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Results of the Monte Carlo simulation of the electrode/molten salt interface are reported. The system
investigated was modeled by the restricted primitive model of electrolyte being in contact with the
charged hard wall �hard spheres of diameter d=400 pm and relative permittivity �r=10�. The
temperature analysis of the mean activity coefficient ��, heat capacity Cv and radial distribution
function, g, indicated the range of temperatures of the study. Calculations for the electrode/
electrolyte interface were carried out for temperatures 1300, 1400, and 1500 K and in the range of
the electrode charge densities � from 0.025 to 0.5 C m−2. Singlet distribution functions showed a
multilayer structure of the electrolyte in the vicinity of the electrode surface. The structure depended
on the electrode charge, but not much on temperature. The capacitance curves had a parabolalike
shape with the maximum located at �=0. This result is not consistent with the Gouy–Chapman
theory, but has been confirmed by the modified Poisson–Boltzmann theory, which includes the
correlation and exclusion volume effects. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2933434�

I. INTRODUCTION

Molten salts as electrolytes have some advantages over
aqueous salt solutions, which are traditionally used in elec-
trochemistry, and have broad thermal range of existence in
liquid stage and good electrochemical and thermal stabilities.
Their application in the electrochemical systems is still being
investigated. The pioneering theoretical description of elec-
tric double layer capacitance in molten salts was done by
Dogonadze and Chizmadjev1 in the 1960s. The authors ex-
pressed the capacitance by the ion-distribution correlation
functions. The theory does not describe the potential depen-
dence of capacitance and perhaps that is why Parsons2

claimed that the theory of electric double layer of molten
salts does not exist. Recently, some attempts in the formula-
tion of such a theory had been made by Kisza.3,4 Kornyshev5

has derived an analytical expression, based on the theory of
the Poisson–Boltzmann lattice-gas model, which describes
the double layer capacitance, taking into account the finite
ionic volume. His double layer capacitance against electrode
potential curve has a bell shape with the maximum at zero
potential. Further development of the theory needs, among
other things, systematic computer simulations.

There are only several papers devoted to the problem of
investigation of the electric double layer in molten salt by
molecular simulations. Perhaps, the first credible Monte
Carlo �MC� simulations of molten salts were carried out by
Larsen and Rodge6 in the 1970s. The work was devoted to
the problem of practical ergodicity of the restricted primitive
model applied to the electrolyte solutions and molten salts in

MC calculations. The authors found that the practical ergod-
icity is fulfilled, which, in turn, confirmed the reliability of
the MC data in the field mentioned.

Heyes and Clarke,7 by the use of molecular dynamics
�MD�, investigated the microscopic boundary between the
molten salt and the rigid wall of the electrode. They have
found structural ordering close to and in the direction per-
pendicular to the wall. Distribution functions for tangential
planes reveal ion clustering near the electrode surface. The
two charged interfaces affect the distribution functions up to
the bulk of the systems investigated.

Esnouf et al.8 have investigated the influence of elec-
trode charges and temperature on the ion profiles, diffusion
constant, and capacitance by means of the MC method. They
observed a positive relation of the inverse capacitance with
temperature, which agrees with the results of the mean
spherical approximation theory but is contrary to experimen-
tal results.9,10 Higher electrode charges reduce the mobility
of ions in the direction perpendicular to the electrode but not
in parallel, which is manifested by smaller values of the
mean square displacement function. A linear dependence of
log D against 1 /T implies that diffusion occurs by hopping
and that the interface region behaves more like a solid than a
liquid.

Lanning and Madden11 used the MD technique to ana-
lyze the interactions of molten KCl confined between rigid
charged walls. They have found that the properties of a mol-
ten salt near a charged wall are similar to those of the bulk
fluid except for the known oscillations in the mean number
of ions and charge densities. The molten salt responds very
quickly to changes in the surface charge density and also
rapidly screens the potential due to the surface charge.

Boda et al.12 have focused on the properties of interfa-
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cial region. They considered ions of the same sizes and in-
vestigated the influence of temperature on the double layer
capacitance at small electrode charges. Their main result was
that below the critical temperature T

c
*=0.282 �T* is the re-

duced temperature, T*=4��0�rdkT /z−z+e2, �0 the vacuum
permittivity, �r the relative permittivity, d the ion diameter, k
the Boltzmann constant, zi the charge number of species i,
and e the elementary charge�, the capacitance increases with
increasing temperature, while above this temperature the ca-
pacitance decreases.

