
flow with a cardiac-cycle pressure profile at CRA inlet.
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Parameter Value References
Viscosity model
Viscosity of plasma, ηp 1.2 cP [29, 30, 31]
Elastic model

Young modulus, E 106 g/cm/s2 [14]

Thickness of the vessel wall, h 5 × 10−4 cm [14]
IOP 16 mmHg [46, 9, 47]
L-system
Radius of CRA 165 ± 15 µm [48, 34, 49]
Radius of CRV 196 ± 15 µm [50]
Length to diameter ratio, ξ 18 ± 3 [34]
Asymmetric ratio, va 1 for dv > 50 µm and 0.8 for dv ≤ 50µm [34]
Junction exponent, γ 2.1 for dv > 50 µm and 2 for dv ≤ 50µm [34]
Structured tree model
Length to diameter ratio, ξ 23 [12, 14]
Asymmetric ratio, va 0.8 [34, 12]
Junction exponent, γ 2 [14]
Capillary-tissue coupled system
Blood viscosity in capillary, µcap computed by the viscosity model
Interstitial fluid viscosity in tissue, µt 0.7 cP Estimated

Capillary permeability, kcap 2 × 10−11 − 2 × 10−9 cm2 [21]

Tissue permeability, kt 2 × 10−14 − 2 × 10−12 cm2 [21]

Drainage rate, α 2 × 10−12 − 2 × 10−5 cm · s/g Estimated
Boundary conditions at CRA and CRV
CRA inlet pressure, pin,CRA 45 − 77 mmHg [15, 13, 46]
CRV outlet pressure, pout,CRV 16 mmHg [15, 13, 46]

Table 1: The parameters for the hemodynamics in retinal microcirculation.

3.1. Convergence of the series solution for exchange pressure

The solution for pexch is constructed by superimposing the contributions
from all source points, where the kernel fexch at each source is expressed as an
infinite series (65). For practical computation, the series is truncated. The
truncated series must converge if the model is to be robust and accurate.

In order to analyse its convergence, fexch is decomposed into two components
as

fexch = s1 + s2, (123)

where

s1 =
1

2π

∞∑
m=−∞

Im(λrn<)
K ′

m(λRt)

I ′m(λRt)
Im(λrn>) exp[im(θ − θn)], (124)

s2 = − 1

2π

∞∑
m=−∞

Im(λrn<)Km(λrn>) exp[im(θ − θn)]. (125)

The series s2 is the free-space solution which is analysed in Appendix E, de-
scribing the fundamental interaction between a source and a field point in an
infinite domain, while s1 can be interpreted as a boundary correction term,
which enforces the no-flux boundary condition at the finite tissue boundary.
As discussed in Appendix D, the terms in s1 become negligible compared to
those in s2 for large m, which implies the following approximation for radial
component:

Rm,n(r) ≃ −Im(λrn<)Km(λrn>), (126)

23



Figure 8: The behaviour of f2 on r/Rt with rn = 0.25Rt and θn = 3π/2. Circles are results
of the truncation (78) with orderM = 26, while lines are the values of approximation (128).
Different colours correspond to various values of θ. The tissue permeability is set as kt =
2× 10−12 cm2. (a) Value of drainage rate is of α = 2× 10−9 cm · s/g. (b) Value of drainage
rate is of α = 2× 10−8 cm · s/g. (c) Value of drainage rate is of α = 2× 10−7 cm · s/g. Other
parameter values are kcap = 2× 10−9 cm2 and kt = 2× 10−12 cm2.

and as a result fexch is effectively approximated by s2. The radial component
depends on the parameter λ =

√
α(1/a+ 1/b), thus its value varies with α and

1/a + 1/b. Thus we explore the accuracy of approximation (126) with varying
α and fixed permeabilities.

Figure 6 displays the dependence of radial component on the order m,
where circles denote the exact values from equation (68) and lines represent
the approximation (126). The approximation (126) is nearly identical to the ex-
act value across various values of radial variable, even yielding a good estimate
at r = Rt. These results also shows that |R0,n(r)| coule be relatively small
as drainage rate increases. The approximation remains accurate as drainage
rate becomes larger, as shown in figure 7. These results demonstrate that the
expression (126) provides an excellent estimate for the radial component despite
parameter variations, and thus the convergence of fexch is equivalent to that of
series s2.

