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Monte Carlo simulation and density functional theoretical (DFT) results are reported for the selective adsorption
of two competing cationic species at a highly charged planar interface. The two cations differ in both their
diameter (2 and 4.25 Å) and valence (mono- and divalent). Our results show that in general the smaller or the
divalent cation is preferentially adsorbed at the electrode. In the case when the divalent ion is larger and the
monovalent ion is smaller, we find a competitive situation: at lower surface charges the electrostatic advantage
of the divalent ions dominates, whereas at higher surface charges the entropic advantage of the small ions
dominates. We show results for the excess adsorption, density profiles, and mean electrical potential in various
situations where charge inversion occurs when divalent ions are present. Using the DFT decomposition of
the chemical potential into various terms (e.g., ideal, electrostatic, hard sphere), we demonstrate that the
competition between ionic species of different sizes and valences originates in the balance of excluded volume
and electrostatic terms.

1. Introduction

The selective adsorption of ions of different diameters and
valences at highly charged interfaces is studied using Monte
Carlo (MC) simulations and density functional theory (DFT).
Ion selectivity has a fundamental technological importance
involving ion selective electrodes, ion exchange equipments,
filters, and sensors.1 Membranes that selectively allow the
permeation of specific ions have an important roles in these
techniques. One of the most obvious examples of such a
membrane is the biological plasma membrane of cells. Because
the lipid bilayer is impermeable to ions, the selective transport
of ions through the membrane is facilitated by membrane
proteins that have a huge diversity in their structure, working
mechanism, and physiological role. Ion channels, for example,
allow the passive transport of specific ions down their electro-
chemical gradients whenever they get a proper signal to open.2

Other important biological examples are calcium binding
proteins like calsequestrin that selectively bind ions from a
solution where that specific ion might be present only at
nanomolar concentrations.

The mechanism by which all of these systems discriminate
between ions might be very different. Adsorption on a surface,
for example, can be physical in nature when the molecules are
bound by weak van der Waals forces, whereas chemical
adsorption occurs when stronger bonds (hydrogen or covalent)

are formed between the adsorbed molecules and the surface. In
this work, we consider another kind of force that adsorbs ions
near a charged surface: the electrostatic force. Specifically, we
are interested in the case when the interface is highly charged
so that the ions accumulate in the double layer (DL) at a high
ionic density. In such a case, the size of the ions is very
important and a competition between the two counter-ion species
that might have different charges and different sizes occurs.

The electrical DL appears whenever an ionic solution is in
contact with a surface of an electrode, a membrane, or a
macromolecule, and so forth. The diffuse layer formed by
counter-ions and co-ions extends into the electrolyte and plays
a crucial role in the dynamics of electrochemical reactions and
ion transport. Considerable effort has been employed to explain
the structure of this region. The first attempt to describe the
diffuse layer was that of Gouy,3 Chapman,4 and Stern5 using
the Poisson-Boltzmann (PB) treatment of point ions embedded
in a continuum solvent. Because of its simplicity, this theory is
widely used in many fields such as biophysics, solution
chemistry (where it is known as Debye-Hückel theory6), and
colloid chemistry (where it is known as Derjaguin-Landau-
Verwey-Overbeek theory7,8). The limitations of the PB theory
are well-known;9 most importantly, because the ions have finite
size, it is applicable only in dilute solutions.

The analytical form of the PB theory, nevertheless, still makes
it a popular method for describing experimental phenomena,
for example when the treatment of the DL structure is coupled
to equations of electrochemical hydrodynamics.10-12 Steric
effects were taken into account in many works13-16 by adding
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excess excluded volume terms to the chemical potential (see
also the references in the paper of Kilic et al.10) while still
treating electrostatics on the mean field level. Electrostatic
correlations beyond the mean field approximation have been
added in more-advanced modifications of the PB theory.17-20

The finite size of ions is naturally included in modern statistical
mechanical theories such as the mean spherical approxima-
tion,21,22 integral equations,23-25 and DFT.26 Lately, computer
simulation has become a standard tool that is able to treat models
of the DL that are not accessible to theories (see the review of
Spohr27 and references therein).

The case when different counter-ions are present in the DL
has captured the attention of many groups in the past few years
because of the importance ofoVerchargingin many applications.
OVerchargingin the DL around charged macroparticles (such
as proteins, DNA, colloidal suspensions, etc.) means that more
counter-ions are attracted to the immediate vicinity of the surface
of the particle than necessary to compensate the charge of the
particle.28,29Consequently, a layer with excess co-ions appears,
a phenomenon also calledcharge inVersion. This phenomenon
is fundamental in explaining the attractive forces acting between
like-charged particles.30,31 Adding multivalent ions to the
solution changes the structure of the DL, which, in turn, changes
the long range behavior of the solution. For example, adding
spermine (+3 valence) or spermidine (+4 valence) to DNA
solution causes DNA condensation (salting out); adding even
more of these cations, the DNA is redissolved.32-35 The
phenomenon was reproduced by simulations for rodlike30,31and
spherical36 macro-ions using the primitive model of electrolytes.
These studies showed that the stability of macro-ion solutions
and the aggregation mechanism can be explained solely by
electrostatic correlation forces without any need to involve
specific van der Waals attractions. PB theory is unable to
account foroVerchargingbecause it is closely related to the
presence of multivalent ions and excluded volume effects.