Lamperski13 carried out simulations of the electrode/
electrolyte interface for the equal and unequal ion sizes, of
1:1 and 2:1 salts, at different temperatures �600, 1000, and
1600� but below Tc, and in a wide range of electrode charges.
The most important conclusions reported in this work are
that the divalent ions increase the integral capacitance of the
electric double layer in comparison to that of monovalent
ions, the ion size asymmetry leads to strong screening ef-
fects, and temperature increases the capacitance at small
electrode charges and reduces it at higher charges.

When talking about molten salt interfaces, we should
mention the works of Madden and co-workers.14,15 These
authors investigated the liquid/vapor interface of pure molten
salts �LiCl and KCl� and their mixtures using the MD
method. The ions they studied were of the same and different
sizes. They found clearly different density profiles of anions
and cations for the different ion sizes �LiCl� while for the
same sizes �KCl� the profiles were indistinguishable.

In this paper, we want to repeat the MC simulations of
molten salts modeled by charged hard spheres, but this time
in the grand canonical MC �GCMC� ensemble. The GCMC
technique is recommended for inhomogeneous systems.16

Also, it allows to some extent the elimination of the practical
problem involving ergodicity. The trouble with determination
of the bulk electrolyte concentration, which appears in the
canonical ensemble simulations, does not exist here, but one
must know the activity coefficient corresponding to the con-
centration desired. We want to find if the salt modeled by the
hard sphere and Coulombic interactions can manifest a phase
transition at the constant volume of the simulation box. Fi-
nally, we want to compare our differential capacitance of the
electric double layer with the predictions of the inhomoge-
neous modified Poisson–Boltzmann �MPB� theory.17

II. THE MODEL AND SIMULATION DETAILS

Calculations were performed using the GCMC method.
The simulation box was a rectangular prism of the dimen-
sions W�W�L. Two planar hard walls, impenetrable to
ions, represented the electrode surfaces. One of them was
charged with a uniform electric surface charge density, �.
The simulation box was replicated in the directions parallel
to the electrode surface. We considered the 1:1 electrolyte
with ions of the same size. The ions were treated as hard
spheres of diameter d with the point electric charge zie at the
center. The polarizability of the ions was accounted for by
the relative electric permittivity �r of the continuous medium
in which they were immersed. This is the restricted primitive
model �RPM� of the electrolyte. The short range interactions

between the ions present in the simulation box were calcu-
lated explicitly by the minimum image convention. Simi-
larly, the interactions of these ions with the electrode surface
and uncharged wall were calculated exactly. The electrostatic
interactions of an ion with ions outside the box were esti-
mated with the method introduced by Torrie and Valleau,18 in
which infinitely large charged planes with a square hole for
the simulation box are applied. The ion concentration against
the electrode surface was described by the singlet distribu-
tion function, g. The local ion density number n�x� at a dis-
tance x from the electrode surface was related to the bulk
density n0 as follows:

gi�x� = ni�x�/ni
0, i = − , + . �1�

In the canonical ensemble, the bulk density is calculated
by averaging the density profile in the middle part of the
simulation box. The required bulk concentration is obtained
by small adjustments to the box length, L, or to the number
of ions.19 In the GCMC technique, these exertions are redun-
dant. Now, the bulk electrolyte concentration is the input
parameter.

The singlet distribution functions were used to calculate
the mean electrostatic potential

��x� = −
e

�r�0
�

i=−,+
zini

0�
max�x,d/2�

L

gi�x1��x1 − x�dx1. �2�

The integral capacitance, Cint, was calculated from the poten-
tial of the electrode, ��0�,

Cint = �/��0� . �3�

The differential capacitance was not calculated directly be-
cause of the lack of precision of our results for this tech-
nique. Instead of it, we fitted a third-order polynomial to the
���0� ,�� points by the least squares method and calculated
the derivative numerically although fitting to third-order
polynomial may suggest the method developed by Smagala
and Fawcett �Ref. 20�, our method is different and sufficient
for molten salts.