The convergence of s2 can be established via the following addition formula
for modified Bessel functions:

K0(λξn) =

∞∑
m=−∞

Im(λrn<)Km(λrn>) exp[im(θ − θn)], (127)

where ξn =
√
r2 + r2n − 2rrn cos(θ − θn) is the distance between field point and

source point. This identity could be the counterpart of Graf addition formula
for Bessel functions [51], and is briefly proved in Appendix E. The addition
formula for modified Bessel functions implies that the infinite series for fexch
sums to

fexch(r, θ; rn, θn) ≃ − 1

2π
K0(λξn), (128)

thus the series solution for fexch converges asymptotically.
Figure 8 illustrates the behaviour of fexch across r/Rt for various values of

parameters, where circles denote the truncation of fexch with truncation order
M = 26 and lines represent the free-space approximation (128). For three
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Figure 9: The dependence of total flow on truncation order M .

Figure 10: Flow rate and pressure difference distributions in arteries and veins. Lines denote
the results of multiscale model and markers denote experimental data [1, 50, 52] and predic-
tions of other models [14, 53]. Other parameters are kcap = 2×10−9 cm2, kt = 2×10−12 cm2

and α = 2× 10−9 cm · s/g. (a) Flow rate distributions in arteries. (b) Flow rate distributions
in veins. (c) Pressure difference distributions in arteries (red region) and veins (blue region).

values of drainage rate, the free-space approximation matches the truncation
well, except at angular position close to θn.

These results, on the one hand, demonstrate the asymptotic convergence of
fexch. On the other hand, they also suggest how to model tissue with compli-
cated, irregular shape. The capillary-tissue coupled system can be decoupled
into pressure sum pmean and pressure difference pexch. The pressure sum, which
might be sensitive to the boundary, can be solved numerically, while the pres-
sure difference, which governs perfusion, can be effectively approximated using
the free-space solution.

3.2. Accuracy of proposed multiscale model

We further establish the model’s numerical robustness by exploring the de-
pendence of total flow on truncation order. To assess the accuracy of our model,
we then validate the model’s predictions against experimental data and those of
established models. The CRA inlet pressure is set to a constant baseline value
of pin,CRA = 62 mmHg which is the averaged pressure over one cardiac cycle
approximately [9], while the CRV outlet pressure is set as pout,CRV = 16 mmHg.

The total flow in the retinal microcirculation is the flow rate at CRA inlet,
and we denote it as qin,CRA. Figure 9 shows total flow as a function of truncation
order M . The value of qin,CRA exhibits convergence, with a minimal variation
of approximately 0.006 µL/min across the entire range of M . Thus the model
could be accurate with only a few terms in the truncation of series solution.
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Figure 11: Capillary pressure, tissue pressure and exchange pressure. (a) Capillary pressure.
(b) Tissue pressure. (c) Exchange pressure.

Figure 10(a) and (b) show the distributions of averaged flow rate in arteries
and veins, respectively, where lines denote the results of multiscale model and
markers represent experimental data [50, 52, 1]. Our model shows strong agree-
ment with experimental data for artery diameters below 190 µm. For larger
arteries, our model predicts smaller flow rate compared to experimental data,
which might result from the overestimation of equivalent resistance in the struc-
tured trees used for resistive boundary conditions [14]. The flow rates in veins
are distributed more sparsely, and our model predictions lie within the observed
range of these measurements. Pressure differences between the entry of CRA
and the output of each vessel are shown in figure 10(c), where results for arteries
and veins are displayed in red and blue regions, respectively, with markers de-
note the numerical data from other models [14, 53]. Our model agrees well with
3D model for arterial diameter below 60 µm, and with established 1D model for
larger arteries.

Figure 11(a), (b) and (c) display the capillary pressure, tissue pressure and
their difference, respectively. Since the maximum of capillary pressure is larger
than that of tissue pressure and pressures are balanced over the tissue, the
pressure difference varies from −0.2 mmHg to 0.4 mmHg, with a larger positive
maximum indicating the main filtration area. Although the spatial distributions
of capillary and tissue pressures in figure 11(a) and (b) appear similar, capillary
pressure maintain consistently higher amplitudes, resulting in the fluid exchange
between them.