A great deal of work has been done in various communities
on ions of different valences and sizes at charged interfaces
using the continuum dielectric solvent approach. To place this
work into context, we briefly review this body of work:

Martı́n-Molina et al.37-40 studied the role of the structure of
the DL andcharge inVersion in the reversal of the sign of the
electrophoretic mobility. Their simulations for the DL containing
monovalent and trivalent counter-ions showed the importance
of ion size correlations, and a qualitative agreement with
electrophoretic measurements was found.

Delville et al.41 studied the competitive condensation of
monovalent and trivalent counter-ions between the charged
lamellae of clay materials. Their simulations led to conclusions
that are in agreement with those of this study. They showed
that the clay surfaces preferred counter-ions of larger charge, a
selectivity that was enhanced by an increase in the charge of
the interfaces. Their results quantified the possibility of using
clay materials as ion exchangers.

Jönsson et al.42,43showed that the primitive model can explain
the interaction between calcium-silicate-hydrate particles that
constitute cement paste. These particles have unusually high
surface charges (0.4-0.8 Cm-2) because of the high OH-

concentration (pH 10-13). These charges are compensated by
Ca2+ ions. The presence of high surface charge and Ca2+ is
sufficient to explain the cement cohesion. They showed that
the cohesion becomes weaker with the addition of enough Na+

salt. Labbez et al.44 obtained good agreement between experi-
mental and simulated results for the surface charge and

electrokinetic behavior of calcium-silicate-hydrate and confirmed
that “the dielectric continuum model has a sound physical
basis.’’

Wang et al.45,46 investigated the competitive binding of
counter-ions of the same valence but different diameter to DNA
molecules. They found that smaller cations have stronger
competitive ability in accordance with the results of this work.

Woelki and Kohler18 developed a modified Poisson-Boltz-
mann equation, which includes the effects of the finite size of
ions, dielectric saturation, ionic polarization, and the self-
atmosphere energy of the ions. They obtained that Br- ions are
preferred over the larger and divalent SO4

2- ions at high enough
surface charges even if the concentration of the former is much
smaller.19 Because many of the effects considered by this theory
are not included in our simple model of the DL, a direct
comparison cannot be made between the results of Woelki and
Kohler and the present work. In the qualitative trends, however,
we agree.

Taboada-Serrano et al.47 also considered mixtures of counter-
ions of different valences and sizes. They used discrete charges
on the interface instead of a continuous surface charge. Their
findings are in good agreement with our results. They also
found48 that the compositions, sizes, and valences of counter-
ions in the overlapping DL between like-charged macroparticles
play a determining role in the force acting between the two
macroparticles.

The studies discussed above clearly show the usefulness of
the primitive model of electrolytes in these situations. This is
probably the consequence of the fact that these phenomena are
rather determined by the structure of the diffuse layer in
relatively diluted electrolyte solutions. The continuum model
of the solvent seems appropriate in these cases.

Our previous studies on the electrical DL containing ions of
different valences and sizes were mainly interested in the case
when the electrode charge is zero or small.49,50The potential at
the point of zero charge is a result of the balanced competition
of the charge and size asymmetry of the cations and the anions.
We have studied this with MC simulations,49 and in a second
paper50 it was shown that the DFT of Gillespie et al.51,52 was
able to capture the essential properties of this system very
accurately.

In this work, we give a systematic study of the DL where
the two competing cations at a negatively charged surface have
different diameters (2 or 4.25 Å) and valences (1 or 2). We
study the effect of the surface charge and the composition of
the electrolyte. We analyze our results in terms of ionic profiles,
excess adsorption, and electrical potential. Additionally, we use
the advantageous feature of the DFT to naturally separate the
various terms of the chemical potential corresponding to ideal
gas, mean-field part of electrostatics, electrostatic correlations,
and hard-sphere exclusion. We show how the competition of
these terms is responsible for the selectivity of the interface for
the competing counter-ions. With this method, we quantify the
mechanism of ion selectivity and show that it is governed by
the competition of hard-sphere exclusion and electrostatic terms.

This mechanism was proposed to explain the high Ca2+ versus
Na+ selectivity of calcium channels by Nonner et al.53,54 The
small selectivity filter of calcium-selective ion channels has four
negatively charged carboxyl groups that makes the filter highly
charged and crowded. These negative charges attract cations in
the filter that will prefer Ca2+ because it provides twice the
charge as Na+ does while occupying about the same volume.
Furthermore, it was shown that these types of filters prefer
smaller ions if the valences of the competing ions are the
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same.53,55 The key feature of the mechanism is the high ionic
density in the filter, which is similar to the planar case
considered in this work where the region near the interface is
also crowded. Although the geometry is different, the driving
force behind selectivity, the competition of entropic repulsion
and electrostatic attraction, nevertheless, is the same.

2. Model and Methods

2.1. Model.We consider the primitive model of an electrolyte
near a hard, planar, charged surface. The solvent is implicitly
described by a dielectric constantε ) 78.4 that is uniform
throughout the system. The ions are modeled as charged, hard
spheres so that the interaction potential between ions of species
i and j is

where e is the fundamental charge,ε0 is the permittivity of
vacuum,r is the distance between the two ions,zi and di are
the valence and diameter, respectively, of ion speciesi, anddij

) (di + dj)/2. The ion-wall interaction potential is

whereσ is the surface charge density of the wall andx is the
distance of the ion from the wall. In our calculations, the
temperature wasT ) 298.15 K.