As mentioned above, the GCMC technique was applied
to perform the calculations. In the grand canonical ensemble,
three quantities are constant: temperature, T, volume, V, and
chemical potential, 	. The chemical potential is given at the
beginning of the simulation in the form of two factors: con-
centration c and mean activity coefficient ��. Their product
gives the mean activity, a=c����1000 �to be consistent
with the SI units, we introduce the factor 1000 to recalculate
from mol /dm3 to mol /m3�. The simulation consists of three
basic moves:

�a� displacement of an ion in the system,
�b� insertion of new ions into the system, and
�c� removal of the ions from the system.

The insertion and removal moves of ions cannot break the
electroneutrality of a system. So in the case of 1:1 electro-
lyte, a pair of ions �one anion and one cation� is exchanged
with the system at each move. The displacement of the ion to
the new random position is accepted �acc� with the probabil-
ity given by the Metropolis condition as follows:
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acc�new config.� = min�1,exp�−
un − uo

kT
	
 , �4�

where un and uo are the potential energies of the new and old
configuration of ions, respectively. The next two moves are
controlled, according to the following formulas:

�a� insertion

acc�N+ + N− → N+ + N− + 2�

= min�1,exp�−
u�N + 2� − u�N�

kT
	 + ln� a+V

N+ + 1
�

+ ln� a−V

N− + 1
�
 , �5�

�b� removal

acc�N+ + N− → N+ + N− − 2�

= min�1,exp�−
u�N − 2� − u�N�

kT
	 + ln� N+

a+V
�

+ ln� N−

a−V
�
 , �6�

where N+ and N− are the current numbers of ions, N=N−

+N+, a+ and a− the individual ion activities equal here to the
mean activity a, u�N+2�, u�N−2�, and u�N� the energies
after insertion, after removal, and before these moves, and V
the volume available for ions where

V = �L − d�W2. �7�

III. NUMERICAL DETAILS OF THE SIMULATIONS

The simulation box parameters were W=5063.085 pm
and L=5800.000 pm. The difference in the number of ions
N+ and N− present in the box had to be constant during the
simulation to give the desired electrode surface charge � as
follows:

� = − e�z−N− + z+N+�/W2. �8�

The ion diameter was taken d=400 pm as an average of the
radii of Cl−, Br−, and I− anions.21 The density of a system is
usually given by the packing fraction 
 as follows:


 = �d3�n−
0 + n+

0�/6. �9�

In our case, the bulk density numbers of anions and cations
are equal �n−

0 =n+
0� and they depend on the molar concentra-

tion of a salt, c,

ni
0 = 1000cNA, �10�

where NA is the Avogadro constant. When using the value of
the packing fraction, 
=0.35, suggested for molten salts by
Larsen,22 one obtains c=8.672M. The bulk relative permit-
tivity of molten salt was taken as �r=10 as the average of the
common salts.23 The simulations were carried out for the
following electrode charges � /C m−2=0.025, 0.05, 0.1, 0.15,
0.2, 0.25, 0.3, 0.4, and 0.5 ��*=�d2 /e=0.024 97, 0.049 93,
0.099 86, 0.149 80, 0.199 73, 0.249 66, 0.299 59, 0.399 46,
and 0.599 18, respectively� at three temperatures �see be-

low�. The mean activity coefficients �� were obtained from
the inverse GCMC simulation �IGCMC� described
elsewhere.24 The number of configurations used to equili-
brate the system was 40�106. The averages were calculated
from the next 100�106 configurations. Each simulation was
repeated several times to improve the statistics.

Before performing the simulations, we decided to find
whether a salt modeled by the hard sphere and Coulombic
interactions at constant volume of the simulation box shows
any evidence of the presence of a phase transition. According
to the traditional Ehrenfest classification at the nth order
phase transition, the nth and higher derivatives of the chemi-
cal potential against temperature exhibit a discontinuity
while the lower derivatives are continuous. The temperature
measurements of the heat capacity are another tool to detect
the temperature of phase transitions. At the first-order transi-
tion, the heat capacity becomes infinite while at the second-
order transition it is discontinuous. Currently, the phase tran-
sitions are divided into two classes according to the
discontinuous or continuous change of the microscopic struc-
ture of a substance across the phase transition line.25