3.3. Model explanation for broad permeability distribution by capillary-modulated
regulation

Existing experimental data reveal considerable variation in retinal hydrualic
conductivity, spanning two orders of magnitude difference [54, 55, 6]. Under-
standing how this variability affects retinal hemodynamics is thus intriguing.
We next explore the total flow, averaged pressure as well as the averaged ex-
change pressure with varying permeabilities. The CRA inlet pressure is set to a
constant baseline value of pin,CRA = 62 mmHg, while the CRV outlet pressure
is set as pout,CRV = 16 mmHg.

Figure 12(a) shows the dependence of total flow on capillary permeability for
different tissue permeabilities, which is kt = 2× 10−12 cm2, kt = 2× 10−13 cm2
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Figure 12: The dependence of total flow on capillary and tissue permeabilities. Other param-
eter values remains the same as those for simulations with varying CRA inlet pressure. (a)
Total flow as a function of capillary permeability. Black, blue and orange lines correspond
to kt = 2 × 10−12 cm2, kt = 2 × 10−13 cm2 and kt = 2 × 10−14 cm2, respectively. (b)
Total flow as a function of tissue permeability. Black, blue and orange lines correspond to
kcap = 2× 10−8 cm2, kcap = 2× 10−9 cm2 and kcap = 2× 10−10 cm2, respectively.

Figure 13: Domain-averaged pressure as the function of permeabilities. (a) Averaged pressure
versus capillary permeability for different tissue permeabilities. (b) Averaged pressure versus
tissue permeability for different capillary permeabilities.
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Figure 14: Domain-averaged exchange pressure as the function of permeabilities. (a) Aver-
aged exchange pressure versus capillary permeability for different tissue permeabilities. (b)
Averaged exchange pressure versus tissue permeability for different capillary permeabilities.

and kt = 2 × 10−14 cm2 denoted by black, blue and orange lines, respectively.
All three curves exhibit similar behaviour, where total flow increases with kcap
up to 10−9 cm2 approximately and plateaus near 18 µL/min for higher values.
This saturation suggests that capillary conductance significantly affects retinal
dynamics only at low permeability values. In contrast, as shown by black line
in figure 12(b), total flow is far less sensitive to kt, especially when kcap =
2× 10−10 cm2, where flow remains near the saturated value 18 µL/min despite
changes in kt. For higher capillary permeability, tissue permeability has modest
effects shown by blue and orange lines, though still with less magnitude than
variations in kcap.

In order to characterise the global pressure distributions, we analyse their
domain-averaged quantities. The average of capillary pressure is given by

pcap = pmean − b

a
pexch = pmean, (129)

and by the identity (37) we obtain

pt = pcap = pmean. (130)

Thus the domain-averaged capillary, tissue and mean pressures are identical.
For the fluid exchange we define following metric

σperf =
1

|Ωt|

∫
Ωt

|pcap − pt|dx, (131)

which quantifies the averaged exchange pressure since pexch = pcap − pt. Using
equation (78) it can be expressed as

σperf =
1

π2R2
ta

∫ 2π

0

∫ Rt

0

∣∣∣∣∣∣
Ncap∑
n=1

qn

[
R0,n

2
+

M∑
m=1

Rm,n cos[m(θ − θn)]

]∣∣∣∣∣∣ rdrdθ.(132)
We next compute σperf numerically with truncation order M = 26.

28



Figure 15: Total flow as a function of drainage rate for various permeability ratios. Line
colours correspond to different permeability ratios. Solid lines correspond to ratios smaller
than 10−3, while red dashed lines correspond kcap = 4× 10−10 cm2 and kt = 4× 10−11 cm2,
i.e., kt/kcap = 10−1. (a) Tissue permeability is kt = 2× 10−12 cm2. (b) Tissue permeability
is kt = 2× 10−11 cm2.

Figure 13 displays the domain-averaged pressures as functions of permeabil-
ities. It is interesting that, as shown in figure 13(a), although averaged pressure
converges to approximately 35 mmHg as kcap increases for all values of kt, the
curve for largest kt decays toward this value while the othes approach toward it
non-monotonically. In figure 13(c) the averaged pressure increases with kt with
much smaller increments, and the sensitivity of pmean to kt decreases with kcap.

Figure 14 shows the averaged exchange pressures as functions of permeabil-
ities. The averaged exchange pressure decreases with kcap generally, while the
decrease amplitude increases with kt.