2.2. Density Functional Theory. The DFT we use is
described in detail in earlier papers.51,52 Here, we briefly
summarize it.

The excess free energy is decomposed into two terms: the
hard-sphere (HS) and electrostatic (ES) excess free energy
functionals. For the HS functionalFHS, we use the “antisym-
metrized” excess free energy density.56

Perturbation methods approximateFES[{Fk(y)}] with a func-
tional Taylor series, truncated after the quadratic term, expanded
around a reference fluid:

with

whereFi
ref(x) is a given (and possibly inhomogeneous) refer-

ence density profile andci
(1),ES and cij

(2),ES are the first- and
second-order direct correlation functions (DCF), respectively.
Previous DFTs have made this reference density profile just
the bulk reference density57,58and have been applied to various
problems.59,60 The RFD approach makes the reference fluid
densities functionals of the particle densitiesFi(x):52

Fjk is the RFD functional, recalling its origin as a “reference fluid

density.” It was shown52 that the first-order DCF is given by

where

and

For the RFD functional, the densitiesFjk(x) must be chosen so
that both the first- and second-order DCFs can be estimated.
This is possible because the densities{Fjk(x)} are a mathematical
construct and do not represent a physically real fluid. The
particular choice of the RFD functional we use here is51,52

where the{Rk} are chosen so that the fluid with density{Rk(x)
Fk(x)} is charge-neutral and has the same ionic strength as the
fluid with density {Fk(x)} at every pointx. The radius of the
sphereRES(x) over which we average is the local electrostatic
length scale. Specific formulas forRk(x) andRES(x) are given
elsewhere.51,52To estimate the electrostatic DCFscji

(1),ES(x) and
cjij

(2),ES(x,x′) at each point, we use a bulk formulation (specifi-
cally the MSA) at each pointx with densitiesFjk(x).61-63

As we will see, DFT is very successful in reproducing the
MC results. The agreement is usually very good quantitatively
(but always, at least, qualitatively) and better for the smaller
and monovalent ions. This RFD functional has also been used
by Sokołowski et al. to create a (nonperturbative) weighted
density approximation electrostatic functional.64,65They applied
the energy route of the MSA to defineFES as a functional only
of the{Fjk(x)}. Their approach successfully described the phase
behavior of the restricted primitive model (RPM) of electrolytes
in pores64 and the anomalous temperature dependence of the
capacitance of the electrical DL of the RPM.65

2.3. Monte Carlo Simulations.For the MC simulations, we
use the canonical (constantNVT) ensemble in a simulation cell
with periodic boundary conditions in the directions parallel to
the interface. In the perpendicular direction, the cell is confined
by a uniformly charged hard wall on the left side and by a
neutral hard wall on the right side, spaced far enough apart for
a homogeneous fluid to exist in the middle of the cell. This
length of the cell varied between 50 and 105 Å, depending on
the desired bulk ion concentration. In the other dimensions, the
width of the cell varied between 40 and 60 Å. The number of
particles was 300-500, depending on cell size and desired bath
concentration. The lengths of the simulations varied between
150 000 and 600 000 MC cycles; in one cycleNtot particle
displacement was attempted, whereNtot is the total number of
ions in the simulation cell. The effect of ions in the periodic
replicas of the central simulation cell was taken into account
by the charged sheet method.66 The applicability of this method

ci
(1),ES(x) ) - 1

kT

δFES

δFi (x)
(6)

≈ cji
(1),ES(x) + ∑

j
∫ cjij

(2),ES(x,x′) ∆Fj(x′) dx′ (7)

∆Fk(x) ) Fk (x) - Fjk (x) (8)

cji
(1),ES(x) ) ci

(1),ES[{Fjk ( y)};x] (9)

cjij
(2),ES(x,x′) ) cij

(2),ES[{Fjk ( y)};x,x′] (10)

Fji[{Fk (x′)};x] )
3

4π RES
3 (x)

∫|x′-x|eRES(x)
Ri(x′)Fi(x′) dx′ (11)

uij(r) ) {∞ for r e dij

zi zj e2

4πεε0 r
for r > dij

(1)

ui (x) ) {∞ for x e di /2

-
zi eσ
2εε0

x for x > di /2 (2)

FES[{Fk( y)}] ≈ FES[{Fk
ref( y)}] -

kT∑
i
∫ ci

(1),ES[{Fk
ref( y)};x]∆Fi(x) dx -

kT

2
∑
i,j

∫∫ cij
(2),ES[{Fk

ref( y)};x,x′]∆Fi(x) ∆Fj(x′) dx dx′ (3)

∆Fi(x) ) Fi(x) - Fi
ref(x) (4)

Fk
ref( y) ) Fjk[{Fi(x)};y] (5)
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has been thoroughly tested in the case of aqueous electrolytes
by extensive system-size checks. Details of the MC simulation
methods are given elsewhere.49

3. Results and Discussion

3.1. Excess Adsorption as a Function of the Surface
Charge and Composition of Counter-ions.There are several
choices to characterize the ability of various ions to be adsorbed
to the wall. One possibility is to use the contact value of various
ions at the surface. This is a local, though quite important
quantity underlying contact theorems.67 The excess adsorption,
which is an integral quantity, is more accessible to measure-
ments. The electrical potential is another quantity that can be
related to experiments through electrophoretic measurements.