The important component of the chemical potential is
the mean activity coefficient, ��. It describes all the devia-
tions from the ideal system behavior. The temperature depen-
dence of ln �� calculated from the IGCMC method24 is
shown in Fig. 1. The monotonic logarithmiclike course of the
curve is disturbed in the range of temperatures 900–1200 K
where it has a steplike shape. In this range, the curve has two
inflection points, but from these results it is hard to predict a
discontinuity of the first- or second-order derivate. The tem-
perature dependence of the heat capacity, CV, calculated
from the fluctuation of energy during the MC simulation in
the canonical ensemble is shown in Fig. 2. The weak
exponential-like decay is disturbed again in the range of tem-
peratures 900–1200 K. This time three peaks are observed in
this region, one of them at 1050 K is the highest and well
formed. The peaks suggest the presence of structural trans-
formations, which need an additional amount of energy to
occur. The presence of the structural transformations con-
firms the character of the radial distribution functions, g,
calculated during the same MC simulations. The distribution
functions for like ions at different temperatures are collected

FIG. 1. Temperature dependence of ln �� for a 1:1 equal ion size system at
d=400 pm, �r=10, and 
=0.35 �the IGCMC technique�.
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in Fig. 3. A qualitative difference is clearly visible between
the curves for 1000 and 1100 K. At higher temperatures, the
curves have a sharp maximum at the contact distance. Simi-
lar behavior is seen in the like-ion distribution function of
the solvent primitive model at high values of the packing
fraction.26 At lower temperatures, the first maximum is
shifted towards greater distances, which may suggest the ion
pairing effect.27 However, the configurations we observed at
the end of the simulations show, depending on temperature, a
more or less regular crystal-like ion structure.

All the evidence presented above does not indicate
clearly the type, class �order�, and the temperature of the
phase transitions because the investigation was performed at
a constant volume, not pressure. So, all we can say is that the
crystal-like structure occurs in temperatures below 900 K
while above 1200 K we have a liquid phase converting into
a supercritical fluid with the temperature rise, or a supercriti-
cal fluid at once. Many properties of molten salts and their
supercritical fluids are similar and some different properties,
e.g., pressure, are unimportant for the present studies. That is

why we decided to carry out the investigations above
1200 K, namely, at T=1300, 1400, and 1500 K
�T*=0.3112, 0.3352 and 0.3591, respectively�. It means that
we were above the critical temperature, T

c
*=0.282 �1179 K�,

reported by Boda et al.12 The mean activity coefficients ��

corresponding to the temperatures at which the simulations
were carried out were 99.407 93, 117.689 04, and
137.589 79, respectively.

IV. RESULTS AND DISCUSSIONS: THE PROPERTIES
OF THE ELECTRIC DOUBLE LAYER

The singlet distribution function of ions, also called the
relative ion density, is the first average obtained from the
simulation. Figures 4 and 5 show the singlet distribution
functions of cations and anions, respectively, calculated for
the electrode charges � /C m−2=0.025, 0.15, 0.4, 0.5
��*=0.024 97, 0.149 80, 0.399 46, and 0.599 18, respec-
tively�. The results are weakly dependent on temperature, so
we present them here for T=1400 K. A similar lack of tem-
perature effect was reported by Boda et al.12 The curves
exhibit several maxima progressively damping with the dis-
tance from the electrode. This behavior is characteristic of

FIG. 2. Temperature dependence of heat capacity, CV, for a 1:1 equal ion
size system at d=400 pm, �r=10, and 
=0.35 �the canonical ensemble MC
technique, N−=N+=128�.

FIG. 3. The like-ion distribution functions g�r� for a 1:1 equal ion size
system at T=700, 800, 900, 950, 1000, 1050, 1100, 1200, and 1300 K for
d=400 pm, �r=10, and 
=0.35 �the canonical ensemble MC technique,
N−=N+=128�.

FIG. 4. Singlet distribution functions of cations, g+�x�, for a 1:1 electrolyte
at T=1400 K for � /C m−2=0.025 �circles�, 0.15 �diamonds�, 0.4 �triangles�,
and 0.5 �squares� at d=400 pm, �r=10, and 
=0.35.