These results reveal several interesting phenomena and essential proper-
ties of retinal hemodynamics. First, the sensitivities of analysed variables to
capillary permeability show that kcap is crucial in regulating retinal hemody-
namics, while kt plays a secondary role. Second, the saturation of total flow
at higher kcap might explain why experimental observations show such widely
varying values of retinal hydrualic conductivity. Notably, the saturation occurs
at kcap = 10−9 cm2, which is within the physiological range [21]. Moreover
the monotonic and non-monotonic convergences of averaged pressure reveal
the built-in self-regulation mediated by capillary permeability, where retinal
hemodynamics automatically approach homeostasis as capillary permeability
increases, despite variations in tissue permeability, and demonstrate robust pas-
sive control mechanisms of capillaries.

3.4. Model exploration on drainage rate and related retinopathies

In our model, the drainage rate α = Lh × S reflects the combined effect of
capillary wall hydraulic conductivity L and exchange surface area S. An in-
crease in Lh could be related to BRB dysfunction, while a change in S could
arise from capillary dilation or pathological angiogenesis. Both changes underlie
some retinopathies such as DR, macular edema and retinal vascular occlusions.
More generally, α can be considered as a lumped parameter that includes cru-
cial resistive or geometric determinants of fluid exchange, and its elevation could
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Figure 16: The pulsatile pressure profile at CRA inlet.

correspond to various diseases in retina. We thus explore how retinal hemody-
namics changes with the elevated drainage rate. The CRA inlet pressure is
set to a constant baseline value of pin,CRA = 62 mmHg, while the CRV outlet
pressure is set as pout,CRV = 16 mmHg.

The retinal hemodynamics is determined by capillary pressure, pcap = pmean−
(b/a)pexch, which is composed of pmean and pexch. Only the latter, pexch, de-
pends on drainage rate through the parameter λ, whose amplitude is scaled by
the factor b/a. Given fixed viscosities µcap and µt, the value of b/a varies with
kt/kcap. Permeabilities and the ratio between them thus govern the effects of α
on retinal hemodynamics.

Figure 15(a) and (b) display the dependence of total flow on drainage rate
for various ratios kt/kcap, with fixed tissue permeability values of 2×10−12 cm2

and 2×10−12 cm2, respectively. Different colours correspond to different perme-
ability ratios. The total flow is insensitive to drainage rate as kt/kcap ≤ 10−3, as
shown by the nearly identical black, blue and orange lines in figure 15(a). As tis-
sue permeability become larger the total flow is also independent of kt/kcap, and
it is illustrated in figure 15(b) where curves are closer. To distinguish the effects
of λ from the ratio kt/kcap we set kcap = 4×10−11 cm2 and kt = 4×10−12 cm2,
which yields similar range for λ as those for solid lines but with higher permeabil-
ity ratio of 10−1, and the results are denoted by red dashed lines in figure 15(a)
and (b). In this situation, total flow remains constant as α ≤ 2× 10−9 cm · s/g
but increases for higher drainage rates, which is distinct from the insensitivity
observed as kt/kcap ≤ 10−3.

These results demonstrate two distinct hemodynamic regimes, with the ra-
tio kt/kcap, correspondingly b/a, as a crucial parameter. For low ratios, i.e.,
kt/kcap ≤ 10−3, capillaries are more conductive than tissue and the changes
in capillary-tissue coupling, i.e., drainage rate, cannot significantly affect the
total flow. At higher ratios, two systems become dynamically coupled and the
flow becomes sensitive to drainage rate. This indicates that relative hydraulic
resistance, not absolute permeability values, fundamentally determines whether
the drainage rate can affect the hemodynamics in retina, revealing a mechanism
for homeostasis against retinopathies.
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Figure 17: The temporal evolution of flow rate at bifurcation boundaries of arterial and venous
trees. (a)-(c) Evolutions of flow rates in arterial tree. (d)-(f) Evolutions of flow rates in venous
tree.

3.5. Model exploration with pulsatile arterial pressure

The CRA inlet pressure could exhibit significant variation due to cardiac
pulsation, while the CRV outlet pressure remains almost constant [9]. We next
explore the retinal hemodynamics with pulsatile arterial pressure at CRA inlet.
A cardiac cycle period of T = 1.2 is adopted, with peak systolic pressure at
tp = 0.268 s. In the first period the variation profile is constructed using a
shifted function t exp(−3.6t), whose shape is similar to a pulse profile [24]. The
waveform is then scaled to produce physiologically relevant values: average
pressure of 62.16 mmHg approximately, with systolic and diastolic pressures of
77 mmHg and 45 mmHg, respectively. The pressure profile at CRA inlet is
shown figure 16.