We choose the excess adsorption of charge (or, just adsorption
from now), the integral of the difference of the concentration
profile Fi(x), and the bulk concentrationFi

b multiplied by the
fundamental charge:

The unit of this adsorption is Cm-2. The sum of these adsorption
values for the various ionic species weighted by their valences
gives the negative of surface charge of the electrode:

Thus, plots ofΓi againstσ show the shares of the various species
from balancing the electrode charge indicated on the abscissa.

In all calculations, the diameter of the anion wasd- ) 2 Å,
and the diameter of the small and large cations were 2 and 4.25
Å, respectively. The choice of the diameter of the anion does
not have an important effect (data not shown). Monovalent and
divalent cations were considered, and the valence of anions was
always-1. In one part of our calculations, the composition of
the electrolyte was fixed (equimolar for the cations) and the
surface charge was varied between-1.5 and 0.5 Cm-2. In the
other part of our calculations the surface charge was fixed and
the composition of cations was varied with the concentration
of the anions unchanged. Such high charge densities can occur
locally at protein binding sites, selectivity filters of channels,
or places where deprotonation of certain groups is probable at
appropriate pH. For example, charge density as high as-0.48
Cm-2 appears in hydrated calciosilicates.68 Using inert metals
and a careful design of the electrochemical cell, an electro-
chemical reaction between the electrode and electrolyte solution
can be prevented, the stability of the DL can be maintained,
and relatively large electrode charges can be achieved.

Although the surface charge and thus the potential are limited
in equilibrium systems, high values of the applied potential can
occur in nonequilibrium or quasi-equilibrium situations. For
example,≈ 100kT/e induced DL voltage can build and DLs
crowded with counter-ions can form at microelectrodes in AC
electro-osmotic experiments.10-12 Nonlinear electrokinetic phe-
nomena such as induced-charge electro-osmosis69 play a
fundamental role in microfluidic devices, microbatteries, and
electrochemical sensors. The importance of steric effects in the
crowded DLs at large applied voltages have been pointed
out.10-12 Simulation and theoretical methods able to account
for electrostatic correlations (such as those used in this paper)
might give an important contribution to understanding the
dynamical response of the electrolyte to the large and quickly
alternating electric fields present in these devices. Preliminary

calculations in this voltage regime show reasonable agreement
between MC and DFT results. Although DFT overestimates
packing effects at the electrode, it gives a DL voltage similar
to the MC result.

First, let us consider size selectivity when the only factor
that can influence adsorption is the size of the ions. In Figure
1, the adsorption is shown as a function of the surface charge
when a 1 Msmall and 1 M large monovalent cation is present
in the bulk. Symbols and curves usually denote MC and DFT
results, respectively, in this work. At positive surface charges,
the anions are preferred because they are the counter-ions,
whereas at negative surface charges the two cations compete
for space near the interface. It is not a surprise that the smaller
ions win this competition and are adsorbed at the electrode with
greater efficiency. Their preference is more pronounced at higher
surface charges.

In Figure 2, the same situation is shown for mixtures of 1 M
small and 1 M large divalent ions. The principal feature that
small ions are preferable is unchanged. The behavior of the large
cations and the anions, nevertheless, is quite different from the
monovalent case. As the surface charge becomes more negative,
the number of anions increases and surpasses the number of

Γi ) e∫x)0

∞
[Fi (x) - Fi

b]dx (12)

∑
i

ziΓi ) -σ (13)

Figure 1. Excess adsorption of small monovalent cations (1 M
concentration), large monovalent cations (1 M concentration), and
anions (2 M concentration) as a function of the electrode charge. The
lines and symbols represent DFT and MC results, respectively.

Figure 2. Excess adsorption of small divalent cations (1 M concentra-
tion), large divalent cations (1 M concentration), and anions (4 M
concentration) as a function of the electrode charge. The lines and
symbols represent DFT and MC results, respectively.
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the large cations whose number decreases after going through
a maximum. The explanation is that the association of a small
divalent cation with anions have a higher probability. As the
number of small divalent cations increases, they bring the
associated anions with them. The large cations are excluded
from the DL region as the density increases despite the fact
that they are attracted by the negatively charged wall. As the
surface charge increases, the first layer at the interface is
occupied by the small cations and a peak of anions builds in
the second layer that gradually becomes larger than the contact
value of the large cations (Figure 3).

The next step would be the case where the size of the cations
is the same while their valence is different. This case corre-
sponds to the Ca2+ versus Na+ selectivity that was extensively
studied before in different geometries.55,70-73 The main result
of these studies that the divalent ions have the advantage in
highly charged, high-density regions remains valid in the planar
geometry. Our results for the planar geometry (not shown)
confirm the conclusions drawn from the cylindrical geometry.
Moreover, the case of counter-ions with different charges but
with the same size was considered in most of the papers cited
in the Introduction.

Figure 4 shows the adsorption results for the case when 1 M
small divalent and 1 M large monovalent cations are present in
the system. Comparing this figure to Figure 2, it is apparent
that the small divalent cations compete against the large
monovalent cationsmore efficiently than against the large
divalent cations. Alternatively, comparing this figure to Figure
1, it is apparent that the large monovalent cations compete
against the small divalent cationslessefficiently than against
the small monovalent cations. The two effects, smaller size and
larger charge, strengthen each other in the small divalent versus
large monovalent case of Figure 4. At large surface charges,
the adsorption of the large monovalent cations even becomes
negative.