FIG. 5. Singlet distribution functions of anions, g−�x�, for a 1:1 electrolyte
at T=1400 K for � /C m−2=0.025 �circles�, 0.15 �diamonds�, 0.4 �triangles�,
and 0.5 �squares� at d=400 pm, �r=10, and 
=0.35.
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high density systems and indicates a multilayer structure in
the interfacial region. The influence of the electrode charge
on the distribution of ions is significant. At the positive elec-
trode charges, there is a general tendency to remove the cat-
ions from the vicinity of the electrode surface. At the contact
distance, the cation distribution function falls from about
4.23 at �=0.025 C m−2 to almost 0 at �=0.5 C m−2. This is
a result of a competition between the steric effect and elec-
trostatic repulsion. Simultaneously, the second maximum at
x /d1.5 rises from about 1.4 to 2.5 and is slightly shifted
towards the electrode surface. Similar unexpected behavior
was observed earlier for aqueous divalent electrolytes.28,29

Different behavior was observed for anions. Their amount in
the vicinity of the positively charged electrode surface in-
creases with increasing surface charge. The first maximum
�at a contact distance� is rising from about 5.4 at �
=0.025 C m−2 to almost 22 at �=0.5 C m−2, but the height
of the second maximum falls, while that of the third one rises
with increasing electrode charge. Again, a similar behavior
was noted for divalent anions in aqueous solution28,29 with
one exception that the third maximum was weakly
pronounced.

The profile of the mean electrostatic potential, �, at
� / C m−2=0.025, 0.15, 0.4, 0.5, and T=1400 K is shown in
Fig. 6. The curve exhibits damped oscillations, which vanish
at a distance of four diameters from the electrode surface. In
the vicinity of the electrode surface, the electrostatic poten-
tial falls rapidly and the curve has a negative minimum value
at x /d0.65. The second distinct minimum is at x /d
2.45. The temperature effect is small. Aqueous divalent
electrolytes exhibit only one minimum with the depth de-
pending on the electrode charge. Subsequent oscillations are
smaller.

The integral capacitance, Cint, results are presented in
Fig. 7. Although they are scattered �mainly at small electrode
charges and at lower temperature�, the fit of the second-order
polynomial reveals a very probable dependence of the inte-
gral capacitance on the electrode charge and on the tempera-
ture. The Cint-� curves have a parabolalike shape with the
maximum located at �=0. However, because of large scatter
at 1300 K, we cannot exclude in the neighborhood of �=0, a

shallow capacitance minimum with a maximum on either
side. The results shown in Fig. 7 are opposite to the
Gouy–Chapman30,31 predictions. The capacitance decreases
with increasing temperature in the whole investigated range
of �. This effect is in agreement with the general conclusions
following from the Gouy–Chapman theory and corresponds
well with the predictions of Boda et al.12 above their critical
temperature.

We calculated the differential capacitance, Cdiff, which is
the experimentally available quantity, as described earlier.
The results for 1400 K are shown in Fig. 8. The curve is
steeper, now. As the capacitance maximum located at �=0
seems to be a surprising result, we decided to collate it with
the predictions of recent theories. The MPB theory devel-
oped by Outhwaite and Bhuiyan17 is one of the efficient
theories of the electric double layer.32 The version with the
new exclusion volume term33 is more adequate for systems
with strong electrostatic interactions.32 When using MPB, we
meet the numerical problem: The equations can be solved for
a limited range of electrode charges �����0.22 C m−2� and
not too high packing fraction �
�0.27�. Although the value
of 
=0.35 used in our MC calculations was slightly greater,
we present in Fig. 8 also the MPB �Ref. 33� predictions at

FIG. 6. The profile of mean electrostatic potential, ��x�, for a 1:1 electrolyte
at T=1400 K and for � /C m−2=0.025 �circles�, 0.15 �diamonds�, 0.4 �tri-
angles�, and 0.5 �squares� at d=400 pm, �r=10, and 
=0.35.

FIG. 7. The integral capacitance of the electrical double layer, Cint, as a
function of the surface charge density � for a 1:1 electrolyte at T /K
=1300 �circles�, 1400 �triangles�, and 1500 �squares�; curves—the least
squares fitting results �d=400 pm, �r=10, and 
=0.35�.