Figure 17 shows the temporal evolution of flow rate at bifurcation boundaries

in arterial and venous trees. Flow rate of vessels are denoted as q
(n)
k , where n is

the level of bifurcation boundary and k = 1, 2 indicates the daughter vessel in-
dex, with their lengths following similar notation. Figure 17(a)-(c) show the flow
through the hierarchy of arterial bifurcations. In figure 17(a), solid line show
the flow rates at first-level bifurcation, including qCRA(lCRA, t) for CRA and

q
(1)
1 (0, t) and q

(1)
2 (0, t) for its two daughter arteries, while dashed lines denote

the second-level flows from the secondary daughter artery in the first-level bi-
furcation. Figure 17(b) advances to third-level flows (solid lines) and forth-level
flows (dashed lines) from the secondary branch in the upper level bifurcation.
Figure 17(c) displays flow rates at fifth level bifurcation. The evolution of flow
rate in veins is shown in figure 17(d)-(f), following the same descending order
as that for arteries. Flows in CRA and CRV exhibit initial transients. Arterial
flows all show pulsatile oscillations similar to the CRA inlet pressure, but with
different amplitudes of variations, while venous flows follow simiar pulsatility
but with negative values indicating flow direction. The variation is largest in
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Figure 18: The evolution of pressure at bifurcation boundaries of arterial and venous trees.
(a) Evolutions of pressures in arterial trees (b) Evolution of pressures in venous tree.

Figure 19: Pulsatile flow rates and pressures as functions of diameter. (a) Averaged pulsatile
flow rates. The mean arterial and venous flows are denoted by blue and orange markers,
while the distributions in steady flow are denoted by solid lines and used for baseline. (b) and
(c) Arterial pressures. The SP, BP and mean pressure are denoted by blue, orange and red
markers, and the pressure distribution with constant CRA inlet pressure is denoted by black
line. (C) Venous pressures, using the same conventions as in (b).

the CRA, secondary in the CRV, and become dampened in distal arteries and
veins, with minimal oscillation at the fifth-level bifurcations.

Figure 18 shows the temporal evolution of the pressure in these vessels. Since
vessels connected to the same bifurcation boundary have identical pressure, only
the pressure in mother vessel at each bifurcation are shown. The variation of
CRA is largest, and that of CRV is smallest. The pressure waveforms in veins
are more distorted than in arteries. Moreover the pressure amplitude is generally
larger in arteries than in veins, which results from the greater wall stiffness of
arteries.

The flow rates and pressures shown in figure 17 and 18 are averaged and
compared to those in steady flow. Figure 19(a) shows the mean arterial and
venous flows, denoted by blue and orange markers, respectively. The flow rate
distributions for arteries and veins in steady flow are displayed in blue and or-
ange lines, respectively. The mean arterial and venous flows under pulsatile
conditions closely match the solutions in steady flow, which results from the
longer diastolic phase as well as the time-averaged CRA inlet pressure that is
nearly identical to the constant CRA inlet pressure in steady flow. Figure 19(b)
and (c) show the systolic pressure (SP), diastolic pressure (BP) and mean pres-
sure p as functions of the diameter in arteries and veins, respectively. The SP,
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qin,CRA pin,CRA qout,CRV pout,CRV

Steady flow 35.50 µL/min 62 mmHg −35.69 µL/min 16 mmHg
Pulsatile flow 36.05 µL/min 62.16 mmHg −36.24 µL/min 16 mmHg

Table 2: The flow rates and pressures at CRV outlet and CRA inlet.

BP and mean pressure are denoted by blue, orange and red markers, respec-
tively. As a baseline, the pressure distribution under a constant CRA inlet
pressure pin,CRA = 62 mmHg is shown by black line. All arterial pressures in
steady and pulsatile flows generally increase with diameter but non-monotically,
which indicates the dependence of pressures not only on the diameter but also
the distance from the CRA inlet [14]. Venous pressures decrease with diameter
and the decreasing magnitude is smaller than the increasing magnitude in arter-
ies. Moreover, both arterial and venous pressures align closely to corresponding
steady distributions.