These results indicate a high small-divalent versus large-
monovalent ion selectivity (we call this theselectiVe case). To
measure this selectivity, we performed a mole fraction experi-

ment where the surface charge was fixed at valueσ ) -0.5
Cm-2, the concentration of the anions was also kept constant
at 3 M, and the relative quantity of the two cations was changed.
The adsorption of the various species is shown in Figure 5 as
a function of the mole fraction of the monovalent cationcmono/
(cmono + cdi). The adsorption of small divalent cations is large
for almost all compositions, whereas the adsorption of the large
monovalent cations is close to zero (negative in DFT). The large
monovalent cations start to surpass the small divalent cations
at the interface only when their quantity becomes about 98%
of the total number of cations. In the region where the divalent
ions are preferred, there is a positive adsorption of anions,
whereas it quickly becomes negative as the monovalent ions
take over at the interface. The DFT data properly reproduce
this strong selectivity.

The opposite case, when the divalent cations are large and
the monovalent cations are small, is more interesting because
there is a competition between the size and valence selectivity

Figure 3. Concentration profiles of small divalent (Sm. di) cations (1
M concentration), large divalent (Lg. di) cations (1 M concentration),
and anions (4 M concentration) for different electrode charges as
obtained from MC simulations.

Figure 4. Excess adsorption of small divalent cations (1 M concentra-
tion), large monovalent cations (1 M concentration), and anions (3 M
concentration) as a function of the electrode charge (theselectiVecase).
The lines and symbols represent DFT and MC results, respectively.

Figure 5. Excess adsorption of small divalent cations, large monovalent
cations, and anions (3 M concentration, fixed) as a function of the cation
mole fraction for electrode chargeσ ) -0.5 Cm-2 (theselectiVecase).
The lines and symbols represent DFT and MC results, respectively.
The inset magnifies the region close to the pure monovalent case.
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(we call this thecompetitiVecase). Figure 6 shows the adsorption
curves for a mixture of 1 M large divalent and 1 M small
monovalent cations. Both cations are attracted to the interface
while adsorption of the anions remains negative for negative
surface charges. The divalent cations are attracted to the wall
more strongly because the electrostatic attraction is twice as
large as that for the monovalent ions, but the small monovalent
cations are preferred at high electrode charge because they can
find space more easily in the crowded region near the interface.
For smaller surface charges, there is a first layer of small
monovalent ions at the wall, but there are more large divalent
cations in the second layer farther from the surface as seen from
the concentration profiles in Figure 7a forσ ) -0.5 Cm-2 (note
the logarithmic scale). The competition for space is not so strong
in this case; therefore, the divalent ions have an electrostatic
advantage despite their larger size. As the surface charge is
increased (Figure 7b and c), the number of the small ions
increases, whereas the number of the large ions shows saturation.
This is because the smaller size of the monovalent ions allows
them to produce a more dense packing. This higher density of
closely packed ions produces a higher charge density than the
large divalent cations despite the fact that they provide only
one electronic charge with every ion situated at the electrode.
The density profiles in Figure 7 show this first layer of small
ions at the interface with a peak surpassing the peak of second
layer of the large ions with increasing surface charge. Figure 7
shows both MC and DFT results; the agreement between them
is very good. The right-hand side panels show the curves near
the interface using a linear scale to illustrate the competition
between the two cations better.

The mole fraction experiment similar to that in Figure 5 is
shown in Figure 8 for two selected surface chargesσ ) -0.5
and -1.25 Cm-2. The curves are much closer to linear,
indicating a more balanced competition between the two cationic
species than in the case of the small divalent versus large
monovalent case (Figure 5). The position of the crosspoint is
strongly influenced by the value of the surface charge. At a
large negative surface charge, the small monovalent cations take
over when their mole fraction is about 0.25 so the interface is
selective for the small monovalent cation. In the case ofσ )
-0.5 Cm-2, the situation is reserved: the crosspoint occurs at
a mole fraction larger than 0.5, so the interface is selective for
the large divalent cation.

This competitiVe casewas also considered by Taboada-
Serrano et al.47,48 and by Woelki and Kohler.18,19 Their
investigations led to the same conclusions as ours: small ions
adsorb better at the electrode than larger multivalent ions if the
electrode charge is large. This phenomenon cannot be explained
without the correct treatment of ion-ion correlations and hard-
sphere exclusion effects.

3.2. Electrostatic Potential.The mean electrical potential
profile is one of the most important features of DLs. Its sign
reversal due tocharge inVersionfarther from the first layer near
the surface is one of the basic reasons for phenomena such as
sign reversal of electrophoretic mobility and attractive interac-
tions between like-charged macromolecules.28-40 The potential

Figure 6. Excess adsorption of small monovalent cations (1 M
concentration), large divalent cations (1 M concentration), and anions
(3 M concentration) as a function of the electrode charge (the
competitiVecase). The lines and symbols represent DFT and MC results,
respectively.

Figure 7. Concentration profiles of small monovalent cations (1 M
concentration), large divalent cations (1 M concentration), and anions
(3 M concentration) for different electrode charges as obtained from
MC simulations and DFT (thecompetitiVe case). The meaning of
symbols and curves is the same as those in Figure 6.