FIG. 8. The MC and MPB differential capacitance of the electrical double
layer, Cdiff, as a function of the surface charge density � for a 1:1 electrolyte
at T=1400 K, 
=0.35 �MC� and 0.27 �MPB�, d=400 pm, and �r=10.
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=0.27. The qualitative agreement is surprisingly good. The
curve has a parabolalike shape with the maximum at �=0.

The presented charge dependence of the capacitance
needs some comments. In aqueous 1:1 RPM electrolytes, the
capacitance decreases, but only at very high electrode
charges.34,35 This effect is explained by the formation of the
second layer of counterions.19 Formation of this layer is due
to the packing effect and electrostatic repulsion between
counterions in the first layer, which becomes overcrowded.
The explanation of the capacitance behavior of molten salts
cannot be simply concluded from the singlet distribution
functions. Therefore, we calculated the quotient of the vol-
ume charge density, ��x�, of ions by the electrode charge
density, �. The dependence of this quantity on the distance
from the electrode surface at � / C m−2=0.025 and 0.5 is
shown in Fig. 9. The curves are nearly identical, but in the
range 0.5x /d0.75 and 0.75x /d1.5 there are visible
spans between the curves. When the electrode charge in-
creases, some amount of negative charge is transferred from
the first region to the second one, neutralizing the positive
charge occurring in this latter region. We can expect that the
mechanism of charge transfer is similar to that of the aque-
ous RPM electrolytes described above. Thus, the explanation
of the capacitance behavior is similar to that of aqueous elec-
trolytes with the difference that instead of second counterion
layer formation we observe neutralization of the coion
charge by counterions. There is another aspect of this effect.
Even at uncharged electrode surface, the first layer is full of
anions and cations because of high density of a system. At
the charged electrode, the counterions do not have easy ac-
cess to the first layer as this layer is full of ions and the
strong interion interactions stabilize their structure. In this
case, the counterions accumulate at the second layer. Thus,
the capacitance decrease is explained again by the increase in
the thickness of the electric double layer. However, contrary
to the aqueous RPM electrolytes, this effect occurs even at
small electrode charges.

Comparison of our simulation results with experimental
ones is not easy. The early experimental results on the dif-
ferential capacitance of the electric double layer in molten
salts done mainly by the Soviet scientists36 in the early 1960s
show a parabola shape with a deep minimum or in some

cases with two minima. However, recently, these results have
been criticized by Kisza4 as the faradic current was ignored.
Kisza et al.37 claimed that the differential capacitance of the
electric double layer in molten salts has a completely differ-
ent shape: There is a flat shallow minimum surrounded by
two small maxima. At strong cathodic and anodic polariza-
tions, the capacitance decreases. Presumably, the extension
of the present model by considering the ion size asymmetry,
soft sphere interactions, image forces, hyperpolarizability,
etc., will give more realistic results.

V. SUMMARY

The GCMC results are reported for the electric double
layer formed by a symmetrical molten salt at different elec-
trode charges and temperatures. The main achievement of the
investigation is the determination of the double layer differ-
ential capacitance dependence on the electrode surface
charge density. The capacitance curves have a parabolalike
shape with the maximum located at �=0. Although this re-
sult is contrary to the predictions of the Gouy–Chapman
theory,30,31 it is confirmed by the more recent MPB theory,33

which includes the correlation and exclusion volume effects.
The predictions of the Poisson-Boltzmann theory extended
by the exclusion volume term also support this result.38–40

Here, the agreement is qualitative only, but indicates that the
hard core interactions play an important role in the inversion
of the classical Gouy–Chapman parabola. Recently,
Kornyshev5 has shown that at high densities typical of mol-
ten salts or ionic liquids the capacitance curve of the electric
double layer has the inverted parabola shape.

The second problem we have pointed out in this paper is
the phase transition of salts modeled by the hard sphere and
Coulombic interactions at a constant volume of the simula-
tion box. The temperature analysis of the mean activity co-
efficient, the heat capacity, and the ion radial distribution
functions suggested melting of the crystal-like phase some-
what below 1200 K. This temperature corresponds well with
the critical temperature T

c
*=0.282 �1179 K� determined by

Boda et al.12 They reported that below T*=0.141 �590 K�,
the ions tended to form chainlike structures along the z-axis
of the simulation cell. We also observed these chains below
600 K. However, contrary to Boda et al.,12 we found some
remains of the chains even at higher temperatures, but below
1200 K.
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