Table 2 summarizes the flow rate and pressure at CRA inlet and CRV outlet.
Values for pulsatile flow are averaged over one cardiac cycle. Under steady flow
conditions, the flow rate at the CRA inlet is nearly identical to that at the CRV
outlet, with a small difference of 0.19 µL/min, showing the conservation of mass
and the robustness of our model. In pulsatile flow, the magnitudes of averaged
flow rates at both CRA inlet and CRV outlet for pulsatile flow are slightly larger
than in steady condition due to the higher time-averaged CRA inlet pressure.
The conservation of mass is also satisfied since the flow at CRA inlet and CRV
outlet are almost identical.

4. Discussion and conclusion

This work proposes a multiscale computational model for modelling hemo-
dynamics in retinal microcirculation, by extending previous work on tree-type
vasculature flow models for artery and vein and porous medium-type of model
for tissues. We have developed a fully coupled flow model that links artery-vein-
capillary-tissue in a unified framework where two Darcy models for the capillary
and tissue are coupled with each other as well as with two vascular tree models
for the arterial and venous part of the retinal circulation. Our approach is based
on widely-accepted physical principles, cf. [18], with necessary simplifications.

Another key novelty of our approach is the derivation and implementation of
the analytic solution for capillary-tissue coupled system, which extends previous
works that use the analytic solution for capillary flow in multiscale modelling
[19, 22, 23]. In particular the 1D model [14] is adopted for the flow in arte-
rial and venous trees, while capillary bed and surrounding tissue are treated as
interacting porous media using coupled Darcy models. The capillary-tissue cou-
pled system is solved analytically by using a decoupling transformation, which
separates governing equations into two components, i.e., mean pressure and ex-
change pressure components. The solutions for capillary and tissue pressures
are expressed as the combinations of logarithmic functions and infinite series
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of modified Bessel functions. The convergence and truncation error of infinite
series solution are analysed extensively to ensure the robustness and accuracy
of the model. This also suggests a potential modelling methodology for other
tissues with complicated geometries, where the boundary-sensitive mean pres-
sure could be solved numerically while the exchange pressure, controlling local
perfusion, can be effectively approximated using a free-space solution. Further-
more, we establish a dynamic coupling condition that bridges the capillary bed
with upstream arterial and downstream venous flows. This multiscale coupling,
including integral term and nonlinear pressure-area relation, was then simplified
for efficient computation.

Our model’s predictions with a constant baseline CRA inlet pressure agree
well with experimental data, demonstrating its high predictive accuracy. The
model’s potential applications was further exemplified by exploring several phys-
iologically relevant situations. First, we explore the effects of permeabilities.
Our results indicate retinal hemodynamics is mainly affected by capillary perme-
ability, exhibiting a saturated effect on total flow for higher permeability values,
while tissue permeability plays a secondary role. This saturation demonstrates a
robust, passive self-regulatory mechanism mediated by capillaries, which might
explain the broad distribution of retinal hydrualic conductivity in experimental
observations. Second, we explore the effects of drainage rate, which is related to
various diseases in retina, underscoring the importance of the relative hydraulic
resistance in fluid exchange. Finally, we simulated the pulsatile flows with a
cardiac-cycle pressure profile at CRA inlet. The results show that the model
could characterize pulsations of pressures and flows in arteries, veins, capillaries
and tissue.

Despite its effectiveness, our model has several limitations. First, we have
assumed constant permeabilities of both Darcy models for the capillary and
tissue for simplicity. Work is current underway to extend our work to spatially
varying permeabilities which will allow us to explore physiologically relevant
questions such as the effect of non-uniform nature of the capillaries. We are
also extending our model to time varying permeability of the capillary to explore
the effect of neurovascular coupling. Second, we approximate the area where
the retinal vasculature is distributed as a two-dimensional circular domain, and
further studies could consider a three-dimensional spherical geometry which
would represent the actual retinal anatomy better. Additionally, the model does
not distinguish different capillary plexuses located in outer retina and inner
retina [13], and this simplification could be addressed. Third, while osmotic
pressure is important for fluid flow in many tissues [39], including the retina [6],
our model focuses on the hemodynamics in retinal vasculature and thus neglects
osmotic effects. Thus including oncotic pressures and coupling our model with
models for other fluids would provide a more complete description for retinal
microcirculation. Notably, several works have developed transport models for
water and various organic and inorganic molecules in the optic nerve [24, 56, 57,
58, 59, 60, 61], and several fundamental properties of the transport in optic nerve
has been revealed. Integrating our multiscale model with such models could
provide deeper insights into retinal physiology and pathology. Finally, boundary
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condition for tissue pressure enforces no fluid accumulation in the tissue, and
it might not be physiologically accurate in certain pathological situations. For
example, exudative macular edema is caused by the fluid accumulation in the
tissue [6]. Further studies could thus explore other boundary conditions for such
pathological situations.