Figure 8. Excess adsorption of small monovalent cations, large divalent
cations, and anions (3 M concentration, fixed) as a function of the cation
mole fraction for electrode chargesσ ) -0.5 and-1.25 Cm-2 (the
competitiVecase). The lines and symbols represent DFT and MC results,
respectively.
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profiles in the four cases studied in this work are shown for
different surface charges in Figure 9. Although the profiles are
monotonic for the small monovalent versus large monovalent
case (Figure 9a), they show nonmonotonic behavior when
divalent ions are present. These maxima are consequences of
oVerchargingthe electrode. We find the strongest effect in the
selectiVecase (Figure 9c): small divalent ions are more efficient
in oVercharging the electrode. The DFT results show good
agreement with the MC data.

Electrophoretic mobility is generally related to the value of
the potential at the contact position of the counter-ion. Because
we have ions of different sizes, we plot the values of the
potential at the electrode (x ) 0, Figure 10a), at the contact
position of the smaller ion (x ) dSm/2, Figure 10b), and at the
contact position of the larger ion (x ) dLg/2, Figure 10c).
Although the electrode potentialΨ(0) shows a monotonic
behavior and negative (because the surface charge is negative),
the potentials at contact positions (this is called diffuse layer
potential in the case of the restricted primitive model) show a
more complex behavior. They remain negative in the small
monovalent versus large monovalent case (circles and solid
lines). In the competitiVe case (small monovalent vs large
divalent), the potential becomes positive only at the contact
position of the large divalent cation (squares and dotted lines).
When the divalent ion is small, the potential is also positive at
the contact of the small ion if the surface charge is large enough.

It is more interesting to plot these potential values as a
function of the composition of the electrolyte. Figure 11 shows
the values in theselectiVe case forσ ) -0.5 Cm-2 and in the
competitiVe case for a smaller (σ ) -0.5 Cm-2) and a larger
(σ ) -1.25 Cm-2) surface charge. In theselectiVecase (circles
with solid lines), even a small amount of small divalent ions is
sufficient to change the sign of the potential. The situation in
the competitiVe case is much more balanced. At the smaller
surface charge (squares and dotted lines), the potential shows a
clear sign inversion at the contact of the large ion. At the larger

surface charge (diamonds and dashed lines), nevertheless, the
Ψ(dLg/2) potential shows a maximum that is qualitatively
reproduced by the DFT.

Figure 9. Mean electrical potential profiles for (a) small monovalent
(Sm. mono) vs large monovalent (Lg. mono), (b) small monovalent vs
large divalent, (c) small divalent vs large monovalent, and (d) small
divalent vs large divalent cases for various surface charges. The
concentration of each of the cations is 1 M in every case. The lines
and symbols represent DFT and MC results, respectively.

Figure 10. Value of mean electrostatic potential (a) at the electrode,
(b) at the contact position of the small ion, and (c) at the contact position
of the large ion for the four cases listed at Figure 9 as a function of the
surface charge. The lines and symbols represent DFT and MC results,
respectively.

Figure 11. Value of mean electrostatic potential (a) at the electrode,
(b) at the contact position of the small ion, and (c) at the contact position
of the large ion as a function of cation mole fraction. Results are shown
for σ ) -0.5 Cm-2 for the small divalent vs large monovalent
(selectiVe) and for σ ) -0.5 andσ ) -1.25 Cm-2 in the small
momovalent vs large divalent (competitiVe) cases. The lines and
symbols represent DFT and MC results, respectively.
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Kilic et al.10 report that the differential diffuse layer capaci-
tance as a function of the potential decreases after going through
a maximum in some cases as obtained from their modified PB
treatment. Capacitances computed on the basis of the potential
versus charge data of Figure 10a show some indication of this
behavior, but more careful investigation of this phenomenon
will be needed.

3.3. Competition between Volume-Exclusion and Electro-
static Terms of the Chemical Potential.The above results also
show the rich behavior near the interface when both the charge
and the size of the counter-ions are varied. Every paper cited
in the Introduction points out the competition of repulsive
entropic (hard sphere exclusion) and the attractive electrostatic
forces as the explanation of the phenomena. The explanation
generally does not go beyond stating this, at least, to our best
knowledge.

DFT provides a quantitative analysis of this competition
because it separates the chemical potential in the following way:

where the first term on the right-hand side contains the
temperature-dependent part of the ideal term (the de Broglie
wavelength) plus the effect of the wall. The last terms
correspond to the hard sphere exclusion (HS), ionic correlations
or screening (SC), and the interaction of the ion with the average
electrostatic potential,Ψ(x). We call the last term the mean field
(MF) term. The sum of the SC and MF terms is called the
electrostatic (ES) term. We plot the chemical potential profiles
for the various species starting from their contact positions (di /
2).

The specific values of these terms depend on the final result
of the DFT calculation; therefore, the values of the various terms
will depend on other terms. A total separation of these terms is
not possible; they are never independent. Any such analysis is
deeply connected to the theory that provides these terms, but
this does not decrease the importance of the analysis. Our basic
goal is to quantify and illustrate the competition between the
entropic and energetic terms. Basically, this competition can
be reduced to the competition between the HS and ES terms.
Simulations can provide the log(Fi) term and the MF term
straightforwardly. These two terms determine the HS+ SC term
if the total chemical potential is known (simulated, for example,
in the grand-canonical ensemble). The separation of these two
terms in simulations is far from trivial. Theories naturally,
though not less arbitrarily, do this separation when they express
the free energy as a sum of these different terms. The success
of the theory justifies this kind of separation. We expect that
this separation gives intuitive insight into the mechanism of the
competition between the two ionic species.