In conclusion, the multiscale model proposed in this work provides an ef-
ficient and robust tool for exploring the hemodynamics in retinal microcircu-
lation. Despite the necessary simplifications on which the model is based, our
model generates physiologically consistent results and could thus help to under-
stand the mechanisms of retinopathies as well as perform the computation for
specific patients.
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Appendix A. Solution to the equation of mean pressure

Enforcing the boundary condition ∇′fmean(x,x
′) · n′ = 2πRt yields to

1

|x′ − x|2
[
|x′|2 + k|x|2 − (k + 1)x′ · x

]
= 1, (A.1)

which holds for all x and x′ if and only if k = 1, thus the coefficient k is uniquely
determined. The constant c remains arbitrary and can be set as c = 0 without
loss of generality. Thus the solution to the adjoint problem is

fmean(x,x
′) =

1

2π
(log |x′ − x|+ log |x′ − x′′|) . (A.2)

Then the solution for pmean can obtained via following convolution [42, 41]

pmean =

∫
Ωt

fmean∇′2pmean(x
′)dx′ +

∫
∂Ωt

[pmean(x
′)∇′fmean − fmean∇′pmean(x

′)] · n′ds′.(A.3)

Substituting the boundary conditions for fmean and pmean yields to

pmean(x) =

∫
Ωt

fmean(x,x
′)∇′2pmean(x

′)dx′ +
1

S

∫
∂Ωt

pmean(x
′)ds′. (A.4)

The first integral is computed as∫
Ωt

fmean(x,x
′)∇′2pmean(x

′)dx′ = − 1

a+ b

Ncap∑
n=1

qn

∫
Ωt

fmean(x,x
′)δ(x′ − xn)dx

′

= − 1

a+ b

Ncap∑
n=1

qnfmean(x,xn). (A.5)

Appendix B. Computation of the boundary integral in consistent
condition

On the boundary the integral is∫
∂Ωt

fmean(r, θ; rk, θk)ds = Rt

∫ 2π

0

fmean(Rt, θ; rk, θk)dθ, (B.1)

and using the expression of f1 we obtain∫
∂Ωt

fmean(r, θ; rk, θk)ds =
Rt

2π

∫ 2π

0

log(r2k +R2
t − 2rkRt cos(θk − θ))dθ, (B.2)

which can be written as∫
∂Ωt

fmean(r, θ; rk, θk)ds =
Rt

2π

(∫ 2π

0

R2
tdθ +

∫ 2π

0

log(ρ2 + 1− 2ρ cos(θk − θ))dθ

)
,(B.3)
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where ρ = rk/Rt. The first integral is 4π logRt. The second integral is zero as
ρ < 1 since the source point is inside the domain, which can be demonstrated
by following computation:∫ 2π

0

log(ρ2 + 1− 2ρ cos(θk − θ))dθ =

∫ 2π

0

log |1− ρ exp[i(θk − θ)]|2dθ. (B.4)

Using the identity log |z|2 = 2Re(log z) this integral becomes∫ 2π

0

log(ρ2 + 1− 2ρ cos(θk − θ))dθ = 2

∫ 2π

0

Re(log(1− ρ exp(iθ)))dθ. (B.5)

For |ρ| < 1 the logarithm can be expanded as log(1−ρ exp(iθ)) = −
∑∞

n=1 ρ
n exp(inθ)/n

such that the integral can be written as∫ 2π

0

log(ρ2 + 1− 2ρ cos(θk − θ))dθ = −2

∫ 2π

0

Re

( ∞∑
n=1

ρn exp(inθ)

n

)
dθ, (B.6)

and the integral is zero since
∫ 2π

0
Re(exp(inθ))dθ = 0 for all integers n ≥ 1. The

boundary integral of fmean is thus given by∫
∂Ωt

fmean(r, θ; rn, θn)ds = 2Rt logRt. (B.7)

Appendix C. Solution to the adjoint problem of exchange pressure

The continuity of the function fexch at r = rn provides that

Rm(r)|r=r+n
−Rm(r)|r=r−n

= 0, (C.1)

and the discontinuity of the derivative of fexch implies that

dRm(r)

dr

∣∣∣∣
r=r+n

− dRm(r)

dr

∣∣∣∣
r=r−n

=
1

rn
. (C.2)