Because we are interested primarily in the competitive
accumulation of the various ionic species at the interface from
the bulk, we need to relate our terms of the chemical potential
to the bulk values. Because the value of the total chemical
potential is independent ofx, we withdraw the bulk values from
the x-dependent parts to obtain

where the quantities denoted by∆ mean values compared to
the bulk values: ∆µi

HS(x) ) µi
HS(x) - µi

HS,b and ∆µi
SC(x) )

µi
SC(x) - µi

SC,b. The last term is the value of the MF term
compared also to the bulk becauseΨ(x) ) 0 in the bulk.

The total electrostatic contribution to the chemical potential
can be interpreted as the sum of the SC and the MF contributions
(ES). Figure 12 shows these terms for the two limiting cases:
thecompetitiVe (small monovalent vs large divalent, Figure 12a)
and theselectiVe (large monovalent ions vs small divalent,
Figure 12b) cases. This figure gives interesting insight into the
electrostatics of the system. In the SC contribution (dotted lines),
the electrostatic coupling between ions always tends to be
negative; this is an attractive contribution. It generally becomes
more negative approaching the interface because the density,
and, consequently, the ionic strength increases. In some cases
(e.g., small monovalent in thecompetitiVe case), this term
increases in spite of the increasing density approaching the
interface (Figure 12a). This is a result of the increasing repulsion
of many like-charged ions accumulated at the interface attracted
by the large surface charge and favored by entropic advantages.
The MF terms show a more complex behavior because this term
depends on the mean electrostatic potentialΨ(x), which can
show a nonmonotonic behavior (due to, for example,charge
inVerson induced by the presence of multivalent ions) as
discussed in the preceding subsection. The sum of these two
terms (ES) shows a relatively stable behavior (negative and
monotonic close to the interface). It intimately depends on the
HS term because the sum of these has to give log(Fi(x)/Fi

b).
The relative sizes of the SC, MF, and ES terms do not depend
strongly on the surface charge (not shown);σ scales these
curves, but their relative sizes are quite unaffected. So the results
for σ ) -0.5 Cm-2 shown in Figure 12 are characteristic of
other surface charges.

Next we focus on the competition between the HS and the
ES terms. We start with those cases where there is no doubt
about the winner of the competition. These cases are those when
the valence of the larger ion is less than or equal to the valence

µi (x)

kT
)

µi
0(x)

kT
+

log (Fi (x)) +
µi

HS(x)

kT
+

µi
SC(x)

kT
+

zi eΨ(x)

kT
(14)

log(Fi (x)

Fi
b ) ) -

∆µi
HS(x)

kT
-

∆µi
SC(x)

kT
-

zi eΨ(x)

kT
(15)

Figure 12. SC, MF, and ES terms of the chemical potential referred
to bulk for (a) the small monovalent vs large divalent (competitiVe)
and (b) the small divalent vs large monovalent (selectiVe) cases atσ )
-0.5 Cm-2 surface charge as obtained from DFT. The concentration
of the cations is 1 M in every case.
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of the smaller ion (the small monovalent vs large monovalent,
small divalent vs large divalent, and small divalent vs large
monovalent cases). Figure 13 shows the log(Fi(x)/Fi

b), the HS,
and the ES terms of∆µi(x)/kT for the above three cases at a
fixed surface charge-0.5 Cm-2. In this and the next figure,
the HS or ES term is more favorable for ionic speciesi the
more negative it is because then it produces a larger positive
log(Fi(x)/Fi

b) term.
In all cases, the small ions are more favorable because they

can approach the surface closer as shown by the log(Fi(x)/Fi
b)

curves. In spite of the size difference, the HS term seems to
play a less-important role. The ES term behaves similarly when
the cations have the same valence (Figure 13a and b), whereas
it gives additional help to the small divalent cations against the
large monovalent ones (Figure 13c).

Figure 14 shows thecompetitiVe (small monovalent vs large
divalent) case that was illustrated in terms of adsorption in
Figure 6, in terms of density profiles in Figure 7, and in terms
of electrolyte composition in Figure 8. This figure shows the
log(Fi(x)/Fi

b), HS, and ES curves for three characteristic surface
charges. For a relatively low surface charge (σ ) -0.5 Cm-2),
the density at the electrode is not high enough for the HS terms
to be important and selectivity is determined mainly by the
electrostatic advantage of the divalent ion (Figure 14a). With
an increasing surface charge, the density in the DL region and
the HS term becomes more positive (Figure 14b and c), whereas
the ES terms become more negative. At a large surface charge
(σ ) -1.5 Cm-2, Figure 14c), the HS penalty paid by the large
divalent ions (compared to the small monovalent ion) becomes
so large that it overcomes the electrostatic advantage (compared
to the small monovalent ion). In this case, the small monovalent

cations dominate in the DL region because their small size
makes them more able to fit into the densely packed DL region.

Instead of showing many∆µi(x) profiles, it is advantageous
to characterize the competition of the various terms by a single
number, as we did in the case of the adsorption. Because
dµ(x)/dx can be interpreted as a thermodynamic force, its integral

can be interpreted as the work needed to bring the given ion
from bulk into contact position at the interface. This work is a
characteristic measure of the free energy that the various ions
have to pay (or what they gain) by going from the bulk into
contact position. Equation 16 shows that this work is just the
contact value of the chemical potential difference introduced
in eq 15.