Moreover imposing the no flux boundary condition yields to

dRm(r)

dr

∣∣∣∣
r=Rt

= 0. (C.3)

The boundary condition dRm(r)/dr|r=Rt
= 0 provides that

Cm = − I ′m(λRt)

K ′
m(λRt)

Bm, (C.4)

and the continuity of Rm(r) yields to

Am =

[
1− I ′m(λRt)

K ′
m(λRt)

Km(λrn)

Im(λrn)

]
Bm. (C.5)
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Thus the discontinuity of dRm(r)/dr at r = rn gives rise to

Bm
I ′m(λRt)

K ′
m(λRt)

Im(λrn)K
′
m(λrn)−Km(λrn)I

′
m(λrn)

Im(λrn)
=

1

λrn
, (C.6)

and using the identity [62, p. 866]

Im(λrn)K
′
m(λrn)−Km(λrn)I

′
m(λrn) = − 1

λrn
(C.7)

we obtain

Bm =
K ′

m(λRt)

I ′m(λRt)
Im(λrn), (C.8)

and

Am =
K ′

m(λRt)Im(λrn)

I ′m(λRt)
−Km(λrn), (C.9)

Cm = −Im(λrn). (C.10)

Appendix D. Ratio between terms

The ratio between the first term and the second term in radial component
is given by

em,n =

∣∣∣∣K ′
m(λRt)Im(λrn>)

I ′m(λRt)Km(λrn>)

∣∣∣∣ . (D.1)

If m is fixed the derivative K ′
m(λr) is negative and increasing. Then

em,n ≤ −
K ′

m(λRt)Im(λrn>)

I ′m(λrn>)Km(λrn>)
. (D.2)

Using the inequality that [62, p. 867]

I ′m(λr)

Im(λr)
>
m

λr
, m > −1, λr > 0, (D.3)

the inequality can be written as

em,n ≤ −
λrn>
m

K ′
m(λRt)

Km(λrn>)
, m > −1, λr > 0. (D.4)

Using the inequality that [62, p. 867]

−K
′
m(λr)

Km(λr)
<
m

λr
+ 1, m > 1/2, λr > 0, (D.5)
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we obtain

em,n ≤
λrn>
m

(
m

λRt
+ 1

)
Km(λRt)

Km(λrn>)
, m > 1/2, λr > 0. (D.6)

Using the inequality (63, equation 3.4; 64, equation 2.17) thatKm(r1)/Km(r2) >
(r2/r1)

m for m > −1/2 and 0 < r1 < r2 we obtain that

em,n ≤
λrn>
m

(
m

λRt
+ 1

)(
λrn>
λRt

)m

, m > 1/2, λr > 0, (D.7)

thus for 0 ≤ r < Rt the ratio em,n → 0 as m → ∞ and the first term can be
neglected.

Appendix E. Proof of addition formula for infinite series

Consider following problem in two dimensions:

∇2fexch(x,xn)− λ2fexch(x,xn) = δ(x− xn), (E.1)

subjected to the boundary condition that fexch → 0 as |x| → ∞. In polar coor-
dinates, with xn = (rn, θn), the equation is given by equation (61). Expanding
fexch in a Fourier series and solving the resulting modified Bessel equation, with
proper matching for the coefficients of the expansion of delta function, yields

fexch =
1

2π

∞∑
m=−∞

Im(λr<)Km(λr>) exp[im(θ − θn)], (E.2)

and rn< = min(r, rn) and r
n
> = max(r,rn). On the other hand, since the problem

is defined on infinite domain fexch is independent of angular variable. The
equation becomes

1

r

∂

∂r

(
r
∂fexch
∂r

)
− λ2fexch =

δ(r − rn)δ(θ − θn)

r
, (E.3)

and solving this equation with given boundary condition we obtain

fexch =
1

2π
K0

(
λ
√
r2 + r2n − 2rrn cos(θ − θn)

)
. (E.4)

Then the uniqueness of the solution implies the addition formula for modified
Bessel functions.
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[62] Á. Baricz, D. J. Maširević, S. Ponnusamy, S. Singh, Bounds for the product
of modified Bessel functions, Aequat. Math. 90 (4) (2016) 859–870. doi:

10.1007/s00010-016-0414-2.
URL http://link.springer.com/10.1007/s00010-016-0414-2
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