Figure 15a and b shows the contact values of the various
terms for both ions in the most interestingcompetitiVesituation
(small monovalent vs large divalent) as a function of the surface
charge. A specific∆µi term (HS, ES, SC, or MF) favors the
given ionic species if it is negative. The HS term is always
positive, so the HS exclusion appears as an obstacle that ions
have to surpass to get to the interface. This term is more positive
in the case of the large ions (Figure 15b). The SC term, as we
noted at Figure 12, is always negative. The MF term, however,
shows a more interesting behavior. It is negative for the small
cations because the potential is negative at their contact position.
In the case of the large divalent cations, nevertheless, this term
is positive because the potential is positive at their contact
positions because ofcharge inVersion. This region is rich in
cations: their number is actually larger than would be necessary
to neutralize the electrode; that is why a layer of excess anions

Figure 13. log(Fi(x)/Fi
b), HS, and ES terms of the chemical potential

referred to bulk for (a) the small monovalent vs large monovalent, (b)
the small divalent vs large divalent, and (c) the small divalent vs large
monovalent (selectiVe) cases atσ ) -0.5 Cm-2 surface charge as
obtained from DFT. The concentration of each of the cations is 1 M in
every case.

Figure 14. log(Fi(x)/Fi
b), HS, and ES terms of the chemical potential

referred to bulk for the small monovalent vs large divalent (competitiVe)
case for various surface charges as obtained from DFT. The concentra-
tion of each of the cations is 1 M in every case.

∫∞

di /2 dµi (x)

dx
dx )

∫∞

di /2
dµi ) µi(di /2) - µi

b ) ∆µi(di /2) (16)
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appears farther from the electrode. The large cations cannot get
close enough to the electrode to enjoy the attractive electrostatic
energy of the electrode charge because the small cations screen
this attraction. Therefore, the total electrostatic term (ES) is just
moderately deeper for the large divalent ion. The HS penalty
surpasses this electrostatic advantage at large surface charges
and turns the interfaceselectiVe for the small monovalent
cations.

The competition of these terms is better seen if we define
the difference of the various∆µi terms for the two cations.
Specifically, we always define this difference as the term for
the small ion minus the term for the large ion:∆∆µHS )
∆µSm.mono

HS (dSm) - ∆µLg.di
HS (dLg) and similarly for the other

terms. Therefore, this term favors the small ion if it is negative
and favors the large ion if it is positive. In Figure 15c, we plot
these curves. The change in the sign of the log(Fi(x)/Fi

b) term
shows the change in the selectivity as was shown already in
Figure 6. The HS and MF terms favor the small monovalent
cations (they are negative). The SC term favors the large divalent
cations (it is positive) because the repulsive interaction between
the small monovalent ions in their high-density layer near the
electrode gives a positive contribution to the integral in eq 16.
The balanced competition of all of these terms produces the
balanced competition of the two cationic species in this case.

In Figure 16, we characterize the competition in the other
three cases (those shown in Figure 13) using the∆∆µ quantities.

In the small monovalent versus large monovalent case (Figure
16a), the SC term favors the large monovalent ion for the same
reason described above. The HS term favors the small ion in
every case. The MF term favors the small ions because the
electrostatic potential is deeper in their contact position (see
Figure 9a).

The situation is more complex in the case of two divalent
ions (Figure 16b). The SC term also becomes favorable for the
small divalent cation because less divalent ions are enough to
neutralize the electrode. Thus, the ionic density in the DL region
is not very high and the repulsion between cations does not
give a large contribution as in the case of small monovalent
cations (Figures 15c and 16a). The MF term shows a minimum
due to the nonmonotonic behavior of the mean potential that is
usual in the presence of divalent ions (Figure 9b-d).

In the selectiVe case (small divalent vs large monovalent,
Figure 16c), both the HS and ES terms favor the small divalent
cation. These two effects strengthen each other and make the
interface strongly selective for the small divalent cation.

4. Conclusions

We studied the adsorption of two cationic species at a highly
charged planar interface. We concentrated on the selective
competition of the two species at the interface inspired by our

Figure 15. Contact values of the relative chemical potentials (the work needed to bring the given ion from bulk into contact position) for the small
monovalent vs large divalent (competitiVe) case for (a) the small monovalent cation and (b) the large divalent cation as a function of surface charge.
Panel c shows the difference of the values shown in panels a and b. The concentration of each of the cations is 1 M in every case. In this figure,
the symbols are used for clarity to distinguish different lines and do not represent MC results.

Figure 16. ∆∆µ/kT results for (a) the small monovalent vs large monovalent, (b) the small divalent vs large divalent, and (c) the small divalent
vs large monovalent (selectiVe) cases as a function of surface charge. The difference is obtained by subtracting the contact values of the chemical
potential terms for the large ion from the corresponding terms for the small ion. The difference (in the cases of the HS, ES, MF, and SC terms)
favors the small ion when it is negative, whereas it favors the large ion when it is positive. The concentration of each of the cations is 1 M in every
case. In this figure, the symbols are used for clarity to distinguish different lines and do not represent MC results.
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similar investigations in an ion channel geometry.53-55,70-73 The
planar geometry made it possible to reduce the problem to one
dimension and to quantify the competition between hard sphere
exclusion and electrostatic terms by the natural division of the
chemical potential in the framework of DFT. The competition
of these terms is behind the competition of ions with different
size and valence. Our results showed that smaller and divalent
ions have an advantage at the interface, whereas in the
competitiVecase of small monovalent versus large divalent ions
the entropic advantage of the former overcomes the electrostatic
advantage of the latter at high enough surface charges.